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I. INTRODUCTION

Dr. P Chandra defined a trijection operator in his Ph.D. thesis titled “Investigation into the theory of operators
and linear spaces”.[1] In Dunford, N. and Schwartz, J. [2], p.37 and Rudin [3], p.126 a projection operator E has
been defined as E? = E . E is a trijection operator if E3 = E. To generalise it, | have defined E to be a A-jection
(of third order) [5] if

E3+ AE? = (1+ A)E, A being a scalar.
In case A = 0, we have a trijection. In case E is a projection, it is also a A-jection.

II. Definition

Let H be a Hilbert space and E an operator on H. Let 4, 4,,....,4,, be eigen values of E and My, M,,..., M,, be
their corresponding eigen spaces. Let P, P,, ..., B, be the projections on these eigen spaces. Then according to
definition of spectral theorem in Simmons [4], p 279-290, the following statements are all equivalent to one

another.

1. The M;'s are pairwise orthogonal and span H.
2. The P;'s are pairwise orthogonal, I = };/*, P;and E = Y[, 4;P;
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3. Eisnormal

4. Then the set of eigen values of E is called its spectrum and is denoted by o (E). Also
E =3P + AP +....+4, Py,

Expression for E given above is called the spectral resolution of E.

III. Main Result

Theorem 1

Let E be a A-jection on a Hilbert space H. Assume A # —1 or — 2. Then E can be expressed as a linear
combination of two pairwise orthogonal projections.

Proof :-

E is a A-jection if

E3+AE?=(1+)E

Let, A+ 1=porA=u—1,then

E3+ (u—1E? =uE

= E3 —E? = uE — uE? = u(E — E?)

SE3=pu(E—E)+E?=pE —(U—1DE? — (1)
Applying E to both sides,

E* = uE* — (u— 1DE® = pE? — (u — D{E — (u — DE?}

= UE? —u(u—1E + (u—1)*E?

= - —WE + {u+ (u — D*}E?

=(U—DE+ (A —p+pP)E? e (2)

Let E can be expressed as

E =aP; + bPy —--mmmmmmmmmmmm e 3)
Where a and b are scalars, Py, P, pairwise orthogonal projections i.e.-
P? =P,,P? =P,,P,P, =0

Hence squaring E,

E? = 2P, + b2P) — e (4)
Solving (3) and (4) for P; and P, in terms of E and E?,
_ E*-bE __ aE-E?

I 5)

17 a@-p)’" 2 " ba-b)
Since P, P, = 0,
E?—bE aE —E*
a(@a—b) bla—b)
= (E?—=bE)*x (aE—E*) =0
= aE3® —E*—abE?+ bE3 =0
= (a+b)E3 —E*—abE? =0
= (a+b)[HE — (u— DE?] = [(u — u*)E + (1 — u + u?)E?] — abE? = 0 using (1) and (2)
Equating coefficients of E on both sides,
pl@a+b)—(u—p*)=0
Sinceu #0as A # —1,

(a+b)—(1—uw)=0>a+b=1-p —mmmmmmmmmmmm (6)

Equating coefficients of E? on both sides,

0
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—(a+b)u—-1D-1-p+p*)—ab=0

Using (6),

(1-w?-QA—-p+u®)=ab
Sab=1-2u+p?—1+pu—p?>=—u

Hence (a — b)? = (a+ b)?> —4ab = (1 — p)? + 4u = (1 + p)?
Soa—b=x(1+up)

Leta—b=1+4+uAlsoa+b=1—-pu

Hencea=1,b=—pu
E?-bE _ EZ?+uE

Therefore P; = 2 — 1ta (u#—-1lasd+-2)
aE-E? E-E? E*-E
And P =5 a5 = Satiem — kG
If we consider a — b = —(1 + u), we get same values of P; and P,

Hence E = P; — uPb,

Thus we have expressed E as a linear combination of two pairwise orthogonal projections.

Theorem 2

Let E be a A-jection on Hilbert space H. There are three pairwise orthogonal projections P;,P,,P; such that
E= 4P+ A,P, + A3P;

Where A4, A, A5 are scalars and

I =P +P,+P;

Proof:-

We have seen in theorem 1 that

E=P —upb,

Where P,,P, are orthogonal projections.

LetQ =P, + P,

Then Q? = P + P? + 2P,P, =P, + P,

So Q is also a projection. Hence I — @ is also a projection.
LetP; =1—-Q=I1—-P,— P,

Then P; is a projection such that

PiP;=P (I =P —P)=P —P{ =P P, =0

PPy =P,(I—P,—P))=P,—P; —PP,=0

Thus Py, P,, P; are pairwise orthogonal.
Moreover, Py + P, + P =P; + P, +1—P; — P, =1
Choose 14 = 1,4, = —p,and 13 =0

ThenE =P, —uP, =P, —uP, + 0% P; = A1 P, + A, P, + 15P;
Where 4, = 1,4, = —pand 13 =0

Theorem 3

Range of projection P; denoted by Rp, is given by
Rp, ={z:Ez = z} = M;(say)

Proof:

Let z € Rp, then since P; is a projection, Pz = z
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E(E?+uUE E3+uE? E+(1—-p)E?+uE? E+E?
NOWEP1= ( ”)Z L =H ( #) H =H =
u+1 u+1 u+1 u+1

Hence Ez = E(Pyz) = EPiz=Piz=12z

SozeM,

Hence Rp, © My ——---—------mmmmmmmmmmmmmmmm oo (7)
Conversely, letz € M;,i.e. Ez =z

Then E?z = E(Ez)=Ez =1z

So Pz = (E2+ME)Z _ E?z+uEz _ztuz _ 4wz _ 2
1 u+1 u+1 u+1 u+1

Thus z € Rp,

SoM; < Rp1 it 8)
From (7) and (8)

RPl = Ml

Py

Theorem 4

‘We show that

Rp, = {z: Ez = —pz} = My(say)

Proof:-

Let z € Rp, then P,z = z

E(E’-E) _ E3-E* _ w(E-E*) _ -wp(E*-E) _ —uP,
u(p+1) u(p+1) pu(p+1) u(u+1)

SoEz = E(Pyz) = EPyz = (—uPy)z = —uz

=>z€EM,

Hence Rp, & M, —----------mmmmmmmmmmmmmom oo ©)

Now EP, =

Conversely, let z € M,, then Ez = —uz

Then E?z = E(Ez) = E(—uz) = —uEz = yz
(E%*-E) _ u?z+uz _

pu+D) " T pZp

Hence P,z =

Soz € Rp,

Thus My © Rp, —---=========m=mmmomoooooooooo s (10)
From (9) and (10),

Rp, = M,

Theorem 5

We show that

Rp, = {z:Ez = 0} = M3(say)

Proof:-

We have

P;=1—-P,—P,

Letz € Rp, then P32z = z

Now EP; =E(I — P, —P,) =E — EP, — EP,
=E—-P+uP,=E—(P,—uP,)=E—-E=0
Using Theorems 1,3 and 4
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So,Ez =E(P3z) =EP;z=0z=0
=z € M,
Hence Rp, © M3 —-----------m-mmmmmmmmmomom oo (11)
Let z € M3, thenEz = 0= E?z=0
Then
_(E*+pE)  E*z+pEz
T+l T a+t
(E?—E) E?2-Ez 0
= zZ = =
pp+1) um+1)
Hence P;z=[l—P,—P,]z=z—-0—-0=2z
SOZERp3
Hence M3 & Rp, —=-==-==r==r==m=mmmmomooooo oo (12)
From (11) and (12)
Rp, = M3

P,z

2Z

Theorem 6
Let E be a A-jection on a Hilbert space H. Let A; = 1,4, = —u and A3 = 0 be eigen values of E. M;, M;, M3 be
their corresponding eigen spaces. Let P, P,, P; be projections on these eigen spaces where
E?+ A+ 1)E E’-E

=" orz T aynasy BT
Then P, + P, + P; =1
P;'s are pairwise orthogonal and spectral resolution of E is given by (assuming A # —1 or — 2)
E= 4P+ A,P, + A3P;
And spectrum of E is given by
o(E)={1,—-(4+1),0}

I-P, —P,

Proof:-

Theorems 3,4,5 show that ; = 1,1, = —u, A3 = 0 are eigen values of E, M1, M,, M5 are their corresponding
eigen spaces and P;, P,, P; are pairwise orthogonal projections on these eigen spaces. Also due to theorem 2,
E = AP, + AP, + A3P;,

=P +P,+P;

Hence expression for E given above is the spectral resolution of E. Also the spectrum of E, since the eigen
values of E are 1, —, and 0 is given by

o(E)={1,-(A+1),0}asu=21+1
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