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ABSTRACT 

 

In this paper, an operator called 𝜆-jection or 𝜆-jection of third order has 

been considered. I investigate forms of an operator E in 𝑅2 which satisfy 

conditions of 𝜆-jection. 

Keywords : 𝜆-Jection, Projection, Trijection. 

 

I. INTRODUCTION 

 

Dr. P Chandra defined a trijection operator in his Ph.D. thesis titled “Investigation into the theory of operators and 

linear spaces”. [1] In Dunford N. and Schwartz J. [2], p.37 and Rudin [3], p.126 a projection operator E has been 

defined as 𝐸2 = 𝐸. In analogue to this, E has been defined a trijection operator if 𝐸3 = 𝐸, which is a generalisation 

of projection operator. 

 

I. Definition 

Let L be a linear space and E a linear operator on L. We define E to be a 𝜆-jection of third order or simply a 𝜆-

jection if 

𝐸3 + 𝜆𝐸2 = (1 + 𝜆)𝐸, 𝜆 𝑏𝑒𝑖𝑛𝑔 𝑎 𝑠𝑐𝑎𝑙𝑎𝑟 

In case 𝜆=0, we have 𝐸3 = 𝐸 i.e. E is a trijection. In case of a projection i.e. E is a trijection. In case of a projection 

i.e. 𝐸2 = 𝐸, this condition is also satisfied i.e.- it is a 𝛌-jection too. 

 

II.  Main Results 

We investigate when an operator E on 𝑅2 happens to be a 𝛌-jection. 
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Theorem 1 

Let E be an operator defined on 𝑅2 by 

                     𝐸(𝑥, 𝑦) = (𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 + 𝑑𝑦) with a,b,c,d in R. 

We find out conditions when E is a 𝛌-jection. 

Proof :-  

We have 

𝐸2(𝑥, 𝑦) = 𝐸(𝐸(𝑥, 𝑦)) = 𝐸(𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 + 𝑑𝑦) 

= (𝑎(𝑎𝑥 + 𝑏𝑦) + 𝑏(𝑐𝑥 + 𝑑𝑦), 𝑐(𝑎𝑥 + 𝑏𝑦) + 𝑑(𝑐𝑥 + 𝑑𝑦)) 

=  ((𝑎2 + 𝑏𝑐)𝑥 + 𝑏(𝑎 + 𝑑)𝑦, 𝑐(𝑎 + 𝑑)𝑥 + (𝑏𝑐 + 𝑑2)𝑦) 

=  (𝐴𝑥 + 𝐵𝑦, 𝐶𝑥 + 𝐷𝑦), 𝑠𝑎𝑦 

 𝑤ℎ𝑒𝑟𝑒 𝐴 =  𝑎2 + 𝑏𝑐, 𝐵 = 𝑏(𝑎 + 𝑑), 𝐶 = 𝑐(𝑎 + 𝑑), 𝐷 = 𝑏𝑐 + 𝑑2 

 𝐿𝑒𝑡 𝑎𝑑 − 𝑏𝑐 = 𝑚 𝑎𝑛𝑑 𝑎 + 𝑑 = 𝑛 

 𝑇ℎ𝑒𝑛 𝑑 = 𝑛 − 𝑎, 𝐻𝑒𝑛𝑐𝑒 𝑎(𝑛 − 𝑎) − 𝑏𝑐 = 𝑚 

 𝑎𝑛 − 𝑎2 − 𝑏𝑐 = 𝑚 

 𝑆𝑜, 𝐴 = 𝑎2 + 𝑏𝑐 = 𝑎𝑛 − 𝑚  𝑎𝑛𝑑  𝑏𝑐 = 𝑎𝑛 − 𝑚 − 𝑎2 

 𝑁𝑜𝑤 𝐵 = 𝑏(𝑎 + 𝑑) = 𝑏𝑛, 𝐶 = 𝑐(𝑎 + 𝑑) = 𝑐𝑛 

 𝐷 = 𝑏𝑐 + 𝑑2 = 𝑎𝑛 − 𝑚 − 𝑎2 + (𝑛 − 𝑎)2 

= 𝑎𝑛 − 𝑚 − 𝑎2 + 𝑛2 + 𝑎2 − 2𝑎𝑛 = 𝑛2 − 𝑎𝑛 − 𝑚 

 Now 

 𝐸3(𝑥, 𝑦) = 𝐸(𝐸2(𝑥, 𝑦)) = 𝐸(𝐴𝑥 + 𝐵𝑦, 𝐶𝑥 + 𝐷𝑦) 

 = (𝑎(𝐴𝑥 + 𝐵𝑦) + 𝑏(𝐶𝑥 + 𝐷𝑦), 𝑐(𝐴𝑥 + 𝑏𝑦) + 𝑑(𝐶𝑥 + 𝐷𝑦)) 

 = ((𝑎𝐴 + 𝑏𝐶)𝑥 + (𝑎𝐵 + 𝑏𝐷)𝑦, (𝑐𝐴 + 𝑑𝐶)𝑥 + (𝑐𝐵 + 𝑑𝐷)𝑦) 

 = (𝐴1𝑥 + 𝐵1𝑦, 𝐶1𝑥 + 𝐷1𝑦), 𝑠𝑎𝑦 

Then 𝐴1 = 𝑎𝐴 + 𝑏𝐶 = 𝑎(𝑎𝑛 − 𝑚) + 𝑏𝑐𝑛 = 𝑎2𝑛 − 𝑎𝑚 + 𝑛(𝑎𝑛 − 𝑎2 − 𝑚) 

 = 𝑎𝑛2 − 𝑚𝑛 − 𝑎𝑚 

 𝐵1 = 𝑎𝐵 + 𝑏𝐷 = 𝑎𝑏𝑛 + 𝑏(𝑛2 − 𝑎𝑛 − 𝑚) = 𝑏(𝑛2 − 𝑚) 

 𝐶1 = 𝑐𝐴 + 𝑑𝐶 = 𝑐(𝑎𝑛 − 𝑚) + (𝑛 − 𝑎)𝑐𝑛 = 𝑐(𝑛2 − 𝑚) 

 𝐷1 = 𝑐𝐵 + 𝑑𝐷 = 𝑐𝑏𝑛 + (𝑛 − 𝑎)(𝑛2 − 𝑎𝑛 − 𝑚) 

 = (𝑎𝑛 − 𝑚 − 𝑎2)𝑛 + 𝑛3 − 𝑎𝑛2 − 𝑚𝑛 − 𝑎𝑛2 + 𝑎2𝑛 + 𝑎𝑚 

 = 𝑛3 − 𝑎𝑛2 − 2𝑚𝑛 + 𝑎𝑚 

We substitute these values in 

𝐸3(𝑥, 𝑦) + 𝜆𝐸2(𝑥, 𝑦) = (1 + 𝜆)𝐸(𝑥, 𝑦) 

We get 

(𝐴1𝑥 + 𝐵1𝑦, 𝐶1𝑥 + 𝐷1𝑦) + 𝜆(𝐴𝑥 + 𝐵𝑦, 𝐶𝑥 + 𝐷𝑦) = (1 + 𝜆)(𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 + 𝑑𝑦) 

Equating co-efficients of x,y in both coordinates 

𝐴1 + 𝜆𝐴 = 𝑎(1 + 𝜆), 𝐵1 + 𝜆𝐵 = 𝑏(1 + 𝜆) 
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𝐶1 + 𝜆𝐶 = 𝑐(1 + 𝜆), 𝐷1 + 𝜆𝐷 = 𝑑(1 + 𝜆) 

Now 𝐴1 + 𝜆𝐴 = 𝑎(1 + 𝜆) 

⇒ 𝑎𝑛2 − 𝑚𝑛 − 𝑎𝑚 + 𝜆(𝑎𝑛 − 𝑚) = 𝑎 + 𝑎𝜆 

⇒ 𝑎𝑛2 − 𝑚𝑛 − 𝑎𝑚 + 𝜆𝑎𝑛 − 𝜆𝑚 − 𝑎 − 𝑎𝜆 = 0                  —------------------------------------------ (1) 

𝐵1 + 𝜆𝐵 = 𝑏(1 + 𝜆) 

⇒ 𝑏(𝑛2 − 𝑚) + 𝜆𝑏𝑛 = 𝑏(1 + 𝜆) 

⇒ 𝑛2 − 𝑚 + 𝜆𝑛 = 1 + 𝜆, 𝑎𝑠𝑠𝑢𝑚𝑖𝑛𝑔 𝑏 ≠ 0 

⇒ 𝑛2 − 𝑚 = 1 + 𝜆 − 𝜆𝑛                                          —-------------------------------------------------- (2) 

𝐶1 + 𝜆𝐶 = 𝑐(1 + 𝜆) 

⇒ 𝑐(𝑛2 − 𝑚) + 𝜆𝑐𝑛 = 𝑐(1 + 𝜆) 

⇒ 𝑛2 − 𝑚 + 𝜆𝑛 = 1 + 𝜆, 𝑎𝑠𝑠𝑢𝑚𝑖𝑛𝑔 𝑐 ≠ 0 

⇒ 𝑛2 − 𝑚 = 1 + 𝜆 − 𝜆𝑛, 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑠𝑎𝑚𝑒 𝑎𝑠 (2) 

𝐷1 + 𝜆𝐷 = 𝑑(1 + 𝜆) 

⇒ 𝑛3 − 𝑎𝑛2 − 2𝑚𝑛 + 𝑎𝑚 + 𝜆(𝑛2 − 𝑎𝑛 − 𝑚) = (1 + 𝜆)(𝑛 − 𝑎) 

⇒ 𝑛3 − 𝑎𝑛2 − 2𝑚𝑛 + 𝑎𝑚 + 𝜆𝑛2 − 𝑎𝜆𝑛 − 𝜆𝑚) = 𝑛(1 + 𝜆) − 𝑎 − 𝑎𝜆 

⇒ 𝑛3 − 𝑎(𝑛2 − 𝑚) − 2𝑚𝑛 + 𝜆(𝑛2 − 𝑚) − 𝑎𝜆𝑛 = 𝑛 + 𝑛𝜆 − 𝑎 − 𝑎𝜆                —------------------ (3) 

(1) Can be put in form, 

𝑎(𝑛2 − 𝑚) − 𝑚𝑛 + 𝜆𝑎𝑛 − 𝜆𝑚 − 𝑎 − 𝑎𝜆 = 0 

Using (2), we get 

𝑎(1 + 𝜆 − 𝜆𝑛) − 𝑚𝑛 + 𝜆𝑎𝑛 − 𝜆𝑚 − 𝑎 − 𝑎𝜆 = 0 

⇒ −𝑚𝑛 − 𝜆𝑚 = 0 

⇒ 𝑚𝑛 + 𝜆𝑚 = 0 

⇒ 𝑚(𝑛 + 𝜆) = 0 

⇒ 𝑚 = 0 𝑜𝑟 𝑛 = –𝝀                                                —-------------------------------------------------- (4) 

Using (2) in relation (3), we get 

𝑛3 − 𝑎(1 + 𝜆 − 𝜆𝑛) − 2𝑚𝑛 + 𝜆(1 + 𝜆 − 𝜆𝑛) − 𝑎𝜆𝑛 = 𝑛 + 𝜆𝑛 − 𝑎 − 𝑎𝜆 

𝑛3 − 𝑎 − 𝑎𝜆 + 𝑎𝜆𝑛 − 2𝑚𝑛 + 𝜆 + 𝜆2 − 𝜆2𝑛 − 𝑎𝜆𝑛 = 𝑛 + 𝜆𝑛 − 𝑎 − 𝑎𝜆 

𝑛3 − 2𝑚𝑛 + 𝜆 + 𝜆2 − 𝜆2𝑛 − 𝑛 − 𝜆𝑛 = 0                                                 —------------------------ (5) 

From (4), let m=0 and put in (5), then we get 

𝑛3 + 𝜆 + 𝜆2 − 𝜆2𝑛 − 𝑛 − 𝜆𝑛 = 0 

⇒ 𝑛3 − 𝑛(1 + 𝜆 + 𝜆2) + 𝜆 + 𝜆2 = 0 

This is a cubic in n and roots are easily found to be 1, 𝝀 and -(1+𝝀) 

Hence when m=0, n=1, 𝝀, –(1+𝝀) 

From (4), let n = –𝝀, then due to (5), 

−𝜆3 + 2𝑚𝜆 + 𝜆 + 𝜆2 + 𝜆3 + 𝜆 + 𝜆2 = 0 

⇒ 2𝑚𝜆 + 2𝜆 + 2𝜆2 = 0 
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⇒ 𝑚𝜆 + 𝜆 + 𝜆2 = 0 

⇒ 𝜆(𝑚 + 1 + 𝜆) = 0 

𝜆 = 0 𝑜𝑟 𝜆 = −(𝑚 + 1), 𝑖. 𝑒. 𝑚 = −(1 + 𝜆) 

If we choose 𝜆 = 0 𝑡ℎ𝑒𝑛 𝑛 = 0   (Due to 4) 

Due to (2), -m = 1 or m = –1 

So, we have the case m = –1, n=0 

Otherwise, we get the case when m= –(1+𝝀) and n = –𝝀 

Thus finally we see that (m,n) takes values (0,1), (0,𝝀), (0, –(1+𝝀)), ( –1,0) and ( –(1+𝝀), –𝝀) 

So, when E is a 𝝀-jection, we have the above possibilities. 

Theorem 2 

Let m=0, n=1, then 

𝐸(𝑥, 𝑦)  =  (𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 + (1 − 𝑎)𝑦) 𝑤ℎ𝑒𝑟𝑒 𝑏𝑐 = 𝑎 − 𝑎2 

𝐴𝑙𝑠𝑜 𝐸2 = 𝐸 𝑠𝑜 𝐸 𝑖𝑠 𝑎 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛 

Proof :- 

Due to (2), 𝑛2 − 𝑚 = 1 + 𝜆 − 𝜆𝑛 

⇒ 1 = 1 + 𝜆 − 𝜆 which is true for all values of 𝜆 

Also 𝑚 = 0 ⇒ 𝑎𝑑 = 𝑏𝑐 

𝑛 = 1 ⇒ 𝑎 + 𝑑 = 1 ⇒ 𝑑 = 1 − 𝑎 

Hence 𝑎𝑑 = 𝑏𝑐 ⇒ 𝑎(1 − 𝑎) = 𝑏𝑐 ⇒ 𝑎 = 𝑎2 + 𝑏𝑐 = 𝐴 

Also, 𝐵 = 𝑏𝑛 = 𝑏, 𝐶 = 𝑐𝑛 = 𝑐 

𝐷 = 𝑛2 − 𝑎𝑛 − 𝑚 = 1 − 𝑎 = 𝑑 

So, in this case, 

𝐸(𝑥, 𝑦) = (𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 + (1 − 𝑎)𝑦) 𝑤ℎ𝑒𝑟𝑒 𝑏𝑐 = 𝑎 − 𝑎2 

Also, 𝐸2(𝑥, 𝑦) = (𝐴𝑥 + 𝐵𝑦, 𝐶𝑥 + 𝐷𝑦) = (𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 + 𝑑𝑦) = 𝐸(𝑥, 𝑦) 

Hence 𝐸2 = 𝐸, So E is a projection. 

Theorem 3 

Let m=0 and n=𝝀. Then 𝝀 has two values 1 and –1/2 

When 𝝀 = 1, we have case as in theorem 2, when 𝝀 = –1/2 

Then, 

𝐸(𝑥, 𝑦) = (𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 + (−
1

2
− 𝑎)𝑦) 

𝑤ℎ𝑒𝑟𝑒 𝑏𝑐 = −
1

2
𝑎 − 𝑎2 

Also in this case, 𝐸2 = −
1

2
𝐸 

Proof :- 

Let m=0, n=𝝀 

Due to (2), 𝜆2 = 1 + 𝜆 − 𝜆2 
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⇒ 2𝜆2 − 𝜆 − 1 = 0 

⇒ 𝜆 = 1 𝑜𝑟 −
1

2
 

So, consider m=0, n=1 

We have already considered this case in theorem 2 and E is a projection. 

Now consider the case 𝑚 = 0, 𝑛 = 𝜆 = −
1

2
 

Then 𝑎 + 𝑑 = −
1

2
⇒ 𝑑 = −

1

2
− 𝑎    (∵  𝑛 = 𝑎 + 𝑑) 

So 𝑎𝑑 = 𝑏𝑐 ⇒ 𝑎(−
1

2
− 𝑎) = 𝑏𝑐   (∵  𝑚 = 𝑎𝑑 − 𝑏𝑐 = 0) 

⇒ 𝐴 = 𝑎2 + 𝑏𝑐 = −
1

2
𝑎 

𝐵 = 𝑏𝑛 = −
1

2
𝑏, 𝐶 = 𝑐𝑛 = −

1

2
𝑐 

𝐷 = 𝑛2 − 𝑎𝑛 − 𝑚 = 𝑛2 − 𝑎𝑛 = 𝑛(𝑛 − 𝑎) = −
1

2
(−

1

2
− 𝑎) = −

1

2
𝑑 

Hence in this case, 

𝐸(𝑥, 𝑦) = (𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 + (−
1

2
− 𝑎)𝑦) 

where 𝑏𝑐 = −
1

2
𝑎 − 𝑎2 

Also, 𝐸2(𝑥, 𝑦) = (𝐴𝑥 + 𝐵𝑦, 𝐶𝑥 + 𝐷𝑦) = (−
1

2
𝑎𝑥 −

1

2
𝑏𝑦, −

1

2
𝑐𝑥 −

1

2
𝑑𝑦) 

= −
1

2
(𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 + 𝑑𝑦) = −

1

2
𝐸(𝑥, 𝑦) 

Hence, in this case, 𝐸2 = −
1

2
𝐸 

Theorem 4 

Let 𝑚 = 0, 𝑛 = −(𝜆 + 1) In this case, 

𝐸(𝑥, 𝑦) = (𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 − (𝑎 + 1 + 𝜆)𝑦) 

𝑤ℎ𝑒𝑟𝑒 𝑏𝑐 = −𝑎(1 + 𝜆) − 𝑎2 

Also, 𝐸2 = −(𝜆 + 1)𝐸 

Proof:- 

Due to (2), 

(𝜆 + 1)2 = 1 + 𝜆 + 𝜆(1 + 𝜆) = 1 + 2𝜆 + 𝜆2 

Which is true for all values of 𝜆. Here 𝑎 + 𝑑 = −(𝜆 + 1) 

Now 𝑏𝑐 = 𝑎𝑛 − 𝑚 − 𝑎2 = −𝑎(𝜆 + 1) − 𝑎2 

𝐴 = 𝑎2 + 𝑏𝑐 = −𝑎(𝜆 + 1) 

𝐵 = 𝑏𝑛 = −𝑏(𝜆 + 1) 

𝐶 = 𝑐𝑛 = −𝑐(𝜆 + 1) 

𝐷 = 𝑛2 − 𝑎𝑛 − 𝑚 = 𝑛(𝑛 − 𝑎) = 𝑛𝑑 = −𝑑(𝜆 + 1) 

So in this case, 
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𝐸(𝑥, 𝑦) = (𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 − (𝑎 + 1 + 𝜆)𝑦) 

where 𝑏𝑐 = −𝑎(1 + 𝜆) − 𝑎2 

 

𝐸2(𝑥, 𝑦) = (𝐴𝑥 + 𝐵𝑦, 𝐶𝑥 + 𝐷𝑦) 

= (−𝑎(𝜆 + 1)𝑥 − 𝑏(𝜆 + 1)𝑦, −𝑐(𝜆 + 1)𝑥 − 𝑑(𝜆 + 1)𝑦) 

= −(𝜆 + 1)(𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 + 𝑑𝑦) 

= −(𝜆 + 1)𝐸(𝑥, 𝑦) 

Hence in this case, 

𝐸2 = −(𝜆 + 1)𝐸 

 

Corollary 

If m=0, n=0 then 

𝐸(𝑥, 𝑦) = (𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 − 𝑎𝑦) 

𝑤ℎ𝑒𝑟𝑒, 𝑏𝑐 = −𝑎2 𝑎𝑛𝑑 𝐸2 = 0 

Proof :- 

In above theorem put 𝝀 = –1 

Theorem 5 

Let m = -1 and n=0. In this case 

𝐸(𝑥, 𝑦) = (𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 − 𝑎𝑦), 𝑤ℎ𝑒𝑟𝑒 𝑏𝑐 = 1 − 𝑎2 

Moreover, 𝐸2 = 𝐼 Identity Operator 

Proof:- 

Since n=0, a+d=0. Hence d=-a 

𝑚 = −1 ⇒ 𝑎𝑑 − 𝑏𝑐 = −1 

⇒ 𝑎(−𝑎) − 𝑏𝑐 = −1 

⇒ 𝐴 = 𝑎2 + 𝑏𝑐 = 1 

 𝐴𝑙𝑠𝑜, 𝐵 = 𝑏𝑛 = 0, 𝐶 = 𝑐𝑛 = 0 

𝐷 = 𝑏𝑐 + 𝑑2 = 𝑏𝑐 + (−𝑎)2 = 𝑎2 + 𝑏𝑐 = 1 

Hence 𝐸(𝑥, 𝑦) = (𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 + 𝑑𝑦) 

𝑤ℎ𝑒𝑟𝑒 𝑏𝑐 = 1 − 𝑎2 

And 𝐸2(𝑥, 𝑦) = (𝐴𝑥 + 𝐵𝑦, 𝐶𝑥 + 𝐷𝑦) = (𝑥, 𝑦) = 𝐼(𝑥, 𝑦) 

Thus 𝐸2 = 𝐼 

Theorem 6 

Let 𝑚 = −(1 + 𝜆) 𝑎𝑛𝑑 𝑛 = −𝜆 

Then 𝐸(𝑥, 𝑦) = (𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 − (𝑎 + 𝜆)𝑦) 

Where 𝑏𝑐 = 1 + 𝜆 − 𝑎𝜆 − 𝑎2 

And 𝐸2 = −𝜆𝐸 + (1 + 𝜆)𝐼 
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Proof:- 

Due to (2), 

𝜆2 + 1 + 𝜆 = 1 + 𝜆 − 𝜆(−𝜆) which is true for any 𝜆 

Now 𝑛 = −𝜆 ⇒ 𝑎 + 𝑑 = −𝜆 

⇒ 𝑑 = −𝜆 − 𝑎 

Also 𝑚 = 𝑎𝑑 − 𝑏𝑐 

⇒ −(1 + 𝜆) = 𝑎(−𝜆 − 𝑎) − 𝑏𝑐 

⇒ 𝑏𝑐 = (1 + 𝜆) − 𝑎𝜆 − 𝑎2 

Hence 𝐸(𝑥, 𝑦) = (𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 + 𝑑𝑦) 

where 𝑏𝑐 = (1 + 𝜆) − 𝑎𝜆 − 𝑎2 

Also, 𝐴 = 𝑎2 + 𝑏𝑐 = (1 + 𝜆) − 𝑎𝜆 = 𝑎𝑛 − 𝑚 

𝐵 = 𝑏𝑛 

𝐶 = 𝑐𝑛 

𝐷 = 𝑛2 − 𝑎𝑛 − 𝑚 = 𝑛(𝑛 − 𝑎) − 𝑚 = 𝑛𝑑 − 𝑚 

 

So 𝐸2(𝑥, 𝑦) = ((𝑎𝑛 − 𝑚)𝑥 + 𝑏𝑛𝑦, 𝑐𝑛𝑥 + (𝑛𝑑 − 𝑚)𝑦) 

= (𝑎𝑛𝑥 + 𝑏𝑛𝑦, 𝑐𝑛𝑥 + 𝑑𝑛𝑦) − (𝑚𝑥, 𝑚𝑦) 

= 𝑛(𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 + 𝑑𝑦) − 𝑚(𝑥, 𝑦) 

= 𝑛𝐸(𝑥, 𝑦) − 𝑚𝐼(𝑥, 𝑦) 

Hence 𝐸2 = 𝑛𝐸 − 𝑚𝐼 = −𝜆𝐸 + (1 + 𝜆)𝐼 

We see that above equation multiplied by E gives 

𝐸3 = −𝜆𝐸2 + (1 + 𝜆)𝐸 

which is true 

Theorem 7 

In case b = c = 0, 

𝐸(𝑥, 𝑦) = (𝑎𝑥, 𝑑𝑦) 𝑤𝑖𝑡ℎ 𝑏𝑐 = 0 

Also, a and d takes values in the set {0,1, –(𝜆 + 1)} 

This gives 9 possibilities for E(x,y) 

Proof:- 

Since b = c = 0, E(x,y) = (ax,dy) 

Hence 𝐸2(𝑥, 𝑦) = (𝑎2𝑥, 𝑑2𝑦), 𝐸3(𝑥, 𝑦) = (𝑎3𝑥, 𝑑3𝑦) 

Substituting in condition for 𝝀-jection 

(𝑎3𝑥, 𝑑3𝑦) + 𝜆(𝑎2𝑥, 𝑑2𝑦) = (1 + 𝜆)(𝑎𝑥, 𝑑𝑦) 

⇒ (𝑎3𝑥 + 𝜆𝑎2𝑥, 𝑑3𝑦 + 𝜆𝑑2𝑦) = ((1 + 𝜆)𝑎𝑥, (1 + 𝜆)𝑑𝑦) 

Comparing coefficients of x,y 

𝑎3 + 𝜆𝑎2 = (1 + 𝜆)𝑎 
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And 𝑑3 + 𝜆𝑑2 = (1 + 𝜆)𝑑 

Now 𝑎3 + 𝜆𝑎2 − (1 + 𝜆)𝑎 = 0 

⇒ 𝑎[𝑎2 + 𝜆𝑎 − (1 + 𝜆)] = 0 

⇒ 𝑎(𝑎 − 1)(𝑎 + 1 + 𝜆) = 0 

𝑎 = 0,1, −(𝜆 + 1) 

Similarly, 𝑑 = 0,1, −(𝜆 + 1) 

Thus, a and d takes values in the set {0,1, -(𝜆+1)} 

So we have nine possibilities for E(x,y). These are given by 

𝐸(𝑥, 𝑦) = (0,0) 𝑤ℎ𝑒𝑟𝑒 𝑎 = 𝑑 = 0. 𝑇ℎ𝑢𝑠 𝐸 𝑖𝑠 0 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟. 

𝐸(𝑥, 𝑦) = (0, 𝑦) 𝑤ℎ𝑒𝑟𝑒 𝑎 = 0, 𝑑 = 1. 𝑇ℎ𝑖𝑠 𝑖𝑠 𝑎 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛. 

𝐸(𝑥, 𝑦) = (0, −(𝜆 + 1)𝑦) 𝑤ℎ𝑒𝑛 𝑎 = 0, 𝑑 = −(𝜆 + 1) 

𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑙𝑦 𝐸(𝑥, 𝑦) = (𝑥, 0) 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑎 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝑖𝑜𝑛. 

𝐸(𝑥, 𝑦) = (𝑥, 𝑦) 𝑖. 𝑒. −𝐸 = 𝐼 

𝐸(𝑥, 𝑦) = (𝑥, −(𝜆 + 1)𝑦) 

𝐸(𝑥, 𝑦) = (−(𝜆 + 1)𝑥, 0) 

𝐸(𝑥, 𝑦) = (−(𝜆 + 1)𝑥, 𝑦) 

𝐸(𝑥, 𝑦) = (−(𝜆 + 1)𝑥, −(𝜆 + 1)𝑦), 𝑖. 𝑒. −𝐸 = −(𝜆 + 1)𝐼 
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