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ABSTRACT

In this paper we show that trans-Sasakian manifolds satisfying the conditions R(X, Y ) -S =
0, P (€, X) - S = 0 are Einstein manifold.
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1 INTRODUCTION

A class of almost contact metric manifolds known as trans-Sasakian manifolds was introduced by J.A.Oubina
[6] in 1985. This class contains a-Sasakian, #~Kenmotsu and co-symplectic manifolds.

Trans-Sasakian manifolds are an important generalization of Sasakian, Kenmotsu and co-symplectic manifolds
in differential geometry. They arise naturally in the study of contact geometry and Riemannian geometry. An
almost contact metric structure on a manifold M is called a trans-Sasakian structure if the product
manifold M x R belongs to the class Wi, a class of Hermitian manifolds which are closely related to a
locally conformal Kahler manifolds. Trans-Sasakian manifolds were studied extensively by J.C. Marrero [5],
C.S. Bagewadi and Venkatesha [1, 2], M.M. Tripathi [9] and others. Trans-Sasakian manifolds are an
important generalization of Sasakian and cosymplectic manifolds in differential geometry. They arise naturally
in the study of contact geometry and Riemannian geometry. Trans-Sasakian manifolds are used in theoretical
physics, particularly in string theory and contact mechanics. They also appear in Hamiltonian dynamics,
differential geometry, and sub-Riemannian geometry. They provide a unifying framework to study different

geometric structures that arise naturally in complex geometry and topology.

In this paper, we study the trans-Sasakian manifolds satisfing the conditions R(X, Y)-5=0, P(£{ X)-S

= 0 are Einstein.

2.Preliminaries

An n-dimensional smooth manifold A/ is said to be an almost contact metric manifold if it admits a (1, 1)
tensor field ¢, a vector field £, a 1-form 5 and a Riemannian metric g, which satisfy for all vector fields
X, Yon M

(2.1) PX = -X+nX¢&  9i=0, nleX)=0, n&)=1,
(2.2) X Y) = —gX @Y), nX) = gX 9,
(2.3) 8pX oY) = gX Y)-nX)n(Y),

Received: 02 Oct 2016 | Accepted: 25 Oct 2016 | September-October-2016 [(2) 5: 399-402 ] 399


mailto:mathsmanju@gmail.com

An almost contact metric manifold M (¢, & n, g is said to be trans-Sasakian manifold if (M x R, /, G)
belongs to the class Wi of the Hermitian manifolds, where / is the almost complex structure on M x R
defined by J Z f4 = @Z-f¢ ni) for any vector fijeld Z on M and smooth

function fon M x R and G is the product metric on M x R. This may be stated by the condition

(2.4) (V@) Y = og(X, Y)E- (V)X + fle(pX. Y)E-n(Y) X,

where a, fare smooth functions on A/ and such a structure is said to be the trans-Sasakian structure of type
(a, p). From (2.4) it follows that

(2.5) Vx& = —apX+ X -n(X)E

Note:
(1) If we consider a and g are smooth functions in equation (2.4) and a ~ 0, § = O then the trans-
Sasakian manifolds of type (a, p) reduces as a-Sasakian manifolds. Similarly, if & and S are scalars and

=1, f= 0 then the trans-Sasakian manifolds reduces as Sasakian manifolds.

(2) If we consider a and S are smooth functions in equation (2.4) and a = 0, f ~ O then the trans-
Sasakian manifolds of type (a, f) reduces as fKenmotsu manifolds. Similarly, if a and g are scalars

and a = 0, # = 1 then the trans-Sasakian manifolds reduces as Kenmotsu manifolds.

In a trans-Sasakian manifold M(¢, ¢ 1, g) the following relations hold:

R(X, Y)E = (@-PAnNX-nX)Y]-(Xa)pY - (XP)PY
(2.6) + 2040(Y)pX - n(X)@pY ]+ (Y a)pX + (Y HerX

nRX, Y)2) = (& -P)gY, HnX) -gX 2n(Y)] -2afg(pX, 2)n(Y) - gl@Y, 2)n(X)]

— (Ya)gleX, 2) - (XP)g(Y, 2) - (Y )n(2)} + (Xa)g(eY, 2)
(2.7) + (YPX, 2) - n(X)n(2)},
28) R X)E = (@-F-(P)nX)é - X,
(2.9) SX, & = [(a-1) (@ -p) - (EPnX) - (pX)a) - (n-2)(XP),
(2.10) SE 8 = [(a-1(@-p)-(P),

(2.11) éa+2ap =0.

where R is the curvature tensor of type (1, 3) and Qis the symmetric endomorphism of the tangent space at
each point of the manifolds corresponding to the Ricci tensor S, that is, g(QX, Y') = S X, Y) for any vector
fields X, Y on M.
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Lemma 2.1. In a trans-Sasakian manifold of type (a, f), if

(2.15) @(grada) = (n - 2)(gradp),
then we have
(2.16) & =0.

Thus the directional derivative of § with respect to characteristic vector field & is zero.

The Weyl projective tensor P on Trans-Sasakian manifold A/of dimensional n is defined by
1
(n—1)

(2.18) P(X,YZ=R(X Y)Z— [S (Y, 21X — S(X, 2)Y ],

for any vector fields X, Y, Z where R is the curvature tensor and r is the scalar curvature.

Trans-Sasakian manifolds satisfying R(X, ¥V)-S=0

Definition 3.1. An n-dimensional trans-Sasakian manifold M is said to be Ricci semi-symmetric if

(3.1) RX,Y) S=0,

for any vecotr fields X, Y where R is the curvature tensor and S is the Ricci tensor.

Theorem 3.1. Let M be an n-dimensional trans-Sasakian manifold. Then M Iis Ricci-semi-symmetric if
and only if an FEinstein manifold.

Proof. We know that every Einstein manifold is Ricci-semi-symmetric but the converse is not true in general.
Here, we prove that in a trans-Sasakian manifolds R(X, Y') - S = 0 implies that the manifold is an Einstein
manifold.

(3.2) SRX Y)U V)+ SU RX Y)V) =0,

putting X = £in equation (3.2), we have
(3.3) SR Y)U, V) + S(U,R(E Y)V) = 0.
By using (2.6) in (3.3), we obtain

(@ -y, O)SE V) - n(O)SY, V) + Y, V)SU, &) - f(V)XU, Y]
RaflgleU, Y ) V) + n(U)S@Y, V) + gV, Y)IU &) + n(V)SU; 9Y)]
+HU)S @Y, V) + gpU, Y)Sgrada, V') + (UPIKAY, V') - )(Y)SE V)]
-8(pU, Y )Sgradp, V') + (V a)S U, ¢Y') + gV, Y ) U, grada)

(3.4) HVBIS U ¥) - p(Y)SU, 8] - gV, V)T, gradp) = .
By putting U = ¢ in (3.4) and by using (2.9), (2.10), (2.11) and (2.16), we obtain
(35) SY, V) = (n-1)(c - P)g( Y, V).

Therefore, M is Einstein manifold. This completes the proof of the theorem
Trans-Sasakian manifolds satisfying P(& X) - S=0
In this section, we consider P(¢, X) - S=0 and prove the following theorem:

Theorem 5.3. Let M be an n-dimensional trans-Sasakian manifold. If M satisfies the condition

(4.1) P X)-5=0,
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then M is Einstein manifold and has scalar curvature r= n(n-1)(a® - ).
Proof. Since P(& X)-S=0, we have

(4.2) P X)) SY, 8 =0.
This implies that
(4.3) SP(& XY, &) + Y, P(& X)E) = 0.

In view of (2.19) in (4.3), we have

S(@ - Pg(X, Y)E- p(Y)X] + 2aBla(pY, NE+ n(V)pX] + (Y @)X + g9, X)(grada)
1

(n—1)

—gleY, eX)(grad8) + (Y 8)[X — n(X)€ — [SCX Y)E— (n — D(a® — 8n(Y )X, &)

1
44) *S (Y (@ = 6[n(X)¢ — X] —ﬁ[(n — 1)(a? — 83){n(X)§ — x}]) = 0.
T

The above equation implies that

(@ - PgX Y)SE O - n(Y)SX O] + 2aflgl¥, N)SE & + (V) pX, O]
HY QSpX, & + glo¥, NSgrada, &) - glp¥, pX)S(gradp, & + (Y PLSX, §

(45) 1
—nISEE T = (T[S0 Y )S(E € — (n — 1)(® — 82)n(Y)S(X, §)] = O.

By using (2.9), (2.10), (2.11), (2.16) and (2.17) in (4.5), we get

(4.6) (n-1)(a -pygX, Y) - (o - )X, Y) = 0.
This implies that

(4.7) SXY)=(@m-1)(a -)gX, Y).

On contracting (4.7), we have

(4.8) r=n(n-1)(a® - ).

Therefore, M is an Einstein manifold with the scalar curvature r= n(n-1)(a? - /).

CONCLUSION

In a trans-Sasakian manifold if R(X, ¥V) -S = 0and P (& X) - S = 0 then the manifold is

Einstein manifold. Trans-Sasakian manifolds serve as a bridge between Sasakian, Kenmotsu and

cosymplectic geometries, making them a rich area of study in modern differential geometry.

Researchers continue to explore their curvature properties, classification, and applications in various

fields of mathematics and physics. The projective curvature tensor is particularly useful in trans-

Sasakian geometry, Einstein manifolds, and conformal geometry. Understanding its properties allows

for deeper insights into the geometric and physical interpretations of various manifolds.
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