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ABSTRACT

This paper concerned with the temperature, displacement and thermal stresses at any point of a thin
rectangular plate due to internal heat source with third kind boundary conditions by Marchi-Fasulo

Transform Technique.
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I. INTRODUCTION

Mostly plates are used in engineering applications such
as aeronautical navel and structural field. A lot of
analytical approaches for finding solution of the plane
problem in terms of stresses are derived from last
hundred years. The present paper is to gain an effective
solution and good understanding of thermal stresses in
thin rectangular plate due to internal heat source.
Khobragade N.W. [1] has studied the inverse steady-
state thermoelastic problem and to determine the
temperature, displacement function and thermal stresses.
Lamba et al. [2] have studied thermoelastic problem of
thin rectangular plate due to partially distributed heat
supply. Nowacki [3] has determined the steady-state
thermal stresses in circular plate subjected to an
axisymmetric temperature distribution on the upper face
with zero temperature on the lower face and the circular
edge respectively.

Tanigawa and Komatsubara [5] and Vihak et al. [6] have
studied the direct thermo elastic problem in a rectangular
plate.

II. Statement of the problem

Consider a thin rectangular plate occupying the space

Di—a<x<a-b<y<bh-h<z<h , with
displacement components 1wy, Uy, u, in the x,y,z
direction respectively as
1/0%U | 9%U 02U
uy = [ [—(ﬁ+§—vﬁ)+)ﬂ]dx Q.1
a%u
=1 [; G + 5~ v5) + 47|y 22)
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=] [ (6x2 aylz] - ”327121) + AT] dz (2.3)

where E, v and A are the Young modulus, the poisson
ratio and the linear coefficient of thermal expansion of
the material of the plate respectively and U(x,y,z,t) is
the Airy stress function which satisfies the differential

equation
92 92 92\’
<W+C’)_yz+ﬁ> U(x,y,z,t) =
aZ 82
—AE( o ﬁ)T(x,y,z,t) (2.4)

here T(x,y,z,t) denotes the temperature of the thin
rectangular plate satisfying the following differential

equation,

a%T  9%T | 3%T , 6(xyzt 10T

S+l e 10T (2.5)
0x%2  9y? = 0z2 k k ot

where k' is thermal conductivity and k is the thermal
diffusivity of the material of the plate and 8(x,y,z,t)
is the heat generated within the rectangular plate for t >0
subject to initial conditions.

T(x,vy,2,0) = F(x,y,2) (2.6)
The boundary conditions

T(x y,z,t) + kq M =F, (y,21t) (2.7)
s dx=-a

T(xy, zt) +k; M =Kzt (28
-T(x y,z,t) + k3 M =F;(x,z,t) (2.9
| y -y=—b

T(x,y, 7, t) + k, 222t =F,(x,zt) (2.10)
| ay ly=p

T(X y,7Z,t) + Kg M . =f, (,y,t) (2.11)

dz=—
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[T(x, y,z,t) + Kg —aT(xJZ/ 'Z't)]

=f, (x,yt) (2.12)

The components in term of U(x, y, z, t) are given by

d%U | 0%U
o%u | a%u

% = (52 52) 219
d%U | 0%U

Oz7 = (ﬁ + W) (2.15)

The equations (2.1) to (2.15) constitute the mathematical
formulation of the problem under consideration.

III. SOLUTION OF THE PROBLEM

Applying finite Marchi-Fasulo integral transform stated
in three times to the equations (2.5), (2.6) and using (2.7)
(2.8) (2.9) (2.10) (2.11), (2.12), we obtain

2Ty g0 _1dl
?T+¢+7 T (3.1)
where  q? = ap? + ap?+a;> the eigen values

am , a4, ,a; are the solution of the equations

[a; a;cos(aa) + By sin(aa)] X [B, cos(a,a) +
a, asin(a,,a)] =

[, aycos(a,a) — B, sin(aa)] X
ay apsin(a,a)l,

[B1 cos(ama) —

[@, aycos(a,b) + B; sin(a,b)] X
a, asin(a,b)]
= [a, aycos(a,b) — B, sin(a,b)] x
a, aysin(a,b)],

[B, cos(a,b) +

[B1 cos(anb) —

[, aycos(ayl) + By sin(a,l)] X [B, cos(ayl) +
a, asin(a,l)]
= [a, a,cos(a,l) — B, sin(a, )]

X [B1 cos(anl) —

a, aysin(a,l)]

and
¢ = Pp(@)F; - By(—a)F; + Py(b)Fy - Py(—b)F5 +
P(R)f,-P(—h)f; B (3.2)
T(mn I, 0)—ﬁ(mn D
(3.3)

where T denotes the Marchi- Fasulo integral transform
of T
constants.

and m, n ,I are the parameters, a4, @5, 1, B, are

From equation (3.1), we obtain

dT(m n,Lt)
dt

+ quT(m n,l,t) = (¢ +§(mnlt))

(3.4)
where equation (3.4) is first order differential equation
has solution,

T (m,n,Lt) =
_kq t [f k((l) +§(mnlt)) qut’ dt’ +c ]
where c is constant which to determine by using (3.3)

c= I%(m, n, 1)
(3.5)

T (m,n,Lt) =

e—ka’t [f k (d) + g(mn”)) ka*t' gt + F(m,n, )

(3.6)
Apply inverse finite Marchi-Fasulo Transform stated in
(2.19) three times to the equation (3.6) and using
boundary conditions, we obtain

T(x,y,zt) =
Pn(y) [PI(Z)

[e9) Pm (X) [
Zm'n'l=1[ Am Hn V]

+Z;.r°1,n,l=1 P;I;SIX)] [

_ 2 2 2 =
e k(am“+ap“+a; )tF(m, n, l)

Pr(y) ] [Pl(Z) ]

Hn Vi

N k(¢+§(’"””)> —l(am® +an®+a)(t=t) gy’ (3.7)

substituting the value of T'(x, y, z, t) from equation (3.7)
in the equation (2.4), we obtain

Ux,y,zt) =
—AE 2$,n,1=1 [P;’(X)] [P“(Y) ] [PI(Z)

HUn Vi

—AE Z:ﬁ,n,lzl [Pm(x)] [P“(Y) ] [Pl(Z)

Am Hn Vi
X f k (qb + 5(””‘”)) —k(am®+an?+a?)(t-t) g¢!

(3.8)
A. Determination of Displacement Components

Substituting the value of U(x, y, z, t) from equation (2.8)
in (2.1), (2.2), (2.3), we obtain, the displacement
functions u, , u,, ,u, as

U, =

ZTLI 1}\

N k(¢3 +F)e—k<am ran+a)(e-t) gy’ 4

—k(am’+an?+a )t
e (am”+an“+a;®) F*(m’ n, l)

(P" Pl + P, P"1 — P P])f P (X)dX
X

1= 1x o (P P [, Pn()dx
fk(d+ _) e~k +an®+a)(¢=) gy 4
kl

X _ 3.9
e—k(am2+an2+a12)tp*(m’ n, 1) (3.9)
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_ 2 2., 2y =
e k(apm“+an°+a; )tF(m, n, l)



Uy =
n n b
~ St (PP + PPy = PP [, Pa)y
i (qs +2) emkton mt (e )gr 4
X 2 =
e~ k(am +an2+a12)tF*(m' o))
- A b
+Zn,l=1 lrnTvvl (Pmpl) f_b P, (Y)dy
ok (F 4B eransantadi-ge
X 2 =
e~ k(am +an2+a12)tF*(m' n, 1)
(3.10)
u, =
o0 n " h
ni= 1k B (P"wPy + PPy — PuPy) f_hPI(Z)dZ
ok (F+ D) etontntsare-Ogy
X

+e~k(am” tan®+a)tF (m 1)

o A h
=1y (PaPo) [, Pi(2)dz

X 2 2 2 =
_I_e—k(am +an“+a; )tF*(m, n, l)

(3.11)
B. Determination of the Stress Functions

Using (2.8) in the equation (2.13), (2.14) and (2.15) the
stress functions are obtained as

Ux X

Pm) P'h(y) Pi(2)
—AE (Zmnl 1[ Am Hn 1\)1 +

3 i [Pr;:) Pr(y) P! 1(2)])

Hn Vi
(s D)oot s
kl

X —k(amZ+an2+a;®)t 5+
e m Tan AL E*(m n, )

(3.12)

_ m(X) Pn(y) P l(Z)
Oyy = —AE (Zmnl o VI

s [P0 L))

Hn Vi

IN (<l=> + E) e~klam* +an*+a)(t=t) gy’ 4
kl

X e—k(am2+an2+a12)tﬁ*(m’ o))
(3.13)
Ozz =
"'m(X) Pn(Y) Pi(z)
_)\E(Zmnl 1[ Am . ]+
o) Pn(x) P'h(y) M

Zm,n,lzl [ Am Hn v ])

X

_ 2 2 2 =
e k(am“+an“+a; )tF*(m, n, l)

(3.14)
C. Special Case and Numerical Results
Setting,
0(x,y,z,t) = e t6(x —x0)0(y — y0)6(z —z5) (3.15)
and the initial condition is
F(x,y,z,)=0,and ® =0 (3.16)

Applying finite Marchi-Fasulo transform three times
we obtain

B(m,n,Lt) = [0 050 ets(x — x0)8(y -
Y0)6(z — zp)
X Py ()P, (y) Py (z) dxdydz

= [8(ky + k) (k3 + ky) (ks + ko)et]

(ama)cos?(ama)—cos(ama)sin(an,a)
d z }

am
(anb)cos?(anb)—cos(a,b)sin(a,b)
x [ .

an

% [(alh)COSZ (ajh)—cos(a;h)sin(a;h)

] (3.17)

alz

Substitute the values, we obtain
T(x,y,2,t) = K[8(kqy + k) (k3 + ky) (ks + ke) ]
x Zw . ((ama)cosz(ama)—cos(ama)sin(ama))

am?

% 2?10=1 ((anb)cosz(anb);::;)s(anb)sin(anb))
w ((ajh)cos?(a;h)—cos(a;h)sin(a;h)
X Zl:l ( alz ) x
o Pm(®)] [Pa®) 1[P1(®)
R v e | el B
e—k(am2+an2+alz+1)t

(3.18)
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U(x,y,z,t) = —AEK[8(ky + k;) (k3 + ky) (ks + k¢) |

" 1 b
2 . X Zn,l=1)b WV (Pmpl) f_b Pn(Y)dy
x ZOO ((ama)cos (ama)—cos(ama)sm(ama)) mbn ¥l
m=1 an? x e—k(am +an?+a®+1)t (3.21)
© (apb)cos?(ayb)—cos(ayb)sin(a,b)
X Xn=1 ( an? : )
X T ((alh)cosz(alh)—cos(alh)sin(alh))
=1 a;? u, = — MK[8(ky + k) (k3 + ky) (ks + k) |
Pm (%) n() ] [P1(2) © (ama)cos?(ama)—cos(ama)sin(ama)
XZmnll[ ][ ][Vl ]X xzmzl( am? )
e—k(am2+an2+al +1)t (3.19) X Y ((anb)cosz(anb);:ss(anb)sin(anb))
X 3 ((alh)cosz(alh)—cos(alh)sin(alh))
Uy = — Ak([8(ky + k) (ks + ky) (ks + k¢) | =1 a?
% ZOO ((ama)cosz(ama)—cos(ama)sin(ama))
m:1 amz n n h
% ZOO ((anb)cosz(anb)—cos(anb)sin(anb)) X an 1x (P Py + PPy PmPn) f_h PI(Z)dZ X
n=t an? e—k(am +an2+al +1)t
o ((ajh)cos?(ajh)—cos(a;h)sin(a;h)
X 21:1 ( alz )

+>\,‘Uk[8(k1 + kz)(k3 + k4)(k5 + k6) ]
% Z%=1 ((ama)cosz(ama)—cos(ama)sin(ama))

X

o0

nl= 1x 5 PP+ Py —

am?

X Y2, ((anb)cosz(anb);:;)s(anb)sin(anb))

2 _ ,
% ZTO:1 ((alh)cos (a;h) cos(alh)sm(alh))

P,Py) f_a l:)m (x)dx e~ k(am 2tan?+a2+1)t

alz
+Mvk([8(ky + k) (ks + ky) (ks + ke) ] X Y= T ( - n)f P,(z)dz
. (ama)cos?(ama)—cos(ama)sin(an,a)
X Zm=1 am? X e k(am +an2+al +1)t (322)
X 3 ((anb)cosz(anb)—cos(anb)sin(anb))
n=1 anz _
X 3% ((alh)cosz(alh)—cos(alh)sin(alh)) Oxx = —AEK[8(ky + kzg(k3 +ky) (ks +_ ko) |
1=1 a2 X Y2 ((ama)cos (ama)—CC;S(ama)SM(ama))
am
1 w nb)cos?(a,b)— nb)sin(anb
iy (PP ij(x)dx X Yn=1 ((a Jeos (@ )a;fs(a Joinla ))
m &l - w ((ath)cos?(a;h)—cos(a;h)sin(a;h)
X e—k(am2+an2+alz+1)t (320) X Zl=1 ( alz )
X
y = = Mk[B(ky + k) (ks + k) (ks + ko) ] @;mdh@ﬂ@5@+
. Y Am u Vi
o (ama)cos?(ama)—cos(am,a)sin(ana) n
P> =1( am? )
m

o Pm(x) Pa(y) P"1(2)
1 [P 10 Fi0])

Am Hpy Vi

o (apb)cos?(ayb)—cos(a,b)sin(a,b)
X Zn=1 ( )

2
an? x e k@m +ap?+a?+1)t

2 _ .
v ch,)zl ((alh)cos (a;h) cos(alh)sm(alh))

(3.23)
alz

" " b ny = _7\,Ek[8(k1 + kz)(k3 + k4_)(k5 + k6)]
X an 1x (P P+ PPy — Pmpl) f—b Pn(y)dy X 0 (ama)cos?(ama)—cos(ama)sin(ama)
2 X Xm=1 ( am? )

e—k(am +an?+a+1)t m .
. (apb)cos?(apb)—cos(ayb)sin(a,b)
FAUKIB (ks + k) (s + leg) (s + k)| X T ( o )

2

0 (m) z(m)_ (m)(m)
x2m=1(a a)cos“(ama)—cos(aa)sin(a a)

am

2 _ ,
v Zin:l ((alh)cos (aih) cos(alh)sm(alh))

alz

% Z;o=1 ((anb)cosz(anb)—cos(anb)sin(anb))

an?

2 _ ,
% 2?):1 ((alh)cos (a;h) cos(alh)sm(alh))

alz
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X
o Pm () Pn(y) P"1(2)
(B [ 52 2] +
P P"m (%) Pn(y) Pi(2)

Zrni= [5200 )

x e—k(am2+an2+a12+1)t

(3.24)

02z = —MEK[8(ky + ko) (k3 + kq) (ks + ko) |

© (ama)cos?(ama)—cos(ama)sin(an,a)
X Zm= 1 ( 2 )

am
© (apb)cos?(ayb)—cos(ayb)sin(ayb)
X Yn=1 ( an? )
w [(aih)cos?(a;h)—cos(a;h)sin(a;h)
X Zl:l ( alz )
X
o0 P'm(X) Pn(y) P1(2)
O
o) Pn(x) P'n(y) Pi(z)
Zm,n,l:l M I v

% e—k(am2 +apZ+a?+1)t

(3.25)

D. Numerical Results

The numerical calculation has been carried out for
copper thin rectangular plate. set B =« Kk[8(k; +
ky)(ks +ky)(ks +kg)] , a=1 cm, b=2 cm, h=3
cm, thermal diffusivity k = 4.42ft?/hr , thermal
conductivity k'=224 Btu/hr ft °F, t=Isec., k; = k, =
ks =k, = ks = 1, modulus elasticity E = 6.9 x 101,
Poisson ratiov = 0.48, 1 = 12.84 x 107°,

We obtain, the temperature function

T(xyzt) _ 0 (ama)cos?(ama)—cos(an,a)sin(ama)

B =X Xm=1 ( am? )
© (2ay)cos?(2ay)—cos(2ay)sin(2ay)

X Zn=1 ( )

an?

w [(Bapcos?(3a;)—cosBa;)sin(3a;)
% Zl=1( ! ! = ! ! )

X [Pm(X_Xo)] [Pn(YO)] [PI(ZO)] X e—o((am2+an2+alz+1)t
}\m ”’n Vi

(3.26)

E. Graphical Analysis

]
06 - .
’ o | —
| t=0.1
0.5 7 — A{l’ N ,f
/ot=02 N
0.4 {/‘_ %
Temp A T ~— \
03 i — 7 ~ n\
t=0.3 N Ay
0.2 > <N
\
0.1
0 /
-1 -0.5 Q 0.5 1
x

Fig:1 shows that variation of temperature T(X, y, z) Vs X.
It is clear that temperature slightly increases at time
t=0.1 sec, t=0.2 sec, t=0.3 sec in positive part of x and
then suddenly decreases. .

|
0.002 | AT T
. / =01
0.0015 -
t=0.2
U 0.001
00005 -J_._ — : ____.-—" t=03 Y — _-,_
ok
-1 =0.5 0 0.5 1
X

Fig:2 shows that variation of stress function U(x, y, z)
Vs x. It is clear that stress slightly increases at time t=0.1
sec, t=0.2 sec, t=0.3 sec in positive part of x and then
suddenly decreases.

]
5
t=0.1
4
Oyy? =02
2 —
1 A —
AN t=0.3
=1 =0.5 0 0.5 1
X

Fig:3 shows that variation of stress function o,, Vs x. It
is clear that stress slightly increases at time t=0.1 sec,
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t=0.2 sec, t=0.3 sec in positive part of x and then
suddenly decreases.

t=0.1

(P

Oyy t=0

t=0.3

o

Fig:4
It is clear that stress slightly increases at time t=0.1 sec,
t=0.2 sec, t=0.3 sec in positive part of y and then
suddenly decreases at y=1.6 up to zero.

shows that variation of stress function gy, Vs y.

Fig.5 shows that variation of stress function g,, Vs z. It
is clear that stress suddenly decreases at time t=0.1 sec,
t=0.2 sec, t=0.3 sec in positive part of z up to zero at
7=0.6, z=1.4, z=2.4 and it attains peak value at z=1 and
z=2 .

IV. CONCLUSION

In this paper, I have discussed the thermo elastic
problem of thin rectangular plate, where the non-
homogeneous condition of the third kind on the edges

,y=-b,band z = -h, h, for t >0 heat is
generated within the rectangular plate. The finite

X=-a,a

Marchi-Fasulo integral transform is used and obtained
the numerical result. The temperature, displacement and
thermal stresses that are obtained can be applied to the
design of useful structures or machines in engineering
applications. Any particular case of special interest can

be derived by assigning suitable value of the parameters
and function in the expression.
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