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I. INTRODUCTION

We will make considerable use of the notion of a continuous bilinear map XX Y — Z where X, Y
and Z are topological vector spaces. In particular, we will make use of the following:

2.1 Proposition
If X,Y and Z are topological vector spaces then any bilinear map ¢ : X X Y — Z is continuous if it is continuous at
(0,0).
Proof. Let (x,,¥,) be a point of X XY and let W be a 0-neighbourhood in Z [85-93]. We choose a 0-
neigbhourhood W; with W; + W, + W; < W. Since ¢ is continuous at (0,0), there are 0-neighbourhood U < X and
V c Y such that (U x V) < W;. If we choose s,t € (0,1) so that x, € sU,yo € tV,sU c U and tV c V, then for
X €x,+sUandy €y, + tV we have
¢(x'.V) - ¢(xo'3’0) = ¢(x - xo'yo) + ¢(x — X0 Y — YO) + ¢(xo'y - YO) cWi+W, +W,cw.
This proves that ¢ is continuous at (x,, ¥,)-
The algebraic tensor product X ® y : x € X,y € Y} subject to the relations
(ax; +bxy)) @y =a(x; ®y) +b(x, ®y),x1,x, EX,y€Y,a,b€C
xQ (ay; +by;) =a(xQy) +b(x R y,),x €X,y,,y, €Y,a,b €C

It follows that every element ueX®y may be written as a finite  sum
n

u Z x; Qi

i=1
The minimal number n of terms required in a representation of u as above is called the rank of w. If u is expressed
as above using a minimal number of terms, that is, so that the number of terms n is equal to the rank of u, then it
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turns out that the sets {x;}i~, and {y;}i=,; must both be linearly independent. Of course, this representation of u is
far from being unique.

One easily shows that the tensor product is characterized by the following universal property:

2.2 Proposition
The map 6 : X XY - X ®Y, defined by 6(x,y) = x ® y, is a bilinear map with the property that any bilinear
map X XY — Zto a vector space Z is the composition of 8 with a unique linearmapy : X Q Y — Z.

If X and Y are locally convex topological vector spaces, there are at least two interesting and useful ways of
giving X ® Y a corresponding locally convex topology [1-8]. The most natural of these is the projective tensor
product topology, which we describe below:

If p and q are continous seminorms on X and Y, respectively, we define the tensor product seminorm p @
gonn X @ Y as follows:

» ® D@ =it perdaiu= ) x @i}
It follows easily that p @ g is, indeed, a seminorm. Furthermore, we have:
2.3 Lemma
For seminormspand g on X and Y.
1 @PRPEYY)=px)qforallxeX,y€Y;
2 fU={xeX:p(x)<1l}andV ={y €Y :q(y) <1}, then
co(BUXxV))={ueX QY: (p® q)(w) <1}
Proof. From the definition, it is clear that
PRPxRy) <px)q(y)forallxe X,y eY
On the other hand, for a fixed (x,y) € X x Y, using the Hahn-Banach theorem we may choose linear functional f
on X and g on Y such that f(x) = p(x),g(y) = q(y) and |f(x")| < p(x"),|q(y") for all x’,y") € X x Y. Then if
x @y =xQ y;is any representation of x @ y as a sum of rank one tensors, we have

PEIO) = F@) = ) [ < ) p(r)al)
Since (p ® q)(x ® y) is the inf of the expressions on the right side of this inequality we have p(x)q(y) <
(p @ ¢)(x Q y). The proves (4.1).
Certainly co(H(U X V)) c{ueX®Y:(p®q)(u) < 1}since the latter is a convex set containing (U x V). To

prove the reverse containment, let u be an element of X @ Y with (p&® q)(u) < 1. Then we can represent u asu =
2 x; @ y; with
ZP(xi)q(yi) =r’<1
If we setx; = rp(x;) " x; and y{ = rq(y;) " 1y;, then p(x]) = r = q(y{). Thus, x{ € U and y; € V. Furthermore,
if t; = r2p(x;)q(y;). then
u=Yt(x;®yHandYt; =1
Thus, u € co(8(U x V)) and the proof of (2) is complete.
3.1 Definition
The topology on X @ Y determined by the family of seminorms p & ¢, as above, will be called the projective

tensor product topology. We will denote X ® Y, endowed with this topology, by X ® Y.
If f € X*and g € Y™ then we may define a linear functional f @ gon X Q Y by

f®9 (Z X @ Yi) = zf(xi)g(yi)
One easily checks that this is well defined and linear.
3.2. Proposition
The projective tensor product topology is a Hausfdorff locally convex topology on X ® Y with the following
properties [9-12] :
1) the bilinearmap 8 : X XY - X @, Y is continuous;
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2 fR®RgeXQ,Y) foreachf e X*andg e Y™,

3 A neighbourhood base for the topology at 0 in X @, Y consists of sets of the form co(6(U X v))
where U is a 0- neigbhourhood in X and V is a 0 neighbourhood in Y.

(@) any continuous bilinear map X x Y — Z to a locally convex space Z factors as the composition of

with a unique continuous linear map X ®, Y - Z;
Proof. Lemma 4.3(1) implies that each (p®gq)o 6 is continuous at (0,0) and this implies that 8 is continuous at
(0,0) and, hence, is continuous everywhere by Proposition 4.1 [97-100].

The continuity of f&g for f € X* follows from the fact that |f| and |g| are continuous seminorms on X
andY and |(f® g) (X x; ®y)| < XIf Ge)llgydl < Z1f )llg(ydl < |f| $gI(X x; &y;) This proves (4.2).

The fact that the projective topology is Hausdorff follows from (4.2). In fact, if u € X&Y then we may
write u = ), x; ® y;, where the set {x;} is linearly independent. Then we may choose f € X* such that f(x;) # 0 if
and only if i = 1 and we may choose g € Y~ such that g(x;) # 0. Then the element f®g € (X®Y)* has the non-
zero value f(x;)g(x;) atu. Thus, U = {v € X®Y : |(f®g)(v)| < f(x1)g(x1)} is an open set containing 0 but not
containing u.

Part (3) is an immediate consequence of Lemma 4.3.(2)

If p: X XY = Z is a continuous bilinear map, then ¢ = of for a unique linear map Y : X Q, Y = Z by
Proposition 4.2. To prove (4.4) we must show that i is continuous. Let W be a convex 0-neighbourhood in Z. Since
¢ is continuous, there exist 0-neighbourhoods U and V in X and Y, respectively, such that ¢(U x V) € W. Then the
convex hull of 8(U x V) is a 0-neigbhourhood in X®Y by (4.3) and it clearly maps into W under y. Thus ¥ is
continuous.

Note that (4.4) of the proposition says that projective tensor product topology is the strongest locally convex
topology on X®Y for which the bilinear map 6 : X X Y - X ®Y is continuous.

Note that (4.4) of the above proposition says that projective tensor product topology is the strongest locally
convex topology on X®Y for which determines its topology. Also, if X and Y are metrizable then so is X®Y.

If X,Y and Z are locally convex spaces andn « : X — Y is a continuous linear map then the composition

XXZ->YXZ->Y Q7

is a continuous bilinear map X X Z - Y X Z - Y ®, Z and, by Proposition 4.5.(4), it factors through a unique
continuous linear map a®id : X @, Z = Y @, Z . This shows that, for a fixed l.c.s. Z, (.)® Z is a function from
the category of locally convex spaces to itself. Similarly, the projective tensor product is also a function in its
second argument for each fixed l.c.s. appearing in its first argument.
3.3. Proposition
If a:X — Yisacontinuous linear open map, thensoisa Q@ id: X XZ->Y QR Z
Proof. To show that a & id is open we must that each 0- neighbourhood in X ® Z maps to a 0-neighbourhood in
Y ® Z. However, this follows immediately from Proposition 4.5(3) and the hypothesis that « is an open map.

The space X ®,, Y is generally not complete. It is usually useful to complete it.
4.1 Definition
The completion of X ®,; Y will be denoted X &, Y and will be called the completed projective tensor product of X
and Y [13-15].

Note that if & : X — Y is a continuous linear map, the map a ® id : X ®,~ Y &, Z. Even under the

hypothesis of Proposition 4.6 this map is not generally a surjection. However, we do have:

4.2. Proposition

If X, X and Z are Frechet spaces and a : X —» Y is a surjective continuous linear map, then a & id :X@nﬁ
Y ®,7Z.

Proof. By the open mapping theorem, the map a is open. Then a @ id is open by Proposition 3.6. Since, the
topologies of X, Y and Z countable bases at 0 the same in true of X @, Z and Y @, Z. However, an open map
between metrizable t.v.s.'s has the property that every Cauchy sequence in the range has a subsequence which is the
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image of a Cauchy sequence in the domain. Since every point in the completion X &, Z is the limit of a Cauchy
sequence in Y &, Z, the result follows.

Obviously, the aualogues of Proposition 4.6 and 4.8 with the roles of the left and right arguments reversed
are also true. There is other hypothesis under which the conclusion of the above Proposition is true and we will
return to this question when we have developed the tools to prove such results [101-104]. In the case where X and Y
are Fechet spaces, elements of the completed projective tensor product X &, Y may be represented in a particularly
useful form:

4.3. Proposition
If X and Y are Frechet spaces then each element u € X ®,, Y may be represented as the sum of a convergent series.

u= Z Aix; ® y;
=1

where },;2, | 4;| < o0 and {x;} and {y;} are sequences converging to 0 in X and Y, respectively.
Proof. Let {p, } and {q,,} denote increasing sequences of seminorms generating the topologies of p, ® q,. If {u,}
is a sequence in X ® Y converging to u in the projective topology, then we may, by replacing {u,} by an
appropriately chosen subsequence, assume that the sequence {u,,}, where v, = u; and v, = u,, —u,_, forn > 1,
satisfies
() < n22"and Yv,=u
It follows that we may write each v, as a finite sum
Up = Z x,ni ® y’ni with Z pn(xzf)Qn(%',) < n—22—n

l

i

If we set
Xni = n_lpa(xr_zg) Yni = n_lpn(}’rlzi)_l}’rllir Ani = nzpn(xni)Qn(Yni)
then
Pn (Xni) = qn(Yni) = n~t, zunil <2"and v, = Z’lnixi X yi
i i
and so

u= Zlnixi ® }’i,z [Ani| < o0 and ll;npm(xni) = ll:lpm(xni) =0Vm
n,i i

The proof is complete if we reindex {x,,;}, {yn;} and {1,;} to form singly indexed sequences.
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