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obtaining MHD velocity and temperature profiles. In the presence of a
changing heat flux, the unsteady laminar boundary layer flow and heat

transfer of a viscous incompressible fluid across a stretching sheet are

numerically investigated. The unsteadiness is thought to be generated by a

sudden increase in the surface temperature and a time-dependent
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stretching velocity. The flow and heat transfer partial differential
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equations were numerically solved using an implicit finite difference

January-February-2024 scheme and a quasi-linearization technique. Both velocity and temperature
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rise with time and magnetic field, according to the findings. The computed
results are compared to previous work that has been published. Variable

heat flux (VHF) conditions have also been taken into account.
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Unsteady Flow.

I. INTRODUCTION processes in industry, such as the description of flow

and heat transfer in the boundary layer generated by a

In extrusion operations, the description of fluid
dynamics due to a stretching sheet is critical. Sheeting
material is created in a variety of industrial
manufacturing methods and can be made of metal or
polymer. The rate of heat transmission at the
stretching surface determines the final product's

quality. Many essential applications in manufacturing

stretched surface Extrusion of a polymer in a melt-
spinning process, metals and plastics, cooling of an
infinite metallic plate in a cooling bath, the boundary
layer along material handling conveyers, aerodynamic
extrusion of plastic sheets, the boundary layer along a
liquid film in condensation processes, glass blowing,

cooling and/or drying of papers, drawing plastic films,
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continuous casting and spinning of fibres are just a
few examples. The rate of heat transmission at the
stretching surface determines the quality of the final
product in these circumstances. The ultimate product
in all of these applications is determined by the rate of
cooling and boundary layer flow near the stretching
sheet.

The physical situation was recognized as a backward
boundary layer problem by Crane [1] studied the
boundary-layer flow due to a moving stretching
surface with a constant surface temperature in an
ambient fluid. He gave a similarity solution in closed
analytical form for steady two dimensional
incompressible boundary layer flows. The study
considered the case when velocity varies linearly with
distance from a fixed point. Dutta [2], Grubka and
Bobba[3], discussed the temperature field in the flow
over a stretching surface when a uniform heat flux is
exerted to the surface. Lin and Chen [4] presented an
exact solution of heat transfer from a stretching
surface with a variable heat flux Furthermore. Kumari
et al. [5] studied the unsteady free convection flow
over a continuous moving vertical surface in an
ambient fluid, Elbashbeshy [6] conducted a numerical
study of steady heat transfer over a stretching surface
with a variable surface heat flux and uniform heat flux
subjected to injection and suction. Sharidan et al. [7]
investigated the unsteady boundary layer flow and
heat transfer due to stretching sheet for the especial
distribution of the stretching velocity and surface

temperature.

Moreover, Ishak et al. [8] extended the dimension of
the problem of heat transfer due to stretching sheet to
unsteady laminar mixed convection boundary layer
flow and heat transfer due to a stretching vertical
surface. They discussed the effects of unsteadiness
parameter, buoyancy parameter and Prandtl number
on the flow characteristic. They found that the heat
transfer rate at the surface increases with unsteadiness

parameter, buoyancy parameter and Prandtl number.

The study of magneto hydrodynamic (MHD) flow of
an electrically conducting fluid is of considerable
curiosity in modern metallurgical and metal-working
processes. There has been a great attentiveness in the
study of magneto hydrodynamic flow and heat
transfer in any medium due to the effect of magnetic
field on the boundary layer flow control and on the
performance of many systems using electrically

conducting fluids.

All the above investigators restricted their analysis to
flow and heat transfer in the absence of magnetic field.
In recent years, MHD flow problems have become
more important industrially. Indeed, MHD laminar
boundary layer behavior over a stretching surface is a
significant type of flow having considerable practical
applications in chemical engineering,
electrochemistry and polymer processing. Pavlov [9]
investigated the flow of an electrically conducting
fluid caused solely by the stretching of an elastic sheet
in the presence of a uniform magnetic field.
Chakrabarti and Gupta [10] considered the flow and
heat transfer of electrically conducting fluid past a
porous stretching sheet and presented analytical
solution for the flow and the numerical solution for
the heat transform problem. The flow is caused by
sheet stretching according to a power law velocity in

the presence of a transverse magnetic field.

The studies reported above deal with steady flows.
However, the flow problem will become unsteady due
to impulsive change in the surface velocity of a
moving stretching surface. The unsteady flow on a
stretching surface is an important problem, since it is
not always possible to maintain steady state conditions.
Pop and Na [11] and Nazar et al. [12] have considered
the time dependent boundary layer flow due to an
impulsively stretching surface. Recently, Srinivasa et
al. [13] have investigated unsteady MHD laminar
boundary layer flow due to an impulsive stretching

surface in the presence of a transverse magnetic field.
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The objective of the present study is to find numerical
solutions for unsteady boundary layer flow and heat
transfer due to stretching sheet with an applied
magnetic field by Quasiliearization technique along
with finite difference method. We also present results

for velocity and temperature profiles graphically.

II. MATHEMATICAL FORMULATION

MHD
boundary layer flow and heat transfer over a

Consider an wunsteady two-dimensional
continuous stretching sheet embedded in a moving
viscous, incompressible, electrically conducting fluid

in the region y > 0, as shown in Figure 1.
i
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Figure.1. Physical model and coordinate system.

Keeping the origin fixed, two equal and opposite
forces are suddenly applied along the x-axis, which
results in stretching of the sheet and hence, flow is
generated. At the same time, the wall temperature
Tw(t, x) of the sheet is suddenly raised from T, to
Tw(t, x) ( > Ty). Here the fluid is under the influence
of the magnetic field By, which acts in the y -
direction normal to the stretching sheet. The induced
magnetic field is negligible, which is valid under the
assumption of small magnetic Reynolds number. It is
also assumed that the external electric field is zero.
Under the

boundary layer equations governing for momentum

these assumptions, basic unsteady

and heat transfer in the presence of MHD are given by

ou , ov _
F 5—0 1)

0By%u

%J’ R L @)
T ruZoZ agZTZ 3)
Subject to the initial conditions

t<0 u=v=0,T=T, foranyxy

t=>0, u=u,tx),v=20 4)
T=Ty(tx) u—->0 T—->oaty—>

Here u and v are velocity components along x and y-
directions, respectively, where t isthe time, o, pand ¢
denote, respectively, electrical conductivity, density
and kinematic viscosity. 7'is the temperature, a is the
thermal diffusivity and & is the thermal conductivity.
Here, we assume that, the velocity of the sheet
is u, (t,x) and the sheet temperature T, (t,x) have

the following form.

cXxX
uw(tvx) = 1 —)/t’

Ty(t,x) =T

c
29x2(1-yt) /2 )
Where c¢ is the stretching rate being a positive
constant, y is a positive constant, which measures the
unsteadiness of heat transfer quantity. We introduce

now the following new variables

_ (o
"= a0

¥ =V(ed/((1—y))) xf(m)

T=Te+ —219 a7 6
= Teo + G o 57, 600 (VHP) (6)

Where 9 is the stream function which is defined as

_ oy _ oy
u—ay and v = o

Substituting variables Equations (6) into Equations (2)
and (3),

differential equations

they reduce to the following ordinary

flll +ff” _fIZ —A (fl _l_%nfu) _ Mfl =0 (7)

%G”+fG’+2f’G—%A(SG+nG’)=0 (8)
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Subject to the boundary conditions (4), which

becomes,

f(0)=0, f/(0)=1, f'(0)=0

G(0)=1 or G(0) =0 9)

Here 1 be the transformed dimensionless independent
variables, fis the dimensionless stream function; f' is
the dimensionless velocity. Where Pr is the Prandtl
number, A = % is a non-dimensional constant which
measures unsteadiness of the flow and heat transfer
and prime denoting the differentiation with respect to
the similarity variable n. A is the dimensionless
magnetic field parameter, G is dimensional
temperature. The parameter of engineering interest is

the skin friction coefficient (cy) and heat transfer

coefficients in terms of local Nusselt number(N,,,) is
given by
G y=o
/ __Tw _ ToyY=0  en
Cf (Rex) - p(uw)z - p(uw)z - f (0) (10)

where u being the dynamic viscosity, tw be the skin

friction and q,, be the heat transfer from the sheet.

du
Nyyx _ Xqw _xk(@)yzo

= —
VRex T k(Tw-Teo)  k(Tw-Teo) ¢'(0) 11)
_xk(au)
S T
Nyx _ Xqw ay’Y _ ; (VHF) (12)

\/Rex N k(Tw_Too) - k(Tw_Too) - G(O)

where R, = u,x/V isthe local Reynolds number.

III. RESULTS AND DISCUSSION

The transformed Equation (7) and (8) subjected to the
boundary condition (9) are solved numerically by
using a stable finite difference method along with
the
described in Inouye and Tate [14] and Ajaykumar et

quasilinearization technique. Since method
al. [15] for the sake of brevity, its description is
omitted here. The results obtained are presented
through the graphs for velocity and temperature
profiles in different values of unsteadiness parameter
(A) and Prandtl number (Pr) along with magnetic
field (M) is as shown from fig.2 - 4. The computations
are carried out for the different values of magnetic
parameter (/M).The computed results have been
compared with those of Sharidan et al. [7], for skin
friction and heat transfer coefficient in Table 1, Pr
=0.01, 0.1 and 1.0. Our results are found to be in good
agreement with those of [7] correct to four decimal
places of accuracy.
Table 2. Shows the effect skin friction and
temperature on the wall coefficients for fixed
magnetic field M. Here, both skin friction and
temperature on the wall increases, for different Pr,
with time parameter A. The percentage of increase
skin friction coefficient is 13.72 % and temperature on
the wall is about 5.95 % for a time parameter A = 0.8

to 1.2.

Table 1. Comparison results for the values of the heat transfer [G'(0)] and skin friction coefficient [’ (0)] for
various values of A and Pr [7]

A 0.8 1.2 2
Pres | Previo | Presen | Previo | Pres | Previo | Pres | Previo | Pres | Previ | Pres | Previo
ent us t us ent us ent us ent ous ent us
Pr [ G'(0)| G'(0) | =f"(O)] =f"(0)] G"(0)| G'(O) | —f"(Q —f"(0) G"(0)| G"(O) | =f"(Q —f"(0)
0.0 | 0.20 |0.2092 | 1.2591 | 1.2610 | 0.21 |0.2174 | 1.37 | 1.3777 | 0.23 | 0.233 | 1.58 | 1.5873
91 75 38 1
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1 47 16

0.1 |0.26 |0.2629 | 1.2591 | 1.2610 | 0.33 | 0.3306 | 1.37 | 1.3777 | 0.44 | 0.438 | 1.58 | 1.5873
30 05 47 57 7 16

1 (047 |0.4712 | 1.2591 | 1.2610 | 0.78 | 0.7882 | 1.37 | 1.3777 | 1.24 | 1.243 | 1.58 | 1.5873
22 90 47 45 7 16

Table 2. Results for the values of the temperature on the wall [G (0)] and skin friction coefficient [f''(0)] for
various values of A and Pr with M= 0.5

1.0

)
08 T w

0.6 4

0.4 4

0.2 4

0.0

M=05
A 0.8 1.2

Pr GO | =f"0) | 6O | —f"(0)

0.1 1.0508 | 1.0598 | 1.0666 1.1970

0.72 1.0959 | 1.0598 | 1.1554 1.1970
@) Figure 2 shows the effect of unsteady parameter (A)
M=02 for a fixed Pr =0.72 with M=0.5. The variation of
velocity with respect to similarity variable 7 is
decreases with increase of A. Hence the boundary
layer thickness decreases with the increase of A see

O\ A=0.0, 0.5, 1.0, 2.0

in [Figure 2 (a)]. On the other hand the
\ temperature with respect similarity variable 7
: TN shows that decreases monotonically with the
RS e increase of A, except A = 0. In this case (A=0) the
0 ! Zon 3 ¢ ° temperature overshoot its value at the surface of the

A=0.0,05,1.0,20

Figure 2 (a) The velocity and (b) temperature profiles

for different values of A for M=0.5

sheet, as seen in Figure 2(b). It is possible to see that
the temperature at the surface of the sheet is
invariant with respect to A. Physically the
unsteadiness increases the sheet loses more heat

which causes decreases in temperature.
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10l® Pr=0.72
A=1.0

Figure 3 (a) The velocity and (b) temperature profiles
for different values of M with A=1.0

The effect of magnetic field (A4) on the corresponding
velocity and temperature profiles with for a fixed Pr
=0.72 and A = 1.0 as shown in Figure 3. This shows
that both velocity and temperature increases with the

increase of M.
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Figure 4 (a) The velocity and (b) temperature profiles
for different values of Pr with M=0.5 and A=0.5.

Figure 4 represents the variation of velocity and
temperature for different values Prandtl number (Pr)
with fixed parameter A = M = 0.5. It shows that the
temperature decreases as Prandtl number increases for
fixed value of n 7e. the temperature decreases as the
distance away from the sheet increases and it became
almost zero atn = 5 which ends the boundary layer
thickness. The temperature decreases with in the
boundary layer for all values of Pr. This is consistent
with the fact the boundary layer thickness decreases
with increases of n [Figure 4 (b)] but less effect in
velocity [4(a)].

IV. CONCLUSIONS

From the present study, the effect of magnetic
parameter M, the unsteadiness parameter A and
Prandtl number Pr on the skin friction and heat
transfer coefficient were studied. The numerical

results indicate the following.

1) The thickness of velocity and thermal boundary

layer decreases with increasing unsteadiness

parameter.

2) As magnetic parameter (M) increases both velocity

and temperature increases.

3) Increasing the Prandtl number Pr with magnetic
parameter leads to a decrease in the velocity and

surface temperature.

International Journal of Scientific Research in Science and Technology (www.ijsrst.com) | Volume 11 | Issue 1

30



Ajaykumar M et al Int J Sci Res Sci & Technol. January-February-2024, 11 (1) : 425-431

V. ACKNOWLEDGEMENT

One of the authors Ajaykumar M thanks Principal
and the Management of Maharaja Institute of

Technology, Mysore-571477 for their kind support.

VI. REFERENCES

[1]. L.]J. Crane, “Flow Past a Stretching Plate,” Journal
of Applied Mathematics and Physics (ZAMP), vol.
21, No. 4, Pp- 645-647, (1970).
Doi:10.1007/BF01587695

[2]. B.K. Dutta, P. Roy and A. S. Gupta, “Temperature
Field in Flow over a Stretching Surface with
Uniform Heat Flux,” International
Communication in Heat Mass Transfer, Vol. 12,
No. 1, pp. 89-94, (1985).
Doi;10.1016/0735-1933(85)90010-7

[3]. L. ]J. Grubka and K. M. Bobba, “Heat Transfer
Characteristic of a Continuous Stretching Surface
with Variable Temperature,” Journal of Heat
Transfer, Vol. 107, No. 1, pp. 248-250, (1985).

[4]. Lin C.-R. and Chen C.-K. Exact solution of heat
transfer from a stretching surface with variable
heat flux. Heat Mass Transfer, vol.33, pp.477-480,
(1998). doi:10.1007/s002310050218

[5]. M. Kumari, A. Slaouti, H.S. Takhar, S.
Nakamura,G. Nath, Unsteady Free Convection
Flow over a Continuous Moving Vertical Surface,
Acta Mechanica, Vol.116, pp. 75-82, (1996).
Doi:;10.1007/BF01171421

[6]. E. M. A. Elbashbeshy, “Heat Transfer over a
Stretching Surface with Variable Surface Heat
Flux,” Journal of Physics D: Applied Physics, vol.
31, No. 16, pp. 1951- 1954, (1998).

Doi 10.1088/0022-3727/31/16/002

[7]. S. Sharidan, T. Mahood and I. Pop, “Similarity
Solutions for The Unsteady Boundary Layer Flow
and Heat Transfer Due to A Stretching Sheet,”
International Journal of Applied Mechanics and
Engineering, vol. 11, No. 3, pp. 647-654,( 2006).

[8]. A. Ishak, R. Nazar and I. Pop, “Boundary Layer

Flow and Heat Transfer over Unsteady Stretching

[13].

[15].

Vertical Surface,” Meccanica, vol. 44, No. 4, pp.
369-375, (2009). Doi:10.1007/s11012-008-9176-9
K.B. Pavlov, “Magnetohydrodynamic flow of an
incompressible viscous fluid caused by the
deformation of a plane surface”. Magn. Gidrondin,
vol.4, pp.146-152, (1974). D0i:10.22364/mhd

. A. Chakrabarthi, A.S. Gupta, “A note on MHD

flow over a stretching permeable surface”.
Q.Appl.Math.vol. 37, pp. 73-78, (1979).

. I Pop and T.Y. Na “Unsteady flow past a

stretching sheet”. Mech. Research
Communications. vol.23, pp. 413-422, (1996).
Do0i:10.1016/0093-6413(96)00040-7

. N. Nazar, N. Amin, I. Pop, “Unsteady boundary-

layer flow due to a stretching surface in a rotating
fluid. Mech. Res. Commun.vol.31, pp. 413-422,
(2004). D0i:10.1016/j.mechrescom.2003.09.004

A. H. Srinivas & A.T. Eswara, “Unsteady MHD
Laminar Boundary Layer Flow and Heat Transfer
due to an Impulsively Stretching Surface”.
International Journal of Modern Sciences and
Engineering Technology (IJMSET). vol Issue 7,
pp-32-40, (2014).

. K. Inouye and A. Tate, Finite difference version of

quasilinearization applied to boundary layer
Equations, AIAA J. 12, pp. 558 — 560, (1974).
Doi:10.2514/3.49286

Ajaykumar, M., and A. H. Srinivasa. “Variable
viscosity effects on unsteady MHD laminar
boundary layer flow and heat transfer over a
stretching sheet”. AIP Conference Proceedings.
Vol. 2277. No. 1. AIP Publishing LLC, (2020).
Do0i:10.1063/5.0025215

Cite this article as :
Ajaykumar M, A. H. Srinivasa, " The Effect of

Variable Heat Flux on Unsteady Laminar MHD
Boundary Layer Flow and Heat Transfer Due to a

Stretching Sheet", International Journal of Scientific
Research in Science and Technology(IJSRST), Print
ISSN : 2395-6011, Online ISSN : 2395-602X, Volume

11,

Issue 1, pp.425-431, January-February-2024.

Available at doi :
https://doi.org/10.32628/IJ]SRST52411161

International Journal of Scientific Research in Science and Technology (www.ijsrst.com) | Volume 11 | Issue 1 .E



