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ABSTRACT

In this paper, by applying Marchi-Fasulo and Hankel integral transforms technique, to study the non-homogeneous unsteady-
state boundary value problem of heat conduction in circular plate to determine the temperature, displacement and radial and

angular thermal stresses.
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I. INTRODUCTION

The
aerodynamics heating, which produces intense thermal stresses
that reduce the strength of the aircraft structure. Kulkarni V.S.
and Deshmukh K.C. [1] have been determined the quasi-static
thermal stresses in a thick circular plate subjected to arbitrary
initial temperature on the upper face with lower face at zero

high velocities of modern aircraft give rise to

temperature. Nowacki [4] has determined steady-state thermal
stresses in a circular plate subjected to an axisymmetric
temperature distribution on the upper face with zero
temperature on the lower face and circular edge. Rajneesh
Kumar et al. [5] have discussed thick annular disc in which
sources are generated according to linear function of
temperature due to partial heating and boundary condition of

radiation type.
II. FORMULATION OF THE PROBLEM

Consider a thick circular plate under the unsteady-state
temperature field of thickness 2h occupying the region

D definedas 0 <r <a, —h <z <h, due to heat generation.
Let (r,¢,z) be cylindrical co-ordinate system and 6 be
temperature function of space and time the transient heat

conduction equation is given as
820 100 | 8%0  E(r,zth) _ 10T
wmtia Tt L T Kae @D
Where &(r,z,t,0) is the internal heat source function, and the

K= p% ,A being the thermal conductivity of the material, p is

density and c is the capacity.
Following [3] use the substitution
&(r,z,t,0) = 0(r,z,t) + y(t)o(r,zt)

t
T(r yZ, t) = 6(1‘, Z, t)e_ fo \V(Y)dy

t
X(r yZ, t) = q)(r’ Z, t)e_ fo \V(Y)dy
For the sake of brevity, we consider

(2.2)
(2.3)
(2.4)

3(r—rg)d(z—zp)

x(r,z,t) = p— exp(—wt) ,
0<rp<a-h<z<h (2.5)
Substitute the equation (2.2) to (2.5) in (2.1), we obtain
0*T 10T 0°T y(r,z,t) 10T
or? radr 0z? L Kot
(2.6)

where K is the thermal diffusivity of the material of the thick
circular plate subjected to the initial condition and boundary
conditions

T(r,z,t) =T, att=0 2.7

[T(r, 2,t) + k; aTg}Z'OLa =0,-h<z<ht>0 (28)
[T(r, z,t) + k, aTE;:’t)]Z:_h =f,(rt),0<r<a (2.9)
[T(X, y,z,t) + ks aTg:’t)] =f,(rht),0<r<a (2.10)

The displacement function in the cylindrical co-ordinate
system are represented by the Goodier’s thermoelastic
displacement potential and Love’s function as [5]

_ 09 ¢
U= %r " oroz
(2.11)
od 9°L
=—+2(1-V)VL—-—
u, e +2(1-v)V 572
, (2.12)
In which Goodier’s thermoelastic potential must satisfy the
equation
1+
V2 = (=) a0 (2.13)
V3(V2L) =0 (2.14)
s 0T 10T 0T
Where V<= oz Tror T a2

The component of the stresses are represented by the use of the
potential ¢ and Love’s L function as

Gpre zc{(‘%’ —V2¢) + = (wVPL - %)} (2.15)
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a0 2G {(1 9 _ y2 ¢) (Usz _1@)} (2.16) Applying inverse of Hankel and Marchi-Fasulo integral

ar .
transform to (3.9), we obtain
10 10L ’
0ra= 2G{(352 = V2¢p) + = (v72L - 225} (2.17) VZ cop b Jo(imD) oo Pa@
T(I', Z, t) = ;Zm - Io(uma) Zn:l A
k 2)2 m n
Grge ZG{MZ a((l—v)VZL—ﬁ>} (2.18) (™) .,
X {Am,n exp(—wt) + [T*O — m,n]e_ Ky "+an )t}
Where G and v are the shear modulus and Poisson’s ratio 3.10
respectively, the boundary condition on the traction free H( ) 10
Jan
surface functions are Where Ay, = K 2+ay = J:na 2_w)
Gry =0y =0 atz = +h (2.19) "

Substitute the value of T(r,zt) in (2.3), the temperature
distribution is obtain

\/E 0 m ] mr [ee] Pn
o(r,z,t) ::Zmzl : ol )Zn 1 AiZ)

Equation (2.1) to (2.19) constitutes the mathematical
formation of the problem under consideration.

(k12+}1 2) ]O(P'm
III. SOLUTION OF THE PROBLEM m
{ Amnexp(—wt) } [Fyy)dy
_ elo
Applying finite Hankel integral transform to (2.6), we obtain + [T*O - Am,n]e_ Kl +an?)t
) (3.11)
[—u 2T(m,z,0) + & T(m“)] + X(m LA ldT(;“rZrt) 3.1) DETERMINATION OF DISPLACEMENT
m ’ K z ’

T=T, (32)
T2+l  =H@y  G3)

dT(r,z, t)] = q)(r; Z, t) =

Substitute the value of 0(r, z, t) from (3.11) in (2.13), we obtain

[T(X y,z,t) + ks =f, (r,t) (3.49)

1+v V2 @ -1 Hm ]O(Umr o Pn(2)
(5)as Shes D)

S(Z - ZO) eXp(—wt) (35) M (k +1 2)2 ]0(“m

Amnexp(—owt
T — A - K(p 2+alnz)t

. 0 m,n|€ m

Hankel integral transform parameter. (3.12)

Applying Marchi-Fasulo integral transform to (3.1) we obtain
7 (mn,0)

U, ]o(umro)
(k12+um2)% Jo(kma)

)_C(ml Z, t) = :

Where T denotes the Hankel integral transform of T and m is

Similarly, the solution for Love’s function L are assumed so as

[_ Hsz*(m' n,t) -a,2T*(m,n,t) + q)] + to satisfy the governed condition of equation (2.14) as

A
1dT"(mn,t) (3.6) L(r,z,t) = G—:) atg
K dz ’ .
_ _ m o Jo(ky sinh(a,z) +
Where & = P, (h)f,-P,(—h) f; X Y= = ol :) Yn=1 [ (hn )
dT*(m,n,0) = b (ks +p Z)ZJO(Hm ) zeozh(anz)
— + K(u + anz)T*(m, n,t) = H(um, an) 3.7 Agyp exp(—oot) + o
_ ’ v(y)dy
Where H(iy, ay) = 12 —to— bl 20C00p (7)) + hTw-Ammk-me“ﬂfﬁ}e°
(ka?4u,2)? 0 (3.13)

@} Substitute the value of ¢ and L in (2.11), (2.12) respectively.
The equation (3.7) has solution N

p— r -

T*(m,n, t)e Kl +an?)t (1+v) Voo 1 T 1 ()

1) 9t 4am=1
= H(um' ) e~ K@y +andt 4 e o (ke ® 411 2)? 2 Jolim?)
K(uy,” +an? — ) xzw[&@)<%+nwm@ﬂy—
(3.8) n=t apzsinh(a,z)
— — Apmnexp(—ot) +
At initially t=0, C=T*, — M T*(m,n,t) = x{ e p( )2 b elovondy
K(uy, “+an?-w) [T*o - Ap n]e— K(upy, “+an®)t
H(um'aﬂ) _ ,
u, =

T H(um'an) —K(um2+an2)t
+[T 0~ e (3.9)

(1 +v> z P Jo(mr)
Where T* denotes the Marchi Fasulo integral transform of T v
g m= m (k + lJ_mZ)Z ]O(I’lma)

X Zn:l[ an(Qnsm(anZ) + WnCos(anz)) -
4vapsin(apz) — a,%(sinh(apz) + zcozh(apz))]

and n is Marchi Fasulo integral transform parameter.
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{ Amnexp(—ot) + } vy [2va,sinh(a,z) + a,?[sinh(ayz) +

T - K(u, *+an )t : t
[T"0 — AmnJe™ Ktm™*2n7) zcozh(anz)]] o (n,r)]] eov@w (3.19)
(3.15)
SPECIAL CASE
DETERMINATION OF STRESS FUNCTIONS Setti
etting,
3(r—ro)d(z—20)
The stress functions are obtained as V() = =y, Tozo, @ = 0 x(r,z,t) = = r;nroz = exp(-ot)
— G (1+v) V2o -1 T 1
Aty am=1, 7 2z Jo(im) t 2 =
(ka®+p,,2) And fo y(y)dy = - , T =10 (3.20)

X { Amn exp(—ot) + [T* 0 — Am,n]e_ K(ip “+an )t} Substitute the values we obtain, the expression for the
temperature and stresses,
0(r,z,t) =

Pn(Z) ]"O(Hmr) 0 ((anh)cosz(anh)—cos(anh)sin(anh)) 4(ky+Kk3) P (2)PL(zg)
- 2 T ]O(Hmr) n=1 ap? na? An
= klz ]o(umr)lo(”mro)
m=1 2 2_ 2 2 2
— [2va,?cozh(a,z)]o(p 1) Kt *+an2=0) (ks *+upy )2 J1 (1)
m —ot _ o= K 2+apdt) o~
X|e e m e 2 (3.21)
- [(a, + 1)cozh(a,z)
+ anzsinh(anz)]]"o(umr)]l efot v(y)dy (1+v) ((anh)cosz(anh)—cos(anh)sin(anh)) 4(ky +k3) Py (2)Pn(2o)
ap?2 na2 A
3.16 o ke Jo (™o (1 To)
( ) X Lm=1 —tm 2K 2 +an2—0) (ki 2+ 2)  J1%(1pma)
—2G (1+v) V2w -1 TN, 1 2
o0 = ATy am=17 3 1y (nypa) —ot _ o= Ky 2+anHt) o5
M (ky 2+, 2)2 0 Hm Xle e m e 2 (3.22)
X {Am nexp(—ot) + [T9 — Amnle” K" +an )t} X
, , L=
(1+v) 2 ((anh)cos2 (anh)—cos(anh)sin(anh)) 4(ky+k3) Py(zg)
o) _Pn(z) r]’o(umr) +] ( r) _ at anz na? An
n=1 [T [T o, . Ky Jo(tmDlo(tmro) 1.
m Y1 > — > [sinh(a,z) +
— [2vap?cozh(a,z)] (p r) — [(a, + o * Kb “+an?—0) (ka4 ?) - T2 (1m2)
Hm? " A0 m " zcozh(apz)]
, t 2
1)cozh(a,z) + ayzsinh(a,z)]r™1] o(”mr)]] elov®dy X (e“Dt — e~ Ky "+an )t)e T (3.23)
(3.17)
1+v V2 -1 p 1 U, =
— 2(;( ) Yoy m .
g q ~m= 1“m (k " 2)2 ]O(P-ma) (1+v) tZ ((anh)cosz(anh);czos(anh)sm(anh)) 4(k;;k3) Pn}fzo)
X {A exp(—ot) + [Ty — A |e” Kém +an )t}x o kq* Vo (1m0 (HmTo)
m,n p( ) [ 0 mr(l] | X Ym=1 KO a0 (2t ?) a2 (nga)
?1021[ P;Iiz) [I oliw?) 4y 0 r)] X[P, (z) - 2cozhganz) + zsinh(a,z)]
t
T L e
m uZ —
t
an)anzcozh(anz)an3zsinh(anz)]lo(umr)] eJo v)dy (1+v) 3 ((anh)cosz(anh)—cos(anh)sin(anh)) 4(ky+Ks3) Py (20)
dt Zin=1 ap? na? n
(318) % ZOO k12 lo(uml‘)]o(umro)
_ 1+ - V2o -1 T 1 m=1 2K 2 +an2-0) (ke 241,2)  J12(,a)
Oz 2G1v t: m=1"__2 1lo(ia) 2
P'm (k 1 2)2 oMy % (e_mt _ K(Pvm +ap )t)e 5
{Am,n exp(—ot) + [T 0~ Am.n]e_ Kltm " +an )t} X P, (2) + 20 ZV) [sinh(a,z) + zcozh(a,z)]
© . (3.25)
Nzl[an(QnSIH(anZ) + WnCOS(anZ))]O(Mmr) + _anz(gslnh(anz) + ZCOZh(anZ))
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Orr =
1+v (aph)cos?(aph)—cos(aph)sin(ayh)\ 4(k, +k3) Pp(z)
2G ( ) at Z ( an? ) na? M
Kk, 2 Io(Mmro)

o0
M=1 K +an2-0) (ke >+, 2) J12(1na)

oa [-Pa @) [ gy (1, 0)] -
Lz [ZUanzcozh(anz)lo(umr) — [(ay + 1)cozh(ayz) +

anzsinh(anz)]]"o(umr)]]

2
X (e“"t — e~ Ky *+an )t)e 2 (3.26)
Oy =
1+v (aph)cos?(aph)—cos(aph)sin(ayh)\ 4(k, +k3) P (zo)
26(:5) ac k- ( )
X Y= Fm !

l'lm (k +u 2)2]0(uma)

o Pa@ [ Jo(kmr
- [—k—:[r% + ]o(“ml‘)] —

— [2va,?cozh(anz)]o(p,, 1) — [(ap + 1cozh(a,z) +

apzsinh(anz)Ir~  (u,r)] ]
X (e_“’t — e~ Ky "+ )t) e tzz (3.27)
GZZ = -
2G (1+v) 2 T2 ((anh)cosz(anh);:;)s(anh)sm(anh)) 4(k;:2k3) an(:o)
m 1
X 2= Tun? (k2 i 2)zlo(uma)
o | 222 [Pl g )|+ 520 +
ap)ap2cozh(a,z) + an3zsinh(anz)]]0(pmr)]
(e-@t — e Kl +an")t) ¢ - (3.28)
Orz = , .
26 (1+v) 2 32 ((anh)cos (anh);::s(anh)sm(anh)) 4»(k;:2k3) Pn)f:O)

X Xm=

um (k tu 2)2 IO(Hma)
Z?\?:l[an(QnSin(anZ) + Wy Cos(anz))]o (Hmr) +
[2vapsinh(a,z) + a,?[sinh(a,z) +
zcozh(anz)]]'O (umr)]]
- K(pm2+an2)t) e‘%

x (et —e (3.29)

NUMERICAL CALCULATION
Numerical calculation have been carried out for a copper thick

circular plate with radius a =1 m,k; =k, =k; =1 h=Im,
thermal diffusivity K=4.42 ft2 /hr,thermal conductivity
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L = 224Btu/hr ft FO | of
expansion a; = 23 X 107% | poisson ratio v = 0.48 , modulus
of elasticity E=6.9 % 10° , modulus G = 2.7 X
106, B,
we obtain, the temperature function

coefficient linear thermal
shear

=B2=1’a1=k2,a2=k3and

0(r,zt) =
w  ((an)cos?(an)—cos(an)sin(agh)\ Py (z)Py(0.5)
0.011 Zn:l( anz ) an
) 1 IO(Hmr)]O(“mO'S)
X Zmzl (Hm2+an2—1)(1+pm2) ]lz(um)
2
y (e—t e K(um2+an2)t) e_t7
(3.30)

By substitute the values we find displacement and radial and
angular thermal stresses.

Graphical Analysis

-
—_—
0.2
®
o 0.2 oa 06 06

Fig.1: shows that variation of temperature T(r, z,t) Vs r. It is
clear that temperature slightly decreases at time t=0.1 sec.,
t=0.3 sec., t=0.5 sec., t=0.7 sec., t=0.9 sec.

r

Fig.2: shows that variation of radial stress .. Vs r. It is clear
that radial stress slightly decreases at time t=0.1 sec., t=0.3 sec.,
t=0.5 sec., t=0.7 sec., t=0.9 sec. up to zero at z=0.4
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[4]
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Fig.3: shows that variation of tangential stress gggVs z. It is
clear that tangential stress suddenly decreases at time t=0.1 sec.,
t=0.3 sec., t=0.5 sec., t=0.7 sec., t=0.9 sec. and then slightly
increases.

Fig.4: shows that variation of axial stress 0,,Vs r. It is clear
that axial stress slightly decreases at time t=0.1 sec., t=0.3 sec.,
t=0.5 sec., t=0.7 sec., t=0.9 sec. due to internal heat. Axial
stress distribution verses r with different value of t.

IV. CONCLUSION

In this paper, we have discussed thermoelastic problem of thick
circular plate in which heat source is inside the thick circular
plate and obtained the temperature distribution, displacements
and radial and angular thermal stresses. We analysed particular
case with mathematical model for y(y) = —y and numerical
calculations are carried out by using Marchi-Fasulo and Hankel
integral transforms technique. The result presented here will be
useful in engineering problem particularly in the determination
of stress in a thick circular plate.
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