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1. Introduction:

In 1924, A. Friedman and J.A. Schouten [4]

introduced the notion of a semi-symmetric linear

connection on a differentiable manifold. In 1932, H.A.

Hayden [8] introduced the idea of metric connection
with torsion on a Riemannian manifold. In 1970, K.
Yano [16] studied some curvature and conditions for
semi-symmetric ~ connections in  Riemannian
manifolds. In 1975, S. Golab [5] defined and studied
quarter-symmetric ~ linear = connection on a
differentiable manifold.

The notion of local symmetry of a Riemannian
manifold has been weakened by many authors in
several ways to a different extent. As a weaker version
of local symmetry, Takahashi [15] introduced the
notion of local ¢-symmetry on a Sasakian manifold.
Generalizing the notion of ¢-symmetry, the authors

De et al. [3] introduced the notion of ¢-recurrent

Sasakian manifolds. This notion was further studied
by many authors like C.S. Bagewadi and et al. ([1], [6],
[7]), Nagaraja [10], A.A. Shaikh and Ananta Patra [14].
In the present paper we studied generalized ¢ -
recurrent K-contact manifold admitting quarter-
symmetric metric connection. The second section
devoted to the basic concepts of K-contact manifold.
In the third section we study the relation between the
Levi-Civita connection and the quarter-symmetric
metric connection in a K-contact manifold. In the
fourth section we study the generalized recurrent K-
contact manifold with respect to the quarter-
symmetric metric connection. In the next section we
study the generalized ¢-recurrent K-contact manifold
the

connection. In the section we studied C-Bochner

with respect to quarter-symmetric metric
generalized ¢-recurrent K-contact manifold with

respect to the quarter-symmetric metric connection
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A linear connection V in an n-dimensional differentiable manifold is said to be a quarter-symmetric

connection if its torsion tensor T is of the form

(1.1) T(X,Y) =VyY -V, X — [X,Y]
=n(Y)F X —n(X)FY,

where  is a 1-form and F is a tensor of type (1,1) and quarter-symmetric linear connection V satisfies the

condition
(Vxg)(¥,2) =0

for all X,Y,Z € n(M), where %(M) is the Lie algebra of vector fields of the manifold M, then V is said to be a

quarter-symmetric metric connection.

For contact manifold admitting quarter-symmetric connection we take m =7 and F = ¢ in (1.1) then the

equation can be written as

(1.2) TXY)=n()pX-—nX)pY.

2. Preliminaries:
An n-dimensional differentiable manifold M is said to have an almost contact structure (¢, &,n) if it carries a

tensor field ¢ of type (1,1), a vector field ¢ and a 1-form 7 on M respectively such that,

(2.1 P?X =-X+nX)$, ¢§=0 1) =1 n-¢=0.

Thus a manifold M equipped with this structure is called an almost contact manifold and is denoted by (M, ¢,

&, n).If gisa Riemannian metric on an almost contact manifold M such that,

2.2)  g(9X,¢Y) = g(X,Y) —n(X)n(Y), nX) = g(X,$),
(2.3) 9&X, ¢Y) = — g(@X,Y),
where X, Y are vector fields defined on M, then M is said to have an almost contact metric structure (¢, &,1,9)

and M with this structure is called an almost contact metric manifold and is denoted by (M, ¢, &,1, g).
Ifon (M, ¢, &,1,g) the exterior derivative of 1-form 7 satisfies,

dn(X,Y) =gX,¢Y)

then (M, ¢, &,7m,g) is said to be a contact metric structure and M equipped with a contact metric structure is

called contact metric manifold.

If £ is a killing vector field, then M is called a K-contact Riemannian manifold. A K-contact Riemannian

manifold is called Sasakian, if the relation

(24)  (WxP)Y = g(X,Y)§ —n(V)X
holds, where V denotes the operator of covariant differentiation with respect to g.
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In a K-contact manifold M, the following relations holds:

(2.5) Vxé§ = — ¢X,

(2.7) gRX,Y)Z,§) =g(¥,Z)nX) — g(X, Z2)n(Y),
(2.8) R(&,X)¢ = —X +n(X)¢,

(2.8) 5, &) =m—-1DnX),

where R and S are the Riemannian curvature tensor and the Ricci tensor of M, respectively.

Definition 2.1: A K-contact manifold is called generalized ¢-recurrent if its curvature tensor R satisfies the

condition
(2.9) ¢*((Vw RY(X,Y)Z) = a(W)R(X,Y)Z + B(W){g(Y,Z2)X — g(X,Z)Y}

for arbitrary vector fields X,Y,Z and W. Where $R$ is the Riemannian curvature tensor, « and f§ are two 1-

forms defined by

(210) a(W) = g(W, pl)l B(W) = g(W' pZ)

where p; and p, are vector fields associated with 1-forms a and  respectively.

3. Relation between the curvature tensors of Levi-Civita connection and the quarter-symmetric metric
connection in a K-Contact manifold:

A quarter-symmetric metric connection V in a K-Contact manifold is given by
(3.1) Vi Y =V, YV — n(X)gY.

Therefore equation (3.1) is the relation between the Levi-Civita connection and the quarter-symmetric metric

connection on a K-Contact manifold.

A relation between the curvature tensor of M with respect to the quarter-symmetric metric connection V and

the Levi-Civita connection V is given by

32) REX.Y)Z=RXYV)Z+2g(dX,V)bZ + X9, 2) —n(¥)gX, 2
+InWX =1 OYIn(2)

where R and R are the Riemannian curvature of the connection V and V, respectively.

From (3.2), it follows that
(3.3) S, 2) =S, Z2)—g(¥,Z) + nn(Y)n(2)

where § and S are the Ricci tensors of the connection V and V, respectively. Contracting (3.3), we get
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(3.4) F=r
where 7 and 7 are the scalar curvatures of the connection V and V, respectively.
4. Generalized recurrent K-contact manifold with respect to the quarter-symmetric metric connection:

We define a generalized recurrent K-contact manifold with respect to the quarter-symmetric metric

connection if its curvature tensor R satisfies the condition

(4.1) (Vw RY(U,V)Z =a(W)RWU,V)Z +BW){g(V,Z)U — g(U,Z)V}
where a and f are 1-form and it is defined by

(4.2) aW) =gW,p1), BW)=gW,p,)

where p; and p, are vector fields associated with 1-forms @ and  respectively. Now by substituting the value
of U=7 = & in (4.1) then we have

(43)  (Vw R)(EV)E = a(W)R(EVIE+BW)I(V)E -V}

It is also known that

(44)  (VwR)E V) =Vy REVIE—RVw &, V)E = REVw V)§ —RE VIV &
then by virtue of (3.2), (3.1) and (2.7) in (4.4) then the equation (4.4) reduces in the form
(4.5) (Vw R)(E,V)é=0.

By substituting the above value of equation (4.5) in (4.3) then we have

(46)  a(W)R(EVIE+BW)n(V)E —V}=o.

So by using (3.2) and (2.7) in (4.6), we get

(4.7) [2a(W) + BW)]{n(V)§ =V} = 0.

Remarking that the equation {n(V)¢ — V} = 0 does not hold for K-contact manifold with respect to quarter-

symmetric metric connection. So we obtain
(4.8) [2a(W)+pW)] =0,

which implies that 2a(W) = —f (W) got any vector field W. Then we state the following:
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Theorem 4.1. Let M be a generalized recurrent K-contact manifold with respect to quarter-symmetric metric
connection, then 2a(W) = —g(W).

5. Generalized ¢-recurrent K-contact manifold with respect to the quarter-symmetric metric connection:
We define a Generalized ¢ -recurrent K-contact manifold with respect to the quarter-symmetric metric

connection if its curvature tensor R satisfies the condition

(5.1) Vw R)(U,V)Z =a(W)RWU,V)Z +BW){g(V,Z)U — g(U,Z)V}
where a and f are 1-form and it is defined by

(5.2) aW) =gW,p,), BW)=gW,p,)

where p; and p, are vector fields associated with 1-forms a and  respectively.

Then by virtue of (2.1) and (5.1) can be written in the form
5.3) — (Vy R)(WU,NZ +7 ((’\7W R, V)Z) £ =a(W)RW,V)Z + BW){g(V,Z)U — g(U, Z)V}

from which it follows that

(5.4) - 9((Fw R)WWIZ U;) + 1 ((Fw R)W.V)Z) g5, U)
=a(W)g(RW,V)Z,U;) + BW){g(V,2)g(U,U;) — g(U, Z)g(V, Up)}.

Lete;, i = 1,2,...,n be an orthonormal basis of the tangent space at any point of the manifold. Then putting

U = U; = e; in (5.4) and taking summation over i, then we get

55 —VwSHW.2)+ z 1((VwR) (e, V)ZIn(e) == aW)S(V,Z) + (n — DEW)g(V, 2).

I=1

The second term of (5.5) it is reduced to

(5.6) g ((VW R)(e,V)Z, E) =g(Vw R (e,V)Z,&) — g(R(Vy ,V)Z,§)
—g(ﬁ (es vW V)Z,§) — g(ﬁ (ei V)VW Z,§).

On simplification we obtain, g ((VW ﬁ)(ei, V)Z,& ) So then the equation (5.5) can be written in the form
67 —OwSHW.2) =aW)SV,2) + (n - DEW)gV,2).
putting Z = ¢ in the above equation then we get

(58) =V HV, ) =aMSV,) + m—1DBW)gV,$).
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and on simplification we have

(5.9 Cn=DgV,¢ W) =SV, ¢ W) =2(n = Da(W)n(V) + (n = HDEW)n(V)
if we put V = ¢ V in the above equation (5.9) then we have

(5.10)  S@V,¢eW)=02n—-1g(@V,¢ W)

and on simplification we have

(5.11) SsW,w)=(02n—-1DgWV,W)—-nnW)n).

Hence we can state the following:

Theorem 5.2. A generalized ¢ -recurrent K-contact manifold with respect to quarter-symmetric metric

connection is an n-Einstein manifold.

6. C-Bochner Generalized ¢-recurrent K-contact manifold with respect to the quarter-symmetric metric
connection
Let us consider a C-Bochner Generalized ¢ -recurrent K-contact manifold with respect to the quarter-

symmetric metric connection is defined by
(6.1) P*(VwBYX,V)Z = a(W)B(X,V)Z + BW)[g(Y,2)X — g(X,2)Y],
where B is a C-Bochner curvature tensor with respect to the quarter-symmetric metric connection i.e.,

(6.2) B(X,)Z =R(X,Y)Z + ﬁ [g(X,2)QY —S(Y,2)X — g(Y,Z)0X + S(X,Z)Y

+9(@X,2)QpY — S(@Y,2)¢pX — g(@Y,2)Qd X + S($ X, Z)¢Y +25(¢ X,Y)9pZ
+ 29(@ X, V)QZ + n(YIn(Z)QX —n(V)S(X,Z)¢ + U(X)S(Y,ZZS —n(X)n(Z)QY]

Dtn—1 X.Z)p Y Y, )X + 29(dX,Y)DZ b Y)g(X,Z
—W[g@ Z)PY — g(@Y,Z)dpX + 2g9(¢pX,Y) ]+n—+3[77( )g(X,Z)¢
—4
—n(n2)X + n(Xn@2)Y — n(X)g(Y,Z)¢] —n—H[g(X,Z)Y— g, Z)X].
Where D = f:lzl.

Then by virtue of (2.1) and (6.1) then we have

63) —~(VwB)X,NZ + 1 ((VwB) (X, 1)Z) & = aW)B(X,V)Z + BW)[g(Y, 2)X — g(X, Z)Y].

Let {e;,i = 1,2,... ,n} be an orthonormal basis of the tangent space at any point of the manifold. Then putting
Y = Z = e; in the above equation and taking summation over i, and then by substituting U = ¢ and then by

X = ¢ we obtain

4
(n+3)

W) = = || e,

Now, we state the following:
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Lemma 6.1. Let $M$ be a C-Bochner generalized $\phi$-recurrent $K$-contact manifold with respect to

quarter-symmetric metric connection then we have

pow) = |

4
(n+3)

]a(W).

Now, putting X = U = e; in (6.3) and taking summation over i, and substituting Z = ¢ and on simplification,

SY, W) =Ag(Y, W)+ Bn(Y)n(W)

we get

where

A= [W] and B = [M] We state the following:
n+1 n+i

Theorem 6.2. A C-Bochner generalized $\phi$-recurrent K-contact manifold with respect to quarter-symmetric

metric connection is an $\eta$-Einstein manifold.
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