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ABSTRACT 

 

The study is motivated by a desire to develop an analytical technique to study quasi-static plane strain 

deformation of a thermoelastic medium due to surface loads by taking into account the anisotropy of thermal 

conductivity. By applying the Laplace and Fourier transforms to the state variables involved in the basic 

governing equations, the solutions for the stresses, displacements, temperature difference and heat flux are 

obtained. Considering the boundary conditions, the problem is solved in the transformed domain. The actual 

solutions of the problem in the physical domain are acquired by inverting the Laplace-Fourier transform. 

Finally, some numerical examples are given to demonstrate the influences of the surface loads and the 

anisotropy of thermal conductivity on the thermo-elastic response. 
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I. INTRODUCTION 

 

The thermo-elastic problems of the time-dependent 

behaviour of material with surface loads are 

significant and have received extensive attention in 

the field of geology, environmental engineering, soil 

science and civil engineering. The problems for 

thermal response and deformation caused by the 

thermal and mechanical loads have been studied by 

numerous investigators [1-12]. 

 

It is observed from practice that the typical deposit 

process of natural geomaterials may lead to clear 

differences in thermal conductivity between different 

directions, especially for the horizontal and vertical 

thermal conductivity. Therefore, some researchers 

focused their attention on the study of the thermo-

elastic response of the material with anisotropic 

thermal conductivity. Pan [13] studied the transient 

thermoelastic deformation in a transversely isotropic 

and layered half-space by surface loads and internal 

sources. Wei and Yu-Qiu [14] discussed plane 

problem of orthotropic quasi-static thermoelasticity. 

Sharma and Kumar [15] investigated the plane strain 

problems in generalized theory of thermo-elasticity in 

a homogeneous transversely isotropic medium. Kögl 

and Gaul [16] presented a boundary element method 

for dynamic anisotropic coupled thermoelasticity and 

the results for quasi static and stationary 

thermoelasticity were also deduced. Youssef and El-

Bary [17] discussed the thermal shock problem to the 

general case with variable thermal conductivity. 

Aouadi [18] studied the problem of variable electrical 

and thermal conductivity in the theory of generalised 

thermoelastic diffusion and discussed thermoelastic 

diffusion interactions in an infinitely long solid 

cylinder subjected to a thermal shock on its surface, 

which is in contact with a permeating substance. 
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Youssef and Abbas [19] used a finite element method 

to analyse transient phenomena in an infinitely long 

annular cylinder in the context of the theory of 

generalized thermoelasticity with one relaxation time 

considering the thermal conductivity to be variable. 

Ai et al. [20] derived an analytical solution for the 

axisymmetric thermo-elastic problem of multilayered 

material with anisotropic thermal diffusivity due to a 

buried heat source.  Ai and Wang [21] discussed time 

dependent analysis of thermo-mechanical behaviour 

of a layered thermoelastic half-space with anisotropic 

thermal diffusivity. Ai and Wu [22] studied a thermal 

consolidation problem of a multilayered porous 

thermo-elastic medium with anisotropic thermal 

diffusivity and permeability due to a heat. Ezzat and 

El-Bary [23] used the theory of generalized magneto-

thermoelasticity with variable thermal conductivity 

and fractional order of heat transfer and solved the 

problem of an infinite long hollow cylinder in the 

presence of an axial uniform magnetic field.  

 

It is noted that although many problems involving 

thermal consolidation and thermomechanical 

response due to heat sources or thermal loading have 

been investigated, studies dealing with the quasi static 

plane strain deformation of a thermoelastic medium 

due to surface loads by taking into account the 

anisotropy of thermal conductivity are rather limited. 

 

The objective of this paper is to introduce the 

analytical method to study the behaviour of 

thermoelastic material with anisotropic thermal 

diffusivity due to surface loads. The basic equations 

are governed by coupled theory thermoelasticity. The 

solutions in the Laplace– Fourier transformed domain 

are obtained by solving equations satisfying the 

boundary conditions. The actual solutions in the 

physical domain can be acquired by the inversion of 

the Laplace-Fourier transform. Finally, numerical 

examples are presented to investigate the effects of 

different material parameters on temperature 

difference, heat flux and variation of displacement. 

The importance of the problem considered lies in the 

fact that the crust of the earth is anisotropic in 

different directions and therefore it is useful to study 

the effect of anisotropy on the static field due to 

surface loads. 

 

II. FORMULATION OF THE PROBLEM 

 

In this study, we consider the temperature 

distribution in a deformable body and therefore the 

corresponding model evokes the solution of a coupled 

thermomechanical problem. A homogeneous, 

thermoelastic half-space with anisotropic thermal 

conductivity is considered. The origin of a Cartesian 

coordinate system ( , , )x y z is placed at the boundary of 

the half-space and the z -axis is drawn vertically into 

the medium.  

 

Consider a strip L y L    of infinite length on the 

surface of thermoelastic half-space. Let a normal load 

of force density 0 acting in positive direction of z be 

uniformly distributed over the strip (Fig1 a). For shear 

strip loading (Fig 1b), the force density is taken as 0 . 

 

Since the source is long in one direction in 

comparison to others, two dimensional approximation 

is justified. So, a plane strain problem is studied in 

yz -plane and the displacement vector can be written 

as 

( , ).y zu uu                                                             (1)  

In case the material is homogeneous with anisotropic 

thermal conductivity, the heat flow obeys Fourier’s 

law as 

 q  ,                                                               (2) 

where ( , )y zq qq  is heat flux vector; y  , z  are 

thermal conductivities in y and z  directions 

respectively;  ,y y z z      and  is the 

temperature deviation from the reference temperature 

0T . (.)y  represents partial differentiation with 

respect to y . 
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By considering the coupling of elastic and thermal 

processes, the heat conduction equation with 

anisotropic thermal conductivity can be written as 

  0 0,eC T e                                        (3) 

 

where, eC is the specific heat,  is the density, 

(3 2 )t     ,   and   are Lame’s constants, t  
is 

the coefficient of linear thermal expansion and 

, ,y y z ze u u  . 

 

The Duhamel-Neumann relations establish the 

relationship between the state of stress, strain and 

temperature and can be written as  

02 ,.    C I                                             (4)  

 where
yy yz

yz zz

 

 

 
  
 


 
and yy yz

yz zz

 

 

 
  
 

  

 
1

2

T  u u are stress and strain tensors 

respectively,   ,y z   , 0 = 2 (1 ) t    , 

(1 )

(1 )

 

 

  
    

C , 
1 0

0 1

 
 
 

I =  and   is Poisson’s 

ratio. 

The static equilibrium, with body force being 

neglected, is given by 

. , 0                                                                 (5) 

and the compatibility equation is  

, , ,2yy zz zz yy yz yz    .                                           (6) 

 

 

 
 

Figure 1. Geometry of the model (a) Normal strip load (b) Shear strip load 

 

III. DERIVATION OF ANALYTICAL 

SOLUTION 

 

The Airy stress function U is defined as 

, ,yy zz zz yy yz yzU U U        .                   (7) 

   Using Eqs. (4)-(5) and (7) in Eqs. (3) and (6), we 

get 
2 2( 2 ) 0U     ,                                                (8) 

 
2

20 0 0 0 ( ) 0,
(1 2 ) 2

e

T T
C U

 
  

  

 
     

 


       

(9) 

where 20 , . .
2(1 )





  


  

Taking Laplace transform of Eqs. (8) and (9), we 

obtain 
2( ) 0c s    ,                                                 (10) 

 
4( ) 0,c s U  

  
                                            (11) 

where,  
 

 

2
,

2

i

i

e s

c
C

  

  






2

0
s

e

T

C


 


  , 

 ,c y y z zc c  
 
and s is variable of Laplace 

transform.                                   

Solving Eqs. (10) and (11), we have 

0

sin

cos

ky
R dk

ky



 

  
 

 , 
0

sin

cos

ky
U F dk

ky


 

  
 

 ,        (12)  
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where 1 2( )mz kzR Ae A e   ,

1 2 3( ( ) )mz kzF B e B B kz e    , 

1
2

2y

z z

c s
m k

c c

 
  
 

 

and ,i iA B
 
may be functions of k .  

Making use of Eq. (12) in Eqs. (8)-(9), we get 

1 1
2

a

z

s
A B

c
  ,  

0
3 22

(1 )
1

2 ( ) (1 )

a s

s

s s
B A

k s



  

  
  

  

, (13) 

where 2 2( )a zs c m k  , 
 2

s
s

s




 



.

 Eq. (7) gives 

 
0

sin

cos
zz

ky
N k dk

ky



 

  
 

 , 
0

cos

sin
yz

ky
S k dk

ky



 

  
 

 ,  

                                                                                (14) 

where 1 2 3( ( ) )mz kzN k B e B B kz e     ,

2

1 2 3 3( (( ) ) )mz kzS mB e B B k B k z e     . 

The displacement components can now be written 

as 

0

cos
2

sin
y

ky
u V dk

ky



 

  
 

  , 
0

sin
2

cos
z

ky
u W dk

ky



 

  
 

 ,                                      

                                                                                (15)    

where 

0
1 2 3 22

( (2 2 ) ) ,mz kzV B e B B kz A e k
k


  

       
 

  

0
1 2 3 22

( ( (1 2 ) ) )mz kzW mB e B B kz A ke
k


                       

 

IV. BOUNDARY CONDITIONS 

 

For prescribed surface loads, assuming the surface 

to be non adiabatic isothermal, yz  and zz are 

known at 0z  . So,  

0( )yz yz  ,  
0zz zz   and 0  at 0z  .     (16)                                               

Let 
0 0

0

sin
( )

cos
zz

ky
N k dk

ky



 

  
 

 , 

0 0

0

cos
( )

sin
yz

ky
S k dk

ky



 

  
 

 .                                     (17) 

Using Eqs. (16)-(17) in Eq. (14) and solving, we get 

0 0
1 2

( )( )( )ssk m k S N
A A

 



  
   


, 

0 0
1

( )( )

( )

ssk S N
B

m k

  


 
, 0

2 1

N
B B

k
   , 

 0 0
3

( )( )
( ) (1 )s a s

m k S N
B s s

k
  

 
   


,         (18) 

where ( )( ) (1 )( )s a ss k m s k m         . 

Using these values of iA  and 'siB in equations (12), 

(14)-(15), the expressions for the temperature 

difference, stresses, displacements and heat flux 

are obtained. Values of 0S and 0N  for different 

types of load are given in Table 1. 
 

Table 1. Values of  0 0,S N  for different types of load 

on the surface. 

 Normal 

strip 

loading 

Normal 

line 

loading 

shear strip 

loading 

shear line 

loading 

0S  0 0 0 sinkL

sk kL






 

0

sk




  

0N  
0 sin kL

ks kL






 

0

ks




  

0 0 

Upper 

solution/ 

Lower 

solution 

Lower 

solution 

Lower 

solution 

Upper 

solution 

Upper 

solution 

 

V. SOLUTIONS FOR SURFACE LOADS 

 

A. Normal Strip Loading 
The expressions of displacements, stresses, 

temperature difference and heat flux solutions for 

normal strip loading are given by 

 0

0

2 ( )
2 [ { ( )

( )

1
(1 )} ( ) { ( )( )

sin sin
(1 2 )(1 )( )} ] ,

mz kzs
y s

kz

a s s

kz

a s

sk
u e e s

s m k

s z k m e s m k
k

kL ky
s m k e dk

kL

  
  



  

 



 






   



     

   




 

                                                                               

(19)

        

 0

0

2 ( )
2 [ { ( )

( )

(1 )} ( )

2 sin cos
(1 )(1 )( ) ] ,

mz kzs
z s

kz

a s

kz

a s

sm
u e e s

s m k

s z k m e

kL ky
s m k e dk

k kL

  
  





 



 






   



  

   




                                                                                (20)    
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 0

0

2 ( )
[ { ( )

( )

sin sin
(1 )} ( ) ] ,

mz kzs
yz s

kz

a s

sm
e e s

s m k

kL ky
s z k m e kdk

kL

  
  







 




   



  



           (21)                                              

 0

0

2 ( )
[ { ( )

( )

sin cos
(1 )}(1 )( ) ] ,

mz kzs
zz s

kz

a s

sk
ke me s

s m k

kL ky
s kz k m e dk

kL

  
  







 




   



   



    (22)                                                                      

  0

0

( ) sin cos
( )( ) ,mz kzs kL ky
e e k m dk

kL

  






 
  

        (23) 

0

0

( ) sin sin
( )( ) ,

s y mz kz

y

kL ky
q e e k m dk

kL

   





 


  
    (24) 

0

0

( ) sin cos
( )( ) .mz kzs z

z

kL ky
q me ke k m dk

kL

   





 
  

     (25)   

 

B. Normal Line Loading 

Taking the limit as 0L  with 0  fixed, the 

displacements, stresses, temperature difference and 

heat flux for normal line loading can be obtained. 

The expressions for the solutions can be obtained 

from equations (19)-(25) by removing the factor 

sin kL

kL
. Taking the limit t  , using the result 

that 
0

lim ( ) lim ( ),
t s

f t sf s
 

 and evaluating the 

integrals given in Eqs. (19)-(25) analytically, we 

have 0zq   and the displacements and stresses 

obtained for this limiting case match with the 

corresponding solutions of elastic medium [24]. 

 

C. Shear Strip Loading 

The solutions for shear strip loading are obtained 

as 

 

 

0

0

2 ( )
2 [ { ( )

( )

(1 )} ( )

2 sin cos
(1 )(1 )( ) ] ,

mz kzs
y s

kz

a s

kz

a s

sk
u e e s

s m k

s z k m e

kL ky
s m k e dk

k kL

  
  





 



 






   



  

   




                                                                                (26)

                                    

 0

0

2 ( )
2 [ { ( )

( )

1
(1 )} ( ) { ( )

sin sin
(1 2 )(1 )( )} ] ,

mz kzs
z s

kz

a s s

kz

a s

s
u me ke s

s m k

s z k m e s
k

kL ky
s m k e dk

kL

  
  



  

 



 






   



    

   




                                                                                (27)    

 0

0

2 ( )
[ { ( )

( )

sin cos
(1 )}( 1)( ) ] ,

mz kzs
yz s

kz

a s

s
me ke s

s m k

kL ky
s kz k m e kdk

kL

  
  







 




    



   




                                                                               (28)                                                                                                                                                              

 0

0

2 ( )
[ { ( )

( )

sin sin
(1 )} ( ) ] ,

mz kzs
zz s

kz

a s

sk
e e s

s m k

kL ky
s z k m e dk

kL

  
  







 




   



  



        (29)   

0

0

( ) sin sin
( )( ) ,mz kzs kL ky
e e k m dk

s kL

  






 
  

  (30)  

0

0

( ) sin cos
( )( ) ,

s y mz kz

y

kL ky
q e e k m dk

s kL

   





 


   
    (31) 

0

0

( ) sin sin
( )( ) .mz kzs z

z

kL ky
q me ke k m dk

s kL

   





 
  

      (32) 

 

D. Shear line loading 

As discussed earlier, the solutions for shear line 

loading can be obtained from equations (26)-(32 by 

removing the factor
sin kL

kL
. For the limit t  , 

these results match with the corresponding results 

of elastic medium [24]. 

 

VI. NUMERICAL RESULTS AND DISCUSSION 

 

It is seen that all the solutions are in Laplace-

Fourier transformed domain. For computation of 

the inverse Laplace transform, Schapery’s method 

[25] is used and the semi-infinite integral due to 

Fourier transform is computed numerically using 

Gauss quadrature formula. 

 

As an example, we have computed the temperature 

difference, heat flux and components of 

displacement due to normal strip loading on the 

surface of a thermoelastic half-space with 
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anisotropic thermal conductivity. The parameters for 

thermoelastic medium are taken as  
10 1 2

10 1 2

5 1 3

2 1 2
0

7.1787 (10) ,

7.9663 (10) ,

3.35 (10) , 3320 ,

600 , 1055 .

t

e

kg m s

kg m s

K kg m

T K C m K s





 

 

 

  

 

 

 

  

 

              (33)                         

 

To make the quantities dimensionless, the 

followings are defined 

2

0 0

0 0

2
, , , , ,

, , .

z i
i

ij yz
ij z

z z

y z c t u
Y Z T U

L L L L

cLq
Q r

c

 

 

 

  

     

           

(34) 

 

 

Figure 2 shows the effect of anisotropy thermal 

conductivity on the variation of temperature 

difference with time at Y=0 due to normal strip 

loading. We notice that, near the source, 

anisotropy in thermal conductivity has only a 

small effect (Fig. 2a). As the depth increases, this 

effect becomes more significant (Fig. 2. b-d).  At a 

given time, the temperature difference decreases as 

the thermal conductivity anisotropy parameter r  

increases. When the horizontal thermal 

conductivity is greater than the vertical thermal 

conductivity i.e. 1r , at a given time; the 

temperature difference for an anisotropic 

isothermal half-space is less than the temperature 

difference for the corresponding isotropic 

isothermal half-space. As the depth increases, 

effect of r

 

occurs delayed. In Fig. 2, curves for 

different values of the anisotropy parameter r 

coincide for very small and for very large times. 

This shows that the thermal conductivity 

anisotropy has no effect in the adiabatic and 

isothermal conditions. 

 

 
 

Figure 2. Effect of the value of anisotropic 

conductivity parameter r on temperature 

difference with time T for Y=0 and at depths (a) 

Z=0.1; (b) Z=1; (c) Z=2; (d) Z=10. 
 

Figure 3 depicts the variation of the temperature 

difference with time at different depths for a small 

and large value of r . As the depth increases, 

temperature difference decreases along time and 

approaches to zero. For smaller Z, the variation is 

faster. Fig. 3 also indicates that the variation of 

temperature difference can reach its extremum 

value on the surface and becomes smaller and to be 

stable with the increase of time. 

 

Figure 4 reveals the depth profile of the 

temperature difference at four times for small and 

large values of r . The temperature difference is 

zero at the surface, attains a maximum value at a 

depth depending upon r and T and then tends to 

zero as Z increases. Maximum value of    is 

shifted with time along Z.  
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 Figure 3. Variation of temperature difference with 

time T at four depths for (a) r=0.1, (b) r=10. 

 

 

Figure 4. Depth profile of temperate difference at 

T=0.001, 0.1, 1, 10 for (a) r=0.1, (b) r=10. 

Figure 5(a) shows the depth profile of the temperature 

difference for T = 0.001 for four values of r. Initially, a 

very large temperature difference develops near the 

surface resulting in a steep gradient of the 

temperature difference. No significant effect for 

different values of r is noticed. Figs 5(b)–(d) depict 

depth profile of  for T = 0.1, 1, 10. As T increases, 

the maximum value of the temperature difference 

decreases and the location of the maximum value 

travel down and shift right. The effect of increase of r 

is prominently increases with increase in T. Fig. 6 

displays time history of the heat flux in the vertical 

direction at four depths (Z=0.1, 1, 2, 10) for r = 0.1, 10. 

The heat flux pattern near the surface (Z=0.1) is 

significantly different from the patterns at depths. 

Figure  7 represents time history of the heat flux in 

vertical direction at different depths for four values of 

0.1,1,2,10r . 

 

 

 

 
Figure  5. Effect of the value of anisotropic 

conductivity parameter r on temperature difference 

with depth for Y=0 and time (a) T=0.001; (b) T=0.1; (c) 

T=1; (d) T=10. 
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Figure 6. Variation of heat flux in vertical direction at four depths for (a) r=0.1, (b) r=10. 

 

 

Figure 7. Effect of the value of anisotropic conductivity parameter r on temperature difference with time T at 

Y=0 and depths (a) Z=0.1; (b) Z=1; (c) Z=2; (d) Z=10. 
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Figure 8. Effect of the value of anisotropic conductivity parameter r on horizontal displacement with time T for 

Y=0 and depths (a) Z=0.1; (b) Z=1; (c) Z=2; (d) Z=10. 

 
Figure 9. Depth profile of horizontal displacement at r =0.1, r =10 for (a) T=0.001, (b) T=10. 

 
Figure 10. Depth profile of vertical displacement at r=0.1, r=10 for (a) T=0.001, (b) T=10. 
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Figure 11. Effect of the value of anisotropic conductivity parameter r on vertical displacement with time T for 

Y=0 and depths (a) Z=0.1; (b) Z=1; (c) Z=2; (d) Z=10. 

 

Time history of horizontal displacement at Y=1 for 

different depths 0.1,1,2,10r  is plotted in Figure  8. 

As the depth increases, horizontal displacement 

decreases along time and large value of r  make it 

smaller. Depth profile of horizontal displacement at 

Y=1 is plotted in Figure  9 for two values of r . It 

increases quickly near the surface and then become 

stable and approaches to zero.  

 

Variation of vertical displacement at Y=1 along Z is 

presented in Figure  10. It decreases with depth for all 

times. No significant effect of r seems on it. Time 

history of vertical displacement and effect of value of 

anisotropic thermal conductivity on it is shown in Fig 

11 for four depths Z=0.1, 1, 2, 10 at Y=1. The vertical 

displacement increases with increase in time and 

increase in horizontal thermal conductivity. The 

curves for different values of r merge after a time. 7.  

 

VII. CONCLUSION 

 

In this paper, the quasi-static plane strain deformation 

of a thermoelastic half space with anisotropic thermal 

conductivity due to surface loads is studied. The 

problems of normal strip and line loading and shear 

strip and line loading are discussed in detail. Explicit 

analytical expressions in the Fourier-Laplace domain 

for the temperature function, heat flux, stresses and 

displacements have been obtained. From numerical 

computation, it is found that the anisotropy of 

thermal conductivity has a significant effect on 

deformation, temperature distribution as well as on 

heat transfer of the medium. However, the anisotropy 

has no effect for very small and large time (adiabatic 

and isothermal conditions).  
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