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1. INTRODUCTION

Berwald introduced a connection coefficientG}k(x, X) defined by

i . def . ﬁzGi
Gy (X, X) = EWEYd (1.1)
and accordingly the covariant derivative of an arbitrary covariant vector X' in the sense of Berwald is
given by Rund [4}

i i h
1SS o
The functions G' appearing in (1.2) are positively homogeneous of degree two in its directional
arguments X' and satisfies the following identities
(@ G X =G X=G x"=0, (1.3)
(b) G, x"=0 (c) G' Xx“=2G'.
The geodesic deviation has been defined in the following form
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0z ——+HJ(x,%)x* = (1.4)
where the vector Z'is called the variation vector and the tensor H/ (X, X) is being defined by
H, =20,G' -3,0,G'x" + 2GG' -,G'0,G' . (1.5)
The tensors defined by
1 aH' _OH;

@ M (X = ) (1.6)
oH},
and (b) ijl 287

are respectively termed as Berwald’s deviation tensor and Berwald’s curvature tensor and they satisfy the
following :

@ HkhJ H,—H, .(b) HX=n-1)H 1.7)
(€) HIX =HJ = Hix"
The projective covariant derivative of an arbitrary tensor TJ.i (x,X) is given by Misra [2] as

Ty = OT; =0T T X +T7 T ~T, TT (1.8)
(j —<r>k)

i ; i 1 i r i
where i (X, %) :{ij T (26,;Gl .y + X Gy} (1.9)

are called projective connection coefficient and these coefficients are symmetric in its lower indices .
Involving the projective covariant derivative ,we have the following commutation formulae :

(a) 0 (Tji((k))) - (6thi)((k)) :TSHIshk TIHjhk (1.10)
and (b) 2le[((h))((k))] = _érTinsrhk X +Tj Qshk _Ts thk

where ,
_ def i
Qu = A0 ITyy, H:’h[JHr +HL[JHL]r} (1.11)

is called the projective entity and satisfies the following relations :

(a) Qriu'k +Q}kh +Qli<hj =0 ,
(1.12)

(b) Quiesn + Qistiin +Qr'1sj«k» =0,

(© Qiijk :ij (d) ij a[JQk] '

(e) Qriu'k :ahQ}k ' (f) Qiijk :ij ' (9) Q|I<Xk =0 ,

() Q=-Q; and () Qux"=Q,
The projective connection coefficient ij (x, %) satisfies the following relations :
(8) T}, =5,IT,, (b)
1, =0,I1,, (1.13)
(c) I x"=0 and(d) IT,, X" =TT,
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2. NON-AFFINE INFINITESIMAL PROJECTIVE TRANSFOEMATION

In view of the Berwald’s covariant derivative [4],the Lie-derivative of a tensor field Tji(x,X) and the
connection parameter G}k(x, X) are given as under [7]:

£,T (6, X) =T/ V" + (0, T Vi X + TV, (2.1)

and

£,G} (X, X) = V(00 H V" + GV X' (2.2)
where, H, (X, %) has been defined by (1.6).
We also have the following communication formula [7]:

0,(E,T)-£,(0T))=0 ,

(2.3)

£, T~ ETDw =T'E,Gy —T,£,G; — (0,T))E,Gpx° (2.4)

(EVG}h)(k) - (£, Glij)(j) =£, Hriu'k + (£vG|<r| )G:jhxl - (EVGL )Glikh).(l . (2.9)

We now give the following definitions which will be used in the later discussions.
DEFINITION (2.1):

A Finsler space F, is said to admit an affine motion [3] provided there exists a vector v'(x) such that
£,G,(x,X)=0 . (2.6)

DEFINITION (2.2) :

A Finsler space is said to be symmetric [1] if the Berwald’s curvature tensor field H ihjk (x,X) satisfies the

relation
H ihjk(m) =0 (2.7)
the following relations also hold good in such a symmetric Finsler space
@ H'ym=0 ,(b) H',=0and () H, =0 . (2.8)
We now consider an infinitesimal point transformation
X' =x'+V (x)dt (2.9)

where, v'(x) stands for a non-zero contravariant vector field defined over the domain of the space and
dt is an infinitesimal point constant .If such a transformation transforms the system of geodesics into the
same system then such a transformation in F, is termed as infinitesimal projective transformation .It has
been mentioned in [3] that the necessary and sufficient condition in order that the infinitesimal point

transformation given by (2.9) be an infinitesimal projective transformation is given by the following
equation :

£VG}k =G}k_G}k :5} pk+§kipj_gjkg“dl (2.10)
here, p, (x,X) and d,(x,X) are covariant vectors and satisfy the following identities
@ 0;p=p; , (0O Pu=000p , (€ puX"=np,, (2.11)
(d) pthth =p, () 6jd = dj ) (f) dy =5h8kd,
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(9) dhkxh =d, and (h) dhkxhxk =d
keeping in mind the formula (2.5) ,the Lie-derivative of Hf”-k(x, X) can be expressed in the following form
£ Hrluk (£, Gjh)(k) (, Gkh)(]) +(£,G; )XGrhk - (2.12)

Using (2.10) and (1.3) in (2.12) ,we get

£, Hie =83 Pogy = S Puiy + 61 Py — S Pacsy — 909" i + 98" dy 5 +

+gklgrmGrjhd X — gijgrmGrikhdeI
(2.13)
We now multiply (2.13) by x"x/ and thereafter note (2.11) and the homogeneity property of
Hpi (X, %) and get
E,H = 2X' gy =0 pyX) =X PepX’ = 959" dy X" + 909" d ) XX (2.14)

we now allow a contraction in (2.14) with respect to the indicesiand k and thereafter use equations
(1.7) and (2.11) and get

£,H=—p X! —— (dm —9;,0"d,;,X"x’) . (2.15)

With the help of (2.15) and (2.14) ,we get
(E,H—£,H5) =3%'pyy =S pjy X! =X Py X +

i Choe i 1 .i i The i
+0, 0 Id|(j)xhxJ _E{dkx +(2_n)gjhg Id|(k)XhXJ} (2.16)

we now differentiate (2.16) partially with respectto x" and thereafter allow a contraction in the resulting
equation with respect to the indices i and r ,we get the following after making use of (1.7)and (2.11)

(£,0,H! —£,0,H)=@Bn+2)p, —(n+3) Peci) +dk(j)xi +

+gkhgrlxh{drl(1)+dlr}+( )d +2X"%] Sr{( )grh 1) ~ Yin |(])} (2.17)

The underlined equation

G (x,X) =G (x, X) = P(x, )X
(2.18)
represents the most general  modification of the function G' which will leave (2.18)
unchanged .Thus ,we say that the equation (2.18) defines the projective change [4] of the function
G'(x, X) .The tensor defined by

Wki(x,X):ij—Haki——ll(ang—akiH)x' (2.19)
n+

is invariant under the projective change (2.18) and therefore it is regarded as projective deviation
tensor .This deviation tensor also satisfies the following identities :

(a) W/ =0, (b) O W X" =W and
(2.20)

() oW, = 0
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The Lie-derivative of the projective deviation tensor Wj‘(x, X) in view of (2.16) and (2.17) can be written

in the following form

i 1 4—n "
EW, = Nl [p(k)x +2pk(,)xx + N 1d(k) X{dk(,)x +019 'x" (dl‘l(J)

CI
+d|(r))+2X X! gsr ( ) rhdl(k)_gkhdl(j))}]'
i il 2 n il ]
-0, pmx + 00 d,(J)x X!+ - 1gjhg dl(k)x X (2.21)
We now apply the commutation formula given by (2.4) to the projective deviation tensor Wji (x,X) and get
£ Wjl(r) (£iji)(r) W £VG:h VvhI £VG?I' _(6thi)(£v rs)x . (222)
Using (2.2) and (2.3) in (2.22) ,we get
£ WJI(I’) (£iji)(r) :th (5: P, — grhg“dl) _Wri pj - Z\Nji p, + ghldl{\Nhigjr + (2-23)

"‘("3r1\/\/1'i)grs).(S - (6eri) p}
We now allow a contraction in (2.23) with respect to the indices i and r and thereafter use (2.20) and
get

£ le(u) (£iji)(i) = (n - Z)th Py _thdh +4 hldl{\Nhigji + (athi)gisXS} : (2-24)
We now transvect (2.23) x"and thereafter use (2.3) and (2.20) and get
{EW/ iy —(EW) X =W/X'p, —4W,p-W g, g"d X" +g"d X" + (2.25)

+g"d X{W, g, +(0,W])g,. X’}
We now make an assumption that the space under consideration is symmetric one i.e. Wm =0 and as
such under this assumption the equations (2.24) and (2.25) can alternatively be written in the following
forms
(EVWji)(r) =(2- n)Wji Pr +Wjidr —g"d,{W,d, + (8thi)gisXS} (2.26)
and
(EW)), X =W p-WX'p, +W]'g,.g"d X" - g, d'x"W,g, +(©OW)g, X} . (2.27)
We now propose to eliminate the term Wjh p, with the help of (2.26) and (2.27) and the result of

elimination will give the following

Mj =W d, —g"d {Wy g, +(@,W])g,x}X (2.28)
where

M} = (£VWJ.‘)(r)>'<r +(2—n)(£VWj‘)(r)>'<r . (2.29)
At this stage ,if we now assume that the Finsler space F, admits a projective motion which will be
characterized by

£,G; =0
(2.30)

Therefore ,in such a case ,with the help of (2.10) and (2.30) we shall easily arrive at the conclusion that
the vectors p(x,x) and d(x, x) should separately vanish .

With the help of all these observations ,we can therefore state the following :
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THEOREM(2.1):
In a Finsler space F, equation (2.28) always holds provided the space under consideration admits a non —

affine infinitesimal transformation such that the Berwald’s covariant derivative of Wji remains an

invariant .
THEOREM(2.2):

In a Finsler space F, , M} =0 (where M has been given by (2.29)) provided the space under

consideration admits an affine infinitesimal transformation such that the Berwald’s covariant derivative
of Wji remains an invariant .

THEOREM (2.3):
In a Finsler space F,,(2.28) necessarily holds provided the space under consideration is symmetric one

and it admits a non —affine infinitesimal transformation .
THEOREM (2.4):
In a Finsler space F, ,(2.26) necessarily holds provided the space under consideration is symmetric .

3.INFINITESIMAL SPECIAL PROJECTIVE TRANSFORMATION
In view of the projective covariant derivative as has been given by (1.8) and the projective connection

coefficient H‘jk(x, X) as has been given by (1.9) ,the Lie-derivatives of an arbitrary tensor Tj‘(x, X) and

the projective connection coefficient are respectively given by
£, T (% X) =Ty V" + (OT Wy X =T Vi + TV 3.1)
and £VH:‘nk (X,X) = Vz(m))((k)) + Qrinkrvr + (6rH:nk )V(Ir(s))).(S . (3.2)

In between the operators £,,0 and (( )), we have the following commutation formulae:

(a) 2,(E,T))-£,0,T)=0 :
(3.3)

(b) (EVTjI)((r)) _Evle((r)) :le £VH:r _Tll£vnlrj - (8|TjI )EVH:me
and (C) (£vHihj )((k)) - (EvHihk)((j)) = £v Qr:kj + (E’VHIjb )Hihkl Xb + (EVHLb)Hith Xb .

In order that the infinitesimal point transformation given by (2.9) may define an infinitesimal special
projective transformation ,it is necessary and sufficient that [3]:

£VHiik :ﬁijk _Hijk = 51!bk +§kibj - gjkgilcl (3.4)
where , b, (x,%) and c,(x,X) are covariant vectors and they satisfy the following relations :
@ ob=b, (b) b,=06b, (0 byX"=b, (3.5)

(d b, x"x“=b ,() oc=c, , @ c,=0,0,¢
hk ] ] J J ,

(@ ¢, X"=c, and (h) c, X"X=c
Using (3.4) ,(3.5) and the commutation formula given by (3.3 ¢) , the Lie-derivative of the projective
entity Qf]jk(x, X) can be written in the following form

i i i _ il _ il
£, Qnic = 5By + Bjiy =919 Gy ~ Iinnd G

il i i il
=05 9nC ~ %Bn(iy ~ by T 99 Gy *
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+0unin9' G + 9ind((iC — Se by, + 09 ™Me, I, X' +
+b& T, — 9,9, X T, (3.6)
we now transvect (3.6) by x"x’' and therefore use (1.12) and (1.13) together and get
E,Qc = 2Xbyy, = Gl %” + X" K [0, {0( 101 + "G5} 3.7)
=05 {900C * 9" G}~ inen9'C 1
We now allow a contraction in (3.6) with respect to the indices i and k and thereafter transvecting the
equation thus obtained by x"x! we get

£,QuX"%’ = @=n)by; % + ;X" + 9" X" ) { i) = Ijngan}
_gjhxhxj{gilcl((i)) + (E](“(i))q}+ gihg(izj))clxh)'(j (3.8)
where we have taken into account (1.12).
We now eliminate b, X' using (3.7)and (3.8) and get

Ly (X, X) = 2(L— )b, X' —by

| il
(& +9 Gyt
il il L i il whoi i
~9& — 9" Ciaoy + CinX S + 9" XX S {Gin iy ~ Dinand —

_gjhxhxjé‘ki{g iIC|((i)) - g(izi))c|}+ gihgzzj))clxhxjé‘li (3.9)

i Jhy
k(ipX X+ 0 X X {9

where,
def

L =£,Q +5,£,Q;X"X! (3.10)
We now apply the commutation formula (3.36) to the projective deviation tensor Wji(x, X) and

thereafter use (3.4) and (3.5) and get
EW]) ey ~EW iy =W; 60 W g, 9%, ~W/'b; +W/'g,9"¢, -
—(0,W,)b—2W/b, - (0W/)g,,9"c X"
(3.11)
we now allow a contraction in (3.11) with respect to the indices i and r and get
(EVWji)((i)) _£VWji((i)) =(n _2)W1|b| _WjICI + glpcp{\Nligij _(8|Wji)gimxm} (3.12)
we now transvect (3.11) by x" and thereafter use (3.5) and get
{EW)) iy —EW (X" =W/b X' —4W'b-W/g,g"c X" +
+W'g,9"c, X" - (OW/)g,,9"c X X"
(3.13)

We now make the supposition that the infinitesimal special projective transformation given by (3.4)
leaves invariant the projective covariant derivative of the projective deviation tensor ,i.e.

E W/, =0 (3.14)

As a result of this supposition ,the equation (3.12) and (3.13) can respectively be expressed in the
following alternative form

388
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(£VWji)((i)) =(n- Z)lebl _lecl + glpcp{gijwli - (alei)gimxm (3.19)
and
EW )y =Wb X —4Wb-W/g,g"c X" +
-i-WIigrjgipCp)‘(r _(élei)grmglpcpxrxm (316)
We now propose to eliminate Wj'bI with the help of (3.15) and (3.16) ,the result of elimination gives the
following :
B; (X, %) = Xi[_WjIC| + glpcp{\ngkj - (6|er)grmxm}] +(n- 2)[4Wjib +
_‘_legrlgipc"p)'(r _Wligrjglpc’p).(r + (6IWji)grmglpCpXer] (317)

where,

. def . .

Bi(X,X) =(E,W/) (1) X —(N=2)(E W) (1) X" (3.18)

In order that the space under consideration may admit a special projective affine motion ,we will always
have

£,11, =0
(3.19)
Using (3.4) and (3.19) ,we shall easily arrive at the conclusion that the vectors b(x, x) and c(x,x) must

separately vanish.
In the light of all these observations ,we can therefore state :
THEOREM (3.1): In a Finsler space F, the equation (3.17) always holds provided the space under

consideration admits a non-affine infinitesimal special projective transformation such that the
projective covariant derivative of projective deviation tensor WJ.i remains an invariant .

THEOREM(3.2): Ina Finsler space F_, B}(x,>‘<) given by (3.18) always vanishes provided the space

under consideration admits an affine infinitesimal special projective transformation such that the
projective covariant derivative of the projective deviation tensor Wji remains an invariant .
If the Finsler space F, under consideration be assumed to be symmetric one i.e. Wj‘«r» =0 ,then under

such an assumption the equation (3.14) will always hold.Therefore ,we can state :
Theorem (3.3): In a symmetric Finsler space F, equation (3.17) always holds provided the space

under consideration admits a non-affine infinitesimal special projective transformation characterized
by (3.4) .
THEOREM(3.4): In a symmetric Finsler space F B} characterized by (3.18) always vanishes

provided the space under consideration admits an affine infinitesimal special projective transformation .
CONCLUSION :

The present communication has been divided into three sections of which the first section is introductory
.The second section deals with non-affine infinitesimal transformations . In this section ,we have derived
conditions which will hold when the space under consideration admits non-affine as well as an affine
infinitesimal transformation and in the sequel have established the conditions which will hold when the
space is symmetric and it admits an affine as well as non-affine infinitesimal transformation .The third
section deals with infinitesimal special projective transformation .Like the previous section ,in this section
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too we have established the conditions which will hold when the space under consideration is symmetric
and it admits a non-affine as well as an affine infinitesimal special projective transformation.

REFERENCES

[1] Misra,R.B.: A Symmetric Finsler space ,Tensor (N.S.) 24(1972),346-350.
[2] Misra,R.B.:  The projective transformation in a Finsler space ,Ann.de la Soc.Sci. de
Bruxelles,80(1966),227-239.
[3] Pande ,H.D.
and . Special infinitesimal projective transformation in a Finsler
Kumar,A. space,Accad.Naz.dei.Lincei Rend.58(3-4)(1974),190-193.
[4] Rund ,H. : The differential geometry of Finsler of Finsler spaces ,Springer Verlag(1959),Berlin.
[5]Sinha ,R.S.: On projective motion in a Finsler space with recurrent curvature ,Tensor
(N.S.)1,21(1970),124-126.
[6] Takano,K. : On projective motion in Finsler space with bi-recurrent curvature ,Tensor
(N.S.)12(1962),28-32.
[7] Yano, K. : The theory of Lie-derivatives and its applications ,North Holand Publ.Co.(1957),
Amesterdam, Holland.

Cite this Article

Rajesh Kr. Srivastava, "On Infinitesimal Transformations in A Finsler Space"”, International Journal of
Scientific Research in Science and Technology (IJSRST), Online ISSN : 2395-602X, Print ISSN : 2395-
6011, Volume 10 Issue 5, pp. 382-390, September-October 2023. Available at doi
https://doi.org/10.32628/IJSRST52310555

Journal URL : https://ijsrst.com/IJSRST52310555

International Journal of Scientific Research in Science and Technology (www.ijsrst.com) | Volume 10 | Issue 5



