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ABSTRACT 

Some string cosmological models with bulk viscous fluid for massive string are 

investigated. To get the determinate model of the universe, we have assumed 

that the coefficient of bulk viscosity ξ is inversely proportional to the 

expansion θ in the model and expansion θ in the model is proportional to the 

shear σ and  ζθ = constant. The behavior of the model in presence and absence 

of bulk viscosity, is discussed. The physical implications of the models are also 

discussed in detail. 
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I. INTRODUCTION 

 

In recent years, there has been considerable interest 

in string cosmology. Cosmic strings are topologically 

stable objects which might be found during a phase 

transition in the early universe (Kibble [1]). Cosmic 

strings play an important role in the study of the early 

universe. These arise during the phase transition after 

the big bang explosion as the temperature goes down 

below some critical temperature as predicted by grand 

unified theories (Zel’dovich et al. [2]; Kibble [1, 3]; 

Everett [4]; Vilenkin [5]). It is believed that cosmic 

strings give rise to density perturbations which lead 

to the formation of galaxies (Zel’dovich [6]). These 

cosmic strings have stress-energy and couple to the 

gravitational field. Therefore it is interesting to study 

the gravitational effects that arise from strings. 

The general relativistic treatment of strings was 

initiated by Letelier [7, 8] and Stachel [9]. Letelier [7] 

has obtained the solution to Einstein’s field equations 

for a cloud of strings with spherical, plane and 

cylindrical symmetry. Then, in 1983, he solved 

Einstein’s field equations for a cloud of massive 

strings and obtained cosmological models in Bianchi I 

and Kantowski-Sachs space-times. Benerjee et al. [10] 

have investigated an axially symmetric Bianchi type I 

string dust cosmological model in presence and 

absence of magnetic field. The string cosmological 

models with a magnetic field are also discussed by 

Chakraborty [11], Tikekar and Patel [12]. Patel and 

Maharaj [13] investigated stationary rotating world 

model with magnetic field. Ram and Singh [14] 

obtained some new exact solutions of string 

cosmology with and without a source free magnetic 

field for Bianchi type I space-time in the different 

basic form considered by Carminati and McIntosh 

[15]. Exact solutions of string cosmology for Bianchi 

type II, V I0, VIII and IX space-times have been 

studied by Krori et al. [16] and Wang [17]. Singh and 

Singh [18] investigated string cosmological models 

with magnetic field in the context of space-time with 

G3 symmetry. Lidsey, Wands and Copeland [19] have 

reviewed aspects of super string cosmology with the 

emphasis on the cosmological implications of duality 
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symmetries in the theory. Baysal et al. [20] have 

investigated the behaviour of a string in the 

cylindrically symmetric inhomogeneous universe. 

Bali et al. [21 - 25] have obtained Bianchi types IX, 

type-V and type-I string cosmological models in 

general relativity. Yavuz [26] have examined charged 

strange quark matter attached to the string cloud in 

the spherical symmetric space-time admitting one-

parameter group of conformal motion. Recently 

Kaluza-Klein cosmological solutions are obtained by 

Yilmaz [27] for quark matter coupled to the string 

cloud in the context of general relativity. On the 

other hand, the matter distribution is satisfactorily 

described by perfect fluids due to the large scale 

distribution of galaxies in our universe. However, a 

realistic treatment of the problem requires the 

consideration of material distribution other than the 

perfect fluid. It is well known that when neutrino 

decoupling occurs, the matter behaves as a viscous 

fluid in an early stage of the universe. Viscous fluid 

cosmological models of early universe have been 

widely discussed in the literature. 

Though the Einstein theory of relativity is one of the 

successful theory of gravitation and is consistent with 

experimental data and observations, it has some 

lacunas that it is not free from singularities which 

were appearing in big-bang in cosmological models. 

The several theories of gravitation have been 

proposed as alternative to the theory of general 

relativity. The most important one amongst them is 

Rosen’s (1974) bimetric theory of gravitation. The 

bimetric theory of gravitation based on two matrices 

viz: the fundamental metric tensor ijg and flat metric 

ij
.
 The fundamental metric tensor ijg  describes the 

gravitational potential whereas background metric ij  

describes the inertial forces associated with the 

acceleration of the frame of reference. The 

interpretation of these two metric tensors in bimetric 

theory of relativity is not unique. The metric tensor 

ijg
 
determine the Riemannian geometry of the 

curved space time which plays the same role as given 

in Einstein’s general relativity and it interacts with 

matter. The background   metric ij  refers to the 

geometry of the empty universe (no matter but 

gravitation is there) and describes the inertial forces. 

The metric tensor ij  has no direct physical 

significance but appears in the field equations. One 

can regard the ij  as a flat space time having no 

physical and geometrical significance but the physical 

metric tensor  ijg
 
considered as a gravitational 

potential tensor which is determined by field 

equations or by interactions between matter and 

gravitation. Therefore flat space time metric interacts 

with Riemannian metric but not directly with matter. 

In the absence of matter one would have ijg
 = ij

 
satisfying both principles of covariance and 

equivalence and the formation of general relativity. 

Thus at every point of space–time in bimetric theory 

of gravitation, there are two metrics 

 

            ji

ij dxdxgds     
2
=    (1) 

 ji

ij dxdxd      
2  =   (2) 

 

The Rosen’s field equations (1973) in bimetric theory 

of gravitation are   

 j

i

j

i

j

i TNN   8   
2

1
  −=−    (3) 

where ( )
rpsi

sjprj

i ggN      
2

1
 = , ij

ij NgN  = is the 

Rosen scalar. Here the vertical bar ( )|  stands for  –

covariant differentiation where )( det  ijgg = and 

)( det  ij = .  

 

Many authors like Rosen[28,31], Karade [32], Isrelit 

[33], Reddy D. R. K. and Venkateswaralu [34], Katore 

and Rane[35] , Khadekar and Tade[36] , Borkar et 

al.[37-44] & [46] , Gaikwad et.al. [49] have developed 

many bianchi type models in bimetric theory of 
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gravitation. The purpose of Rosen’s bimetric theory is 

to get rid of the singularities that occur in general 

relativity that was appearing in the big–bang in 

cosmological models of the universe and therefore, 

recently, there has been a lot of interest in 

cosmological models in related to Rosen’s bimetric 

theory of gravitation. 

 

In this paper, Bianchi type I string cosmological 

models with bulk viscous fluid for massive string are 

investigated. To get the determinate model of the 

universe, we have assumed that the coefficient of 

bulk viscosity ξ is inversely proportional to the 

expansion θ in the model and expansion θ in the 

model is proportional to the shear σ and  ζθ = 

constant. The behavior of the model in presence and 

absence of bulk viscosity, is discussed. The physical 

implications of the models are also discussed in detail. 

 

II. The Metric and Field Equations  

 

We consider the space-time of general Bianchi I type 

with the metric 

 
22222222 dzCdyBdxAdtds +++−=   (4) 

 

where BA,  and C  are functions of t  alone.  

 

The flat metric corresponding to metric (4) is  

 
22222 dzdydxdtd +++−=                 (5) 

 

The energy momentum tensor j

iT  for string dust is 

given by 

  

 j

i

j

i

j

i

j

i

j

i

j

i EgxxT ++−−= )(;  
          (6) 

with 

1−=−= i

i

i

i xx            (7) 

and  

0=i

i x      (8) 

 

In this model    is the rest energy density for a cloud 

of strings and is given by += p  where p and 

 denote the particle density and the string tension 

density of the system of strings respectively, xi  is the 

direction of strings and ζ is the coefficient of bulk 

viscosity. 

  

The electromagnetic field ijE  is (given by 

Lichnerowicz (1967)  [14 ] 









−








+= jiijjiij hhghE

2

12
             (9) 

 

where four velocity vector i  is given by  

 

1−=
ji

ijg                           (10) 

 

and   is the magnetic permeability and the magnetic 

flux vector ih  defined by  

 

jkl

ijkli F
g

h 



−

=
2

     

             (11) 

 

where klF  is the electromagnetic field tensor and 

ijkl  is the Levi Civita tensor density. 

 

 Assume the commoving coordinates system, so that 

.1,0 4321 ====   

 

Further we assume that the incident magnetic field is 

taken along x-axis so that  

 

00 4321 === hhhandh  

 

The first set of Maxwell’s equation  
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  0, =kijF     (12) 

 

yield 

 

F23 = constant H (say) 

 

Due to the assumption of infinite electrical 

conductivity, we have .0342414 === FFF  

 

The only non-vanishing competent of  ijF  is .23F  So 

that  

 

BC

AH
h


=1     (13) 

 

and 

22
2

2
2

CB

H
h


=     (14) 

 

 From equation (9) we obtain  

 

22

2
4

4

3

3

2

2

1

1
2 CB

H
EEEE


=−===−      (15) 

 

From equation (6) we obtain 

 









+−=








−==








−−−=

22

2
4

4;22

2
3

3

2

2;22

2
1

1
2

,
2

,
2 CB

H
T

CB

H
TT

CB

H
T








 





 

                                                                         (16) 

 

 

Using (16) the Rosen’s field equations (3) gives 
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               (20) 

 

where .,, 444 etc
dt

dC
C

dt

dB
B

dt

dA
A ===  

 

equations (17) to (20) are four equations in the 

unknowns andCBA ,,,  therefore to deduce a 

determinate solution. We assume two supplementary 

conditions,  

  

the shear (σ) is proportional to the scalar of expansion 

  i.e., we assume the condition 

 

( ) 0, = nwhereBCA
n

   (21) 

 

and  =     (22) 

 

i.e., the rest energy density is equal to the string 

tension density. 

 

From equations (19) and (20), we obtain 

 











−−=−

22

2

;
44

2

2

4 1622
CB

H
ABC

C

C

C

C


 

    (23) 

 

Adding equation  (17)  and (23) together and using 

the condition ε =λ ,we get 
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(24) 

 

From equations (21) and (24), we write 
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( ) ( ) 
;

114444

2

2

4

2

2

4 3216)1()1()1()1( 
+−

+−=+−−+++−
nn

BCBCK
C

C
n

B

B
n

C

C
n

B

B
n    

where 

 

2

2H
K =   

From equations (18) and (19), we obtain  

 

2

2

4

2

2

44444

B

B

C

C

B

B

C

C
−=−            (26) 

 

On simplifying above equation ,we get 

  

( )
( )

( )
BC

BC

BCCB

BCCB
4

44

444 =
−

−
               (27) 

 

which on integrating yield 

 

LBC
C

B
C =









4

2          (28) 

 

where L is the constant of integration. 

 

Using assumptions =BC  and ,v
C

B
= the above 

equation (28) leads to 

L
v

v
=4              (29) 

 

Now using equation (21) and the condition =BC  

and v
C

B
= , the equation (25) gives  

 

( )

;22

2

4

1

44

1
32

16















+−=+








−

++

Knn
nn

   (30) 

 

 

Applying the condition ζθ = constant to the  above 

equation, we get 

 

nn

n

K










162
2

4
44 =+− +       (31) 

 

where 

 


;

32





n
=    

 

which reduces to 

 

  n

n

K
ff

d

d




 







−=−+ 222 16

2)
2

(        (32)  

 

where ( ) f=4   

 

The differential equation (32) has solution  

 

2312

1

2

)1(

32






P

nnn

K
f nn +

+
−

−
= ++               (33) 

 

where P is the  constant of integration. 

From equation (29) we write  

 

    

b

P
nnn

K

dL
v

nn

log

)1(

2

)1(

32
log

231

+

+
+

−
−

= 
++ 







                                       

(34) 

Using ( ) f=4  and expression (33), the metric (4) 

will be  

2222

2)3()1(

2
2

)1(

2

)1(

32
dz

v
vdydx

P
nnn

K

d
ds n

nn











+++









+

+
−

−

−=
++

           (35)  

 

 where v  is determined by equation (34).  
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After suitable transformation of coordinates i.e.,  

putting ZzYyXxT ==== ,,,  

the above metric (35) takes the form 

 

2222

2)3()1(

2
2

)1(

2

)1(

32
dZ

v

T
vdYTdXT

PTT
n

T
nn

K

dT
ds n

nn

+++









+

+
−

−

−=
++ 

          

(36) 

 

 

This is the Bianchi Type-I bulk viscous fluid string 

dust magnetized cosmological model with magnetic 

field in bimetric theory of relativity. 

  

In the absence of magnetic field i.e., K=0, the metric 

(36) have the form 

 

2222

)3(2

2
2

)1(

2
dZ

v

T
vdYTdXT

T
n

PT

dT
ds n

n

+++










+
−

−
=

+

                             (37) 

 

In the absence of viscosity i.e., 0= , we write 

 

2222

2)1(

2
2

)1(

32
dZ

v

T
vdYTdXT

PTT
nn

K

dT
ds n

n

+++









+

−

−
=

+

                                      (38) 

 

III. Physical and Geometrical features  

 

The  density ( ) , the string tension density ( ) , for 

the model (36) is given by 
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==
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(39) 

 

 

Now  the expansion  is given by 
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      (40) 

 

The components of shear tensor j

i  are given by 
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Likewise, we obtain the other components of  j

i  as 
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04

4 =      (44) 

 

Thus  
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)(
2

12 ij

ij = =

( )
4)1(

2

)1(

32

12

12 2
)1()1(

2
L

T
n

T
nn

K
P

n nn +








+
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+

− +− 
                         

(45) 

 

And the spatial volume is 

 
( )13 += nTR   ,                               (46) 

 

where 
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IV. Discussion 

 

It is observed that , the expansion ( )  in the model 

(36) increases as the coefficient 

 

 of viscosity   decreases. When  

,,0 →=→ T and when  →T  

( )
( )

.
116

12
,

2

+

−+
==

n

nn




 When 

( )
2

2

)1(

145
,0

T

K

nn

nn

−

−−
==→  and when 

→=→  , .  When ,→T  the expansion 

,  the shear ,  and spatial volume 3R  are all tends 

to infinity.  

 

Since 0lim 
→ 



T
and    = 0 yield the maximum 

expansion is 

 

 ( )
( )

( )
2

1

1

1

32
1 









−
++ −nT

nn

K
Pn


, the model does not 

approach isotropy for large value of T. 

For ,
2

1
=n  there is shear 

4

2
2 L
=    hence the model 

(36) does not approaches isotropy for large values of T. 

 

In the absence of magnetic field, the rest energy 

density ( ) ,  string tension density ( )  model (36) is 

given by  

 

( )
( )116

12 2

+

−+
==

n

nn




     

             (47) 

 

The expression for expansion ( ) , the component of 

shear tensor ( )ji   and  the spatial volume ( )3R  are 

given by 
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1
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                      (48) 
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( ) ( )

21

2

6

21 2

1

13

3

L
T

n
P

n n −








+
−

−
= +

                    (51) 
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4 =                                                                    (52) 

 

 

( ) ( )

41

2

12

12 2
2

1

1

2

2 L
T

n
P

n n +
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−

−
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                (53) 

 
( )1

1

3 += nTR                      (54) 
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where 

( )
( )

2

1

32

1

1

2

1










+
−

=

+nT
n

PT


  

 

In the absence of viscosity the rest energy density  , 

string tension density   for  model (36) is given by 
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The expression for expansion ( ) , the components of 

shear tensor ,j

i  and the spatial volume ( )3R  
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where  
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In the absence of magnetic field, the expansion in the 

model  ( 36) decreases as T  

 

Increases and in the absence of bulk viscosity, the 

expansion in the model (36) increases as T  increases. 

Since ,0lim 
→ 



T
the model does not approaches for 

large values of T.  

The spatial volume  

.0,0 33 →→→→ TwhenRandTwhenR
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