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I. INTRODUCTION

We consider the differential system

M+2)¢=0; 0<X< o (1)
where M stands for the matrix differential operator given by
d2
M = dx? p(x) r(x)
= 22
r(x) axz 1 ()

¢ is a vector represented by a column matrix

and A is a real parameter.

We assume the following conditions to be satisfied:

(1) p(x), q(x), r(x) is all real - valued and continuous functionsin 0 <x < o
(i1) p(x), q(x), r(x) is all L [0, o). We suppose that any solution ¢(x) = (Zgg )
of the system satisfies the two linearly independent boundary conditions at x=0, viz :

Sju(0) + aju’'(0) + ajzv(0)aj,v'(0) =0, = 1,2) (2)
where
(a) ajk {j =1,2;k = 1,2,3,4} are real-valued constants;
(b) the set {ay;} is linearly independent of the set {a,y};
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(c) A148p3 — Ap4d13 T A123p1 —A1135, =0 3)

Following Bhagat [3], the bilinear concomitant [¢68] of two vector ¢ = (il) and 6= (31) is
2 2

defined by
¢ = 16101+ $16, — ¢, 05
If ¢ and 6 are any two solution of the system (1) for the same value of 4, then [¢6] is a function
of 4, then [¢0] is a function of A, real for real 1 (See Bhagat (3)).
Let

¢@A)=¢(mx@=(wmuﬂv (=12
i) = 601 =1, 0)x,0) :

by the boundary-condition vector then (2) and (3) can be written as
[p(x22) ¢;(0lx, )] =0 (=12) (4)
and
[¢1¢2]1 =10 5)

The vectors

Or (x,14) = 0, (0]x4) = (;’;8:,’22)

which take real constant values (independent of 1) at x=0 is defined by the relations
6k =6 = [6:0,] =01 <j,k<2) (6)

(k =1,2)

(See Bhagat [5]).
It has been shown by Bhagat in [4] that the system (1.) has at least a pair of solutions belonging
to L?[0. ] which are given by

2
Pr(,2) = 6,C6 ) + ) (D) s, ), = 1,2)
s=1
@)

The m,4(A) (1< 1, s <2) are analytic functions of 1 regular in either of the half plane im4 > 0
andim A < 0, and m,s(A) = m, (/T) It is also proved that

[0l D, (2, D] = 8,21 <7 < 2) ®)

(See Bhagat [4]).
2. THE GREEN'S MATRIX

G G
éGrin = () )

for the system (1) is given by

Ay P11(x, 1) Yor(x, 1) u, (y,2) vi(y,A)
Geyid) = (1/)12(x, A) Yoo (x, /1)) <U2 (v, M) V2 (y, }\)> y €10.x]
_ u (v, ) ux(y,d) Y11(v, ) Y12y, 4) . .
B (Vl(}"}\) v2 (¥, 7\)) (¢21(y'/1) 11’21(3"/1))'31 € (x,)
9)

We shall use the notations and results of Bhagat [3-9]

3. INTEGRAL EQUATIONS

P; (x2) (j = 11,2) satisfy the system of integral equations
1, .

u; (x’/'l) = u;(0) cosp x + i (0) sin ux + N
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17 .
+; f {PrOu»,D) — r ) vj(y, D}sinp (x —y) dy,
’ 1
V]-(x, A) =vj(0) cosp x + ;VJ’ (0) sin ux +

1 X
+ f GO0, ) = () D sinp G —y) dy,
0

(G=1,2) (10)
where 1 = u2.
We have from [5] for large x, if 4 = o +it,t > 0 and |u| = p >)

uj(}" A)!Vj(x! /1) =0 (etx)l (] =1, 2)! (11)
ui(x, ) = e ¥ {M; (D) + 0D},
(i=1,2) (12)
vi(x, ) = e M, (D) + 0(1)},
where
My (A) = Ju(0) — 5= wj(0) - A
1 [ee]
—5 | ¢ Oy D - 0V D} dy,
H
1 1 >
Mj, (1) = EV]-(O) 2 v;(0) —
1
~ % e/M{q Vi, D) —r My, D} dy )
0
(=1, 2) (13)
Also from [6;, £2) for |u| = |u,|
uj(x,4) = u;(0) cospux + 0 {%} .
(i=1,2) (14)

B eltxl
vj(x,4) = v;(0) cosux + 0 {W}
4. SPECIAL SOLUTIONS

In this section we obtain two independent solutions of (1) which are small when imaginary part of A 1is large

and positive.

Consider the system of integral equations
1 X
Xj () = el + ﬂf e p X)) —r MY} dy +
0

5 e €O {p 1) X )~ Y,()] dy,

International Journal of Scientific Research in Science and Technology (www.ijsrst.com) | Volume 11 | Issue 1



Rajeev Ranjan Int ] Sci Res Sci & Technol. January-February-2024, 11 (1) : 280-285

1 X
Y60 = e+ f MG ()Y, (y) — 7 (X0} dy +
0

+ ﬁ [ e™0{q (y) X; () — r X0} dy,

(i=1,2) (15)
where 1 = u?
Differentiating (15) twice it can be verified (formally) that §;(x) = (i’ 8) , (=
]
1, 2) satisfy (1).
The solutions of (15) can be obtained by the method of successive approximation as follows :
Let
Xj () = e Y (0 e, (=1,2) (16)
and forn > 1
X
1px 1 1u(x-y)
Kjnsa (1) = ™o | e {p MXjn ) —7 DY} dy +
521 OO p (DX () — T ()Y}
200 Ix p Y)AjnY Y)iny Y,
X
Y. — plpx 1 1u(x-y) X X d
maa(x) = et e {a MXjn0) — 7 X} dy +
i 1p(y—x) Y. — X; d
*5) ¢ {a Y0 =7 X} dy,
X

(i=1,2) (17)
Since p(x), q(x), r(x) are all L [0, oo], so we suppose that

= max | [ Ipldx, [ lawldx, | |r(x>|dx}
0 0 0
(18)
Then
Xjp () X () = fx{ 3) - (1)) +fw{ () — 1 ()}e2H 094
j2 jl = 2iu p y)say p Wy y y
0 X
or, [X;z (9 = X, (0| < <, (-1.2) (19)
Similarly
Y, 60 — Yy ()| < Wl‘ G-1,2) (20)
Hence by using (4.4.5) and (4.4.6) we have
X2 (9 =X (9] < 217 G=1,2) @1)
and
[¥5 (0~ Xp(9] < S21% (=1.2) 22)
and so on.

Therefore, it follows that if |u| > ], the series
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D (K0 = X))
n=1

and

Z(X]’n+1(x) - Xjn(X) )
n=1

are convergent.
I I
Let Xj((0 = " Xjp@and %) " ¥in ()
Now for every n
Xin (O] < [Xj2 0] + [Xj2 (0 = X2 (O] + oo +[Xjn (%) — XK1 (0|
<e {1+ (/D) + -+ 0/ InN1

. [1=0/1eDN _ J
— tx tx _
amnt < ¢ (1)
soforn — > ®
_lim e tx .
|X]'(X)| - n— OoXjn(X) /S (l_ljm)' (]—1’2) (23)
Similarly
Vel = | M /< (-12) (2 Therefore,
|ul

by dominated convergence, it follows that the limit operation can be taken under the integral sign and
that §;(x)(j = 1,2) satisfy the equations (15) and hence (1)
Now for a fixed p or p in the bounded part of region |u| > J, (15) gives

ei

x
X100 = e+ 2 [ (o 6% 00 = 1Y, ()e ™ ay -
0

elkx

2ip f b MX; ) — r(»Y; (e W dy +

e

ipx *
+ 2ipn f{p WX; @) — r»)Y; M }e ™ (v — 2x)dy

The first integral is convergent and the last two integrals tends to zero as x — oo, therefore

X;(x) =e™{C (D + 0}, (=12 (25)
‘Where
Cr) = 1+ )" e 7 {p WK ¥) — 1Y} 0)} dy
(i=12) (26)
Similarly
Ty(x) = e {C; (D) + 0(1)}, G=1,2) (27)
Where
Co() = 1+ 7 e {a MY, &) ~ r»)X; W)} dy
(i=12) (28)
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