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ABSTRACT

In this paper we study some curvature properties of Kenmotsu manifolds satisfying the conditions W5-Ricci

pseudo-symmetric condition, W3 - Q = 0.
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1. Introduction

The notion of Kenmotsu manifolds was defined by
Kenmotsu [12]. Kenmotsu proved that a locally
Kenmotsu manifold is a warped product I X; N of an
interval I and a Kaehler manifold N with warping
function f(t) = set, where s is a nonzero constant.
For example it is hyperbolic space (—1). Kenmotsu
manifolds have been extensively studied by many
authors like ([1], [2], [7], [15], [16]). Kenmotsu
manifolds are a class of manifolds in differential
geometry that are specifically designed to have a rich
structure, particularly in the context of pseudo-
Riemannian geometry. They are named after
Kenmotsu, who first introduced them.

The concept of Ricci pseudo-symmetric manifold was
[6]).

interpretation of Ricci pseudo-symmetric manifolds in

introduced by Deszcz ([5], A geometrical

the Riemannian case is given in [11]. A Riemannian
manifold (M, g) is called Ricci pseudosymmetric ([5],
[6]) if the tensor R-S and the Tachibana tensor
Q(g,S) are linearly dependent, where
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1.1 RX, Y)Y SH(Z,U)= -S(R(X,Y)Z,U)
—S(Z,R(X,Y)HU),

(1.2) (g, )@, U; X, ¥ ) = =S((X Ay Y)Z,U)
=S, (X Ay YHU)

and

(13) X N Y)Z = gV, 2)X — g(X,Z)Y

for all vector fields X,Y,Z,U of M,R denotes the

curvature tensor of M. Then Kenmotsu manifold is

Ricci pseudo-symmetric if and only if

(14) (R(X,Y)-S)(Z,U) = LsQ(g,5)(Z, U; X, Y)

-
holds on Ug = {x EM:S + D

some function on Us. If R -+ S = 0, then M is called

gat x}, where Lg is

Ricci semi-symmetric. Every Ricci semi-symmetric
manifold is Ricci pseudo-symmetric but the converse
is not true [6]. In this connection it is mentioned that
in ([4], [9], [10], [14]) U.C. De, A.A. Shaikh, S.K. Hui
et.al. studied Ricci pseudo-symmetric generalized

quasi-Einstein manifolds.

Motivated by all these work in this paper we study

some curvature properties of Kenmotsu manifold.
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2. Preliminaries:

A(2n + 1)- dimensional differentiable manifold M is
said to have an almost contact structure (¢, &, n) if it
carries a tensor field ¢ of type (1,1), a vector field
¢and a 1-form 7 on Msatisfying [3]
(21  ¢*X=-X+nX)§, ¢$&=0,

n)=1 n-¢=0.
If gis a Riemannian metric with almost contact
structure that is,
(2.2) g(@X,¢dY) = g(X,Y) —n(X)n(Y),

nX) = gX,3).

Then M is called an almost contact metric manifold

equipped with an almost contact metric structure
(¢, & n,g) and denoted by (M, ¢, &, n,9).

If on (M, ¢, &, 1, g) the exterior derivative of 1-form
n satisfies, dn(X,Y) = g(X, ¢Y). Then (M, ¢, &, 1,9)

is said to be a contact metric manifold.

A Kenmotsu manifold is a specific type of almost
contact metric manifold. These manifolds have a
contact structure and an associated pseudo-
Riemannian metric. More formally, an almost contact
metric manifold (M, ¢, &, 1, g) is said to be Kenmotsu

manifold [12] if

(2.3)  (Vx@)Y = g(@X,Y)E —n(Y)pX
holds, where V denotes the covariant differentiation.

From (2.3), we get

(2.4) Vx§ = X —n(X)S.
In a Kenmotsu manifold M the following relations
holds:

(2.5) RX,Y)§ =n(X)Y —n(¥)X,
(2.6) R(E XY =n(V)X —g(X,Y)S,
(2.7) S(X,8) = =2nn(X),

(2.8) Q¢ = —2ns,

for any vector fields X,Y. Where R is the Riemannian

curvature tensor, @ is the Ricci operator
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ie.g(QX,Y) = S(X,Y) and Sis the Ricci tensor of the
manifold M.

3. Kenmotsu manifold satisfying W;- Ricci pseudo-
symmetric condition:

In this section, we study W5 - Ricci pseudo-symmetric
Kenmotsu manifold. In [13], Pokhariyal introduced
the notion of a new curvature tensor, denoted by
W3 and studied its relativistic significance and defined
as
B WX, Y)Z = RX,Y)Z

+5, 1900, 20X — 5(X, 2)Y]

where R,S and Q are the curvature tensor, Ricci
tensor and Ricci operator of the manifold respectively.

From (3.1), we obtain the following:

(B2)W3(¢,Y)Z =
B3 W3(X, Y )¢ =

2k[n2)Y — g(¥,2)¢ ],
nX)Y —n(¥)X

1
+ 5= I(NQX + 2nn(0)Y]

for all vector fields X,Y,Z on M.

Kenmotsu manifold is said to be W3- Ricci pseudo-
symmetric if its W3 - curvature tensor satisfies
(3.4) W3(X,Y)-S)(Z,U) = LsQ(9,9(Z,U; X,Y)

-
holds on Ug = {x EM:S + D

gat x}, where Lg is

some function on Us.
From (3.4), we get
(3.5) SW3(X,Y)Z,U) + S(Z,W5(X,Y)U)
+g(Y,U)S(X,Z) — g(X,U)S(Y,2)].
Putting Z = ¢ in (3.5) and by virtue of (2.7), (3.3),
we obtain
(3.6) n(X)SY,U) —n(¥)SX,U)
1
+%[TI(Y)5(QX, U) + 2nn(X)S(Y, U)]
—2n[g(X, U)n(Y) — g(¥, U)n(X)
1
+o - (=2Zng (¥, Un(X) = n(¥)S(X, U)}]
= Ls[n(Y)S(X,U) —n(X)S(Y,U)
—2ng(Y, Un(X) + 2ng (X, U)n(¥)].
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Putting Y = ¢ in (3.6) with the help of (2.7) and on

simplification, we get

(3.7) S(QX,U) = 2nLgS(X,U)
+4n?(Lg + 1)g(X, U)

which implies,

(3.8) S%2(X,U) = 2nLsS(X, U)
+4n?%(Lg + 1) g (X, U).

Hence, we state the following:

Theorem 3.1. If Kenmotsu manifold satisfying W5 -
Ricci pseudo-symmetric, then the square of the Ricci
tensor S2 is equal to the linear combination of 2nLg
times of the Ricci tensor S and 4n?(Lg + 1) times of

the metric tensor g.

4. Kenmotsu manifold satisfying W; - Q = 0:
In this section, we study Kenmotsu manifold
satisfying W3 - Q@ = 0.Then, we have

(4.1) W3(X,Y)QZ — Q(W5(X,Y)Z) = 0.

Putting ¥ = ¢ in (4.1), we obtain

(4.2) W3(X,$)QZ — QWs(X,$)Z) = 0.

By virtue of (3.1) in (4.2), we get

(43) 5=S(X,Q2)§ = 2ng(Z, X)E — -n(2)Q*X
+2nn(2)X.

Taking inner product with ¢ in (4.3) and on

simplification, we have

(44) S(X,Q02) =4n?g(Z,X),

which implies,

(4.5) S*(X,Z) = 4n%g(Z,X).

Hence, we state the following:

Theorem 4.1. If Kenmotsu manifold satisfying W; -

Q =

equal to 4n? times of the metric tensor g.

0, then the square of the Ricci tensor S? is

5. Conclusion:

The Ricci pseudo-symmetric condition in a Kenmotsu
manifold links the curvature tensor and Ricci tensor
in a structured way. This condition provides
significant insights into the curvature properties of
Kenmotsu manifolds, often leading to classifications in

terms of Einstein manifolds or constant curvature.

International Journal of Scientific Research in Science and Technology (www.ijsrst.com)

[1]

REFERENCES

C.S. Bagewadi and Venkatesha, Some curvature
tensor on a Kenmotsu manfold, Tensor, 68,
(2007), 140-147.

T.Q. Binh, L. Tamassy, U.C. De and M.
Tarafder, Some Remarks on almost Kenmotsu
manifolds, Math Pannon. 13, (2002), 31-39.

D.E. Blair, Contact manifolds in Riemannian
in Mathematics,
berlin-New-York,

geometry, Lecture Notes
Vol.509.
(1976).
U.C. De, B.K. Mazumder, On pseudo Ricci
symmetric spaces. Tensor N. S., 60, (1998), 135-
138.

R. Deszcz, On Ricci-pseudo-symmetric warped
products, Demonstratio Math., 22, (1989), 1053-
1065.

R. Deszcz, On pseudo-symmetric spaces, Bull.
Soc. Math. Belg. S”er. A, 44 (1), (1992), 1-34.

Gurupadavva Ingalahalli and C.S. Bagewadi, A

Springer-Verlag,

study on Conservative C-Bochner curvature
tensor in K-contact and Kenmotsu manifolds
admitting semi-symmetric metric connection,
ISRN Geometry, (2012), 1-14.

C.S. Bagewadi and Gurupadavva Ingalahalli, A
study on curvature tensor of a Generalized
Sasakian space forms, Acta Univer. Aplu.,38,
(2014), 81-93.

SK. Hui and R.S. Lemence, Ricci pseudo
symmetric
manifolds, SUT J. Math., 51, (2015), 195-213.
S.K. Hui and R.S. Lemence and D. Chakraborty,
Ricci
(LCS)_n-Manifolds,
[math.DG] 12 Jul 2017.
B. Jahanara, S. Haesen, Z. Senturk and L.

generalized quasi-Einstein

Solitons on Ricci Pseudo-symmetric

arXiv:1707.03618v1

Verstraelen, On the parallel transport of the
Ricci curvatures, J. Geom. Phys., 57, (2007),

1771-1777

421



[16]

[17]

[18]

International Journal of Scientific Research in Science and Technology (www.ijsrst.com)

K. Kenmotsu,.,, A class of almost contact
Riemannian manifolds, Tohoku Math. J., 24,
(1972), 93-103.

G.P. Pokhariyal, Curvature tensors and their
relativistic significance III, Yokohama Math. J.,
21, (1973), 115-119.

A.A. Shaikh and S.K. Hui, On some classes of
generalized quasi-Einstein manifolds, Commun.
Korean Math. Soc., 24 (3), (2009), 415-424.

A.A. Shaikh and S.K. Hui, On locally ¢-
symmetric - Kenmotsu manifolds. Extracta
Mathematicae, 24 (3), (2009), 301-316.

A.A. Shaikh and S.K. Hui, On extended
generalized ¢ - recurrent f - Kenmotsu
Manifolds. Publ. de I'Institut Math. (Beograd),
89 (103), (2011), 77-88.

M.M. Tripathi and Punam Gupta, On T-
curvature tensor in K-contact and Sasakian
manifolds, International Electronic Journal of
Geometry, 4, (2011), 32-47.

M.M. Tripathi and Punam Gupta, (N(k),t)-semi-
Riemannian manifolds: Semisymmetries,
arXiv:1202.6138v [math.DG] 28(Feb 2012).

422



