© 2018 IJSRST | Volume 4 | Issue 9 | Print ISSN : 2395-6011 | Online ISSN : 2395-602X
Themed Section: Science and Technology
Contra - Bc - Continuous Functions in Topological Spaces
Raja Mohammad Latif", Muhammad Rafiq Raja2, Muhammad Razag?
*Department of Mathematics and Natural Sciences, Prince Mohammad Bin Fahd University, Al-Khobar,

JJSRST

Kingdom of Saudi Arabia
?Department of Mathematics, University of Sargodha, Mandi Bahauddin Campus, Pakistan
3Department of Mathematics, Horizon Degree College and Commerce College, Bhaun Road, Chakwal, Pakistan

ABSTRACT

In this paper by means of BC—oOpen sets, we introduce and investigate certain ramifications of contra
continuous and allied functions, namely, contra—Bc—continuous, almost—Bc—continuous, almost
weakly — Bc —continuous and almost contra — Bc —continuous functions along with their several properties,
characterizations and natural relationships. Further, we introduce new types of graphs, called Bc—closed,
contra—Bc —closed and strongly contra—Bc—closed graphs via Bc—open sets. Several characterizations

and properties of such notions are investigated.

Keywords : Almost contra—Bc—continuous, contra—Bc—closed Graph, contra—Bc—continuous,
Bc —connected, Bc—open.

2010 Mathematics Subject Classification: 54A05, 54A10, 54C05.

I. INTRODUCTION topological space, known as BC—open sets. In this

paper, we employ this notion of Bc—open sets to

In recent literature, we find many topologists have jntroduce and investigate contra continuous functions,
focused their research in the direction of investigating called contra—Bc —continuous functions. We study

different types of generalized continuity. One of the fyndamental properties of contra—Bc—continuous
outcomes of their research leads to the initiation of finctions and use such functions to characterize

different orientations of contra continuous functions. B¢ —connectedness. We introduce and study the
The notion of contra continuity was first investigated properties of almost contra— Bc — continuous

by Dontchev [7]. Subsequently, Jafari and Noiri [15, functions as well. We also introduce and study the

16]  exhibited  contra—oa—continuous  and potions of Bc—closed, contra—Bc—closed and
contra — pre —continuous functions. Contra

d—precontinuous [10] was studied by Ekici and

slightly contra—closed graphs.

Noiri. contra—e—continuous functions [12] was II. PRELIMINARIES

studied by Gosh and Basu. A good number of

researchers have also initiated different types of In this paper, spaces X and Y always represent
contra continuous — like functions, some of which are
found in the papers [6, 8, 11, 18, 23]. In [1] Al -

Abdullah and Abed introduced a new class of sets in a

topological spaces (X, ‘C) and (Y, G) respectively on
which no separation axioms are assumed unless

otherwise stated. For a subset A of a space X Cl (A)
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and Int (A) denote the closure and the interior of A

respectively.

Definition 2.1. Let (X, ’C) be a topological space and
AcC X Then A is called b—open set in X if
AcCI[Int(A)]UInt[CI(A)]. The family of all
b—open subsets of a topological space (X, 1:) is
denoted by BO(X, ’E) or (Briefly BO(X)).

Lemma 2.2. Arbitrary union of b—open sets in a
topological space is b —open set.

Proof. Let (X, ‘l:) be a topological space and let
{Aa :OLEA} be a family of b—opensets in X. Let
A= UoceA A, . Then for each o € A, A, < A.Then it

follows that

Cl[Int(A,)]<=CIInt(A)]
Int[CI(A,)]< Int[ CI(A)]. by
A, cCl[Int(A,)]UInt[CI(A,)].

that

immediately

and Further

hypothesis,

Hence it immediately

A, =Cl[Int(A)]UInt[CI(A)], for each o € A.

implies

Thus A= J A, =CI[Int(A)]UInt[CI(A)].

Therefore, A = UQGAA isa b—opensetin X.

Definition 2.3. Let (X, ’C) be a topological space and
A c X Then A is called Bc—open set in X if for
each XeAe BO(X, X), there exists a closed set F
such that XeFc X The family of all Bc—open
subsets of a topological space (X, ’L‘) is denoted by
Bc—O(X, 1) or (Briefly Bc—O(X)). A is called
Bc—closed if A°=X-A is Bc—open set. The
family of all Bc—closed subsets of a topological space
(X, ‘E) is denoted by BC—C(X, 1:) or (Briefly
Bc—C(X)).

Remark 2.4. It is clear from the definition that every
Bc—open set is b—open, but the converse is not

true in general as shown by the following example.
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Example 2.5. Suppose that X={l, 2, 3}, and the
topology t:{(l), X, {1},{2},{1, 2}} Then the
X,(I),{ 2, 3},{1, 3},{3}. Hence
BO(X, 7)= X, {12}, 1.2}, (1.3}, (2.3}

and Bc—O(X, t)= {¢, X, {1.3},{2,3}}. Then

closed sets are:

{1} is b—open, but {1}is not Bc—open .
Remark 2.6. The intersection of two BC—o0pen sets is
not Bc—open set in general as shown by the

following example.

Example 2.7. Suppose that X={l, 2, 3}, and the
topology T = {d), X, {1},{2},{1, 2}} Then {1, 3}

(23)
{l, 3} ﬂ{2,3} = {3} is not Bc—open set.

Theorem 2.8. Arbitrary union of BC—o0pen sets in a

and are Bc—open sets where as

topological space is BC—open set.
Proof. Let {A o € A} be a family of Bc—open sets

in a topological space (X, ‘L'). Then for each a €A,

A, is a b—open set in X and by Lemma 2.2,

o

U..,A, is b—open set. If xe|J A, then

there exists Y € A such that X€ A, . Since X €A, is

Bc—open set, there exists a closed set F such that
XngAY gUyeAAy. LJYEAAy is

Hence
Bc—open setin X.

Theorem 2.9. A subset A of a topological space
(X, 1) is Bc—open if and only if A is b—open
and it is a union of closed sets.

Proof. Let A be a Bc—open set. Then A is
b—open and for each X € A, there exists a closed set

F, such xeF, c A This

X

A= UxeA{X} C UXEA Fx C A. Thus A= UXEA Fx Where

that implies that

F  is closed set for each X e A. The converse is
directed from definition of BC—o0pen sets.
Definition 2.10. Let (X, ‘E) be a topological space and

Ac X. Then Bc—closure of A in X is the set
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Bc—-CI(A)=N{K = X:Kis Bc—closed and A = K}. Theorem 3.5. Let f :(X, t)—(Y, o) be a function.

Definition 2.11. Let (X, T) be a topological space and
A c X. Then Bc—interior of A in X is the set

Bc—Int(A)=U{U = X:Uis Bc—open and U c A}.

Definition 2.12. Let f :(X, 1:) —)(Y, G) be a
the
{(X, f (X)):X € X} < X xY is called the graph of f

function. Then subset

and is denoted by G( f).

II1. CONTRA — Bc — CONTINUOUS FUNCTIONS
Definition 3.1. A function f Z(X, r) - (Y, G) is

fH(V) s
Bc—closed in X for every openset V of Y.

called contra—Bc—continuous if

Definition 3.2. Let (X, 17) be topological space and
A c X. Then the intersection of all open sets of X
containing A is called kernel of A and is denoted by
Ker(A).

Lemma 3.3. The following properties hold for subsets
Aand B of a topological space (X, ‘r).

(a) xeKer(A) if and only if ANF#¢ for any
closed set F of X containing X.

(b) Ac Ker(A) and A= Ker(A) if A is open in
X.

(c) If Ac B, then Ker(A)c< Ker(B).

Lemma 3.4. The following properties hold for a subset
A of a topological space (X, ‘c) :

(i) Bc—Int(A)=X-[Bc—-CI(X-A)];

(ii) X e BC—Cl(A) if and only if ANNU=¢ for
each X € BC—O(X, X);

(iii) A is Bc—open if and only if
A=Bc—Int(A);
(iv) A is Bc-—closed if and only if

A=Bc-CI(A).
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Then the following conditions are equivalent:

(a) f is contra—Bc—continuous;

(b) for each x € X and each closed subset F of Y
containing f(X), there exists UeBc—O(X, x)
such that f (U)c F;

(c) for each closed subset F of Y, f7(F) is
Bc—openin X;

(d) f[Bc—CI(A)]<Ker[ f(A)] for every subset
A of X;

(e) Bc—CI[ f*(B)]c f*[Ker(B)] for every
subset B of Y.

Proof. (a)=(b): Let x € X and F be any closed

set of Y containing f(X). Using (a), we have
f*(Y-F)=X—-f7(F) is Bc—closed in X and
so f(F)is Bc—openin X. Taking U = f *(F),
weget Xe U and f(U)cF.

(b)=(c): Let F be any closed set of Y and
xe f*(F). Then f(x)eF and there exists a

Bc—open subset U that

f(U,)cF.
f(F)=U{U,:xe f*(F)} -

Bc—open in X.

. containing X such

Therefore, we obtain

which is

(c)=(a): Let V be any open set of Y. Then since
(Y-V) is cosed in Y, by (0
fH(Y-V)=X-f7(V) is Bc—open in X.
Therefore, f (V) is Bc—closed in X.

(c)=(d): Let A be any subset of X. Suppose that
y & Ker[ f (A)]. Then by Lemma 3.3, there exists a
F of Y containing Yy such
f (A)NF =¢. This implies that AN f™*(F)=¢
and so Bc—CI(A)N f™(F)=¢. Therefore, we

closed set that
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f[Bc—CI(A)JNF=¢
ye f[Bc—CI(A)].
f[Bc—CI(A) ] Ker[ f(A)].

(d)=(e):

obtain and

Hence,

Let B be any subset of Y. Using (d)

and Lemma 3.3 we have
f|Be—CI(f*(B))|c=Ker| f(f7(B))]
c Ker ( B ) Thus it follows that

Bc—CI[ f*(B)]|< f*[Ker(B)].
(e):>(a): Let V be an open subset of Y. Then

33 and (e)
Bc—CI[ f7(V) ]| f7[Ker(V)]=f7(V) and

from Lemma we have

hence Bc—Cl [ f (Vv ):I =f (V). This shows that
f7(V) is Bc—closed in X.

The following lemma can be verified easily.

Lemma 3.6. A function f Z(X, ’L') —)(Y, G) is
Bc —continuous if and only if for each X € X and
for each open set V of Y containing f(X), there
exists U e BC—O(X, X) such that f (U ) cV.

3.7.  Suppose
f:(X,7)—>(Y, o) is contra—Bc—continuous

and Y is regular. Then f is BC—continuous.

Theorem that a function

Proof. Let X X and V be an open set of Y

containing f(X). Since Y is regular, there exists an
open set G in Y containing f(X) such that
Cl (G) cV.
contra— Bc —continuous, so by Theorem 3.5, there
exists U e BC—O(X, X) such that f(U)gCl(G).
f(U)cCI(G)eV.
Bc — continuous.

Definition 3.8. A function f:(X,7)—>(Y, o) is

Again, since f is

Hence f is

Then

called almost — Bc —continuous if for each X e X

and each open set V of Y containing f(X), there
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exists Ue BC—O(X, X) such that
f(U)cBe—Int[CI(V)].
Almost — Bc — continuous function can be

equivalently defined as in the following proposition.

Proposition 3.9. Let f :(X, Z')—)(Y, 0) be a

function. Then the following statements are
equivalent:
(a) f is almost — Bc —continuous.

(b) For each X € X and each regular open set V of Y
containing f (X), there exists U e BC—O(X, X)
such that f (U ) V.

(C) f (V) is Bc—open in X for every regular open
set Vof Y.

Definition 3.10. A function f :(X, T)—)(Y, 0') is
said to be pre—Bc—open if image of each
Bc—open set of X isa Bc—open setof Y.
Denition 3.11. A function f :(X, 7)—(Y, o) is said
to be Bc—irresolute if preimage of a Bc—open
subset of Y isa BCc—open subset of X.

Theorem  3.12. Suppose that a function
f:(X,z)—>(Y,0) is pre—Bc—open and
contra — Bc —continuous. Then f is

almost — Bc — continuous.

Proof. Let Xe€ X and V be an open set containing

f (). Since f is contra—Bc—continuous, then by
Theorem 3.5, there exists UeBc—O(X, X) such
that f(U)cCI(V). Again, since f s
pre—Bc—open, f(U)is Bc—openin Y. Therefore,
f(U)=Bc—Int[ f(U)]

and hence

f(U)cBe-Int[CI(f(U))]<Bec-mnt[CI(V)].
So f is almost —Bc —continuous.
Theorem 3.13. Let {(X/w z,): A EA} be any family

of topological spaces. If a function f: X ——TJ]X,

AeA

is contra — Bc —continuous, then

o L
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m,0f : X—— X, is contra—Bc—continuous, for

each A€ A, where 7, is the projection of JX,
AeA

onto X,.
Proof. For a fixed A € A, let V, be any open subset of

. . . -1 . .
X,. Since 7, is continuous, 7, (VA) is open in

[T

AeA

f- [n;l(vk)]:(nkof )*(V,) is Bc—closed in X.

Since f is contra—Bc—continuous,

Therefore, 7,0f is contra—Bc—continuous for
each 1 €A,

Definition 3.14. Let (X, z') be a topological space.
Then the Bc—frontier of a subset A of X, denoted
by Bc-Fr(A), is
Bc—Fr(A)=[Bc—CI(A)]N[Bc—CI(X - A)]
=[Bc—CI(A)]-[Bc—Int(A)].

Theorem 3.15. The set of all points X of X at which
f:(X,7)—>(Y, o) is not contra —Bc —continuous

defined as

is identical with the union of Bc—frontier of the
inverse images of closed sets of Y containing f (X)

Proof. Let f be
contra —Bc —continuous at a point X € X. Then by

Necessity: not

Theorem 3.5, there exists a closed set F of Y
containing f (X) such that f(U)N(Y—F)=¢ for
every U eBc-0(X, x),
UNFHY-F)=g.

xeBc—CI[ f*(Y-F)]=Bc-CI[ X - f*(F)].
xe f7(F),
xeBc-CI[ f*(F)] and so it follows that

which implies that

Therefore,

Again, since we get

X e Bc— Fr[f‘l(F)}.
Sufficiency: Suppose that X € ( Bc— Fr[ f _l( F ):') for

some closed set F of Y containing f(X) and f is

contra—Bc—continuous at X. Then there exists
Ue BC—O(X, X) such that f(U)g F. Therefore
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and hence it follows that

xeU c f"l(F)
xeBe—Int[ f*(F)]< X —(Be—Fr[ f*(F)]).

But this is a contradiction. So f is not
contra — Bc —continuous at X.

Definition 3.16. A function f:(X,7)—(Y, o) is
called almost weakly —Bc —continuous if, for each
Xe X and for each open set V of Y containing

f(X), there exists U e BC—O(X, X) such that
f(U)<CI(V).
Theorem  3.17.
f:(X,z)—>(Y,o) is contra—Bc—continuous.

Suppose that a  function

Then f is almost weakly —Bc— continuous.
Proof. For any open set V of Y, Cl (V) is closed in Y.

Since f is contra—Bc—continuous, f7*[CI(V)]

is Bc—open set in X. We take U = f*[CI(V)],

then f (U ) cCl (V ) Hence f is almost
weakly — B¢ —continuous.
Theorem 3.18. Let f :(X, ’Z') —)(Y, O') and

g :(Y, O') —)(Z, ,u) be any two functions. Then the

following properties hold:
(i) If f is contra—Bc—continuous function and g

is a continuous function, then  gof is

contra — Bc —continuous.
(i) 1 f s

contra — Bc —continuous,

Bc—irresolute and ¢ s

then gof is
contra — Bc — continuous.

Proof. ( i) For x € X, let W be any closed set of Z

containing (gof )(X) Since ¢ is continuous,
V= g’l (W) is closed in Y. Also, since f is
exists

contra — Bc —continuous, there

U eBC—O(X, X) such that f(U)gV. Therefore
(gof)(U)gg[f(U)]gg(V)gW and so it

that (gof)(U)gW. Hence, gof s

implies

contra — Bc — continuous.
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(ii) For x € X, let W be any closed set of Z containing
(gof )(x). Since g is contra—Bc—continuous,
there exists V e BC—O(Y, f (X)) such  that
g (V) cW. Again, since f is Bc—irresolute, there
exists U e BC—O(X, X) such that f (U)gV. This
(gof )(U ) cW. Hence,
contra — Bc —continuous.

Theorem 3.19. Let f :(X, 7)—>(Y, o) be surjective

that gof is

shows

Bc—irresolute and pre—Bc—open function and
g :(Y, G)—)(Z, 77) be

gof :(X,7)—>(Z,n) is contra—Bc—continuous

any function. Then

if and only if g is contra—Bc—continuous.

Proof. The “if” part is easy to prove. To prove “only if"
gof (X, 7)—>(Z,7n) be

contra — Bc —continuous and let Fbe a closed subset

part, let

of Z Then (gof) (F) is a Bc—open subset of X
ie. T7[g7(F)] is Bc—open in X. Since £ is
pre —Bc —open, f[f‘l(g‘l(F))J is a Bc—open
subset of Yand so g~'(F) is Bc—open in Y. Hence,
g is contra — Bc —continuous.

Definition 3.20. A topological space (X , Z') is said to
be Bc—normal if each pair of non—empty disjoint
closed sets can be separated by disjoint BC—o0pen sets.
Definition 3.21. A topological space (X, 2') is said to
be ultranormal if each pair of non—empty disjoint
closed sets can be separated by disjoint clopen sets.
Theorem 3.22. Suppose that f :(X, T) —)(Y, O') isa
contra—Bc—continuous, closed injection and Y is

ultranormal. Then X is Bc—normal.
Proof. Let A and B be disjoint closed subsets of X.

Since f is closed injection, f(A) and f(B) are
disjoint closed subsets of Y. Again, since Y is

ultranormal, f(A) and f(B) are separated by

disjoint clopen sets P and Q (say) respectively.
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and

f(A)gP f(B)gQ
Ac f_l(P) and Bc f_l(Q), where f_l(P) and

Therefore, ie.,

f_l(Q) are disjoint Bc—opensets of X (since f is
contra—Bc—continuous). This shows that X is
Bc—normal.

Definition 3.23. A topological space (X, T) is called
Bc—connected provided that X is not the union of
two disjoint nonempty BC—open sets of X.

Theorem 3.24. Suppose that f :(X, Z') —)(Y, 0') is

contra — Bc — continuous
Bc—connected and Y is any topological space, then

surjection, where X is

Y is not a discrete space.

Proof. If possible, suppose that Y is a discrete space.
Let P be a proper nonempty open and closed subset
of Y. Then f_l(P) is a proper nonempty BC—open
and Bc—closed subset of X, which contradicts to
the fact that X is Bc-—connected. Hence the
theorem follows.

Theorem 3.25. Suppose that f :(X,7)—>(Y, o) is

contra—Bc—continuous  surjection and X s
Bc —connected. Then Y is connected.

Proof. If possible, suppose that Y is not connected.
Then there exist nonempty disjoint open sets P and Q
such that Y = PJQ. So P and Q are clopen sets of Y.

Since f is contra—Bc-continuous function,

fﬁl(P) and ffl(Q) are Bc—open sets of X. Also
=(P)
Bc—open sets of X and X:ffl(P)Uf’l(Q),

which the that X is
Bc —connected. Hence Y is connected.

and f_l(Q) are nonempty disjoint

contradicts to fact

Theorem 3.26. A topological space (X, T) is

Bc—connected  if and every

contra—Bc —continuous function from X into any

only if

T,—space (Y, o) is constant.
Proof. Let X be Bc—connected. Now, since Y is a
Q={f’l(y):er} is

T, —space, disjoint
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Bc—open partition of X. If |Q|22 (where |Q|

denotes the cardinality of Q ), then X is the union of
two nonempty disjoint BC—open sets. Since X is

Bc—connected, we get |Q|=l. Hence, f is

constant.
Conversely, suppose that X is not Bc—connected
and every contra—Bc —continuous function from X

into any T,—space Y is constant. Since X is not
Bc—connected, there exists a non-empty proper
Bc—open as well as Bc—closed set V (say) in X.

We consider the space Y ={0,1} with the discrete
topology o. The function f:(X,7)—(Y,0)
defined by f(V)={0} and f(X-V)={1} is
obviously contra—Bc—continuous and which is

non —constant. This leads to a contradiction. Hence
X is Bc—connected.

Definition 3.27. A topological space (X, Z') is said to

be BC—T, if for each pair of distinct points X, Y in
X there Ue BC—O(X, X)

V e BC—O(X, y) such that U NV = 4.
Theorem 3.28. Let (X, T) and (Y, 0') be two

exist and

topological spaces and suppose that for each pair of

distinct points Xand Y in X there exists a function
f Z(X, T)—)(Y, O') such that f(X)i f(y) where
Y is an Urysohn space and f s
contra — B¢ —continuous function at X and Y. Then
X is Bc—T,.

Proof. Let X,y € X and X# Y. Then by assumption,

there exists a function f : (X, T) - (Y, G),

such that f(X)# f(y) where Y is Urysohn and f
is contra —Bc —continuous at X and Y. Now, since
Y is Urysohn, there exist open sets U and V of Y
containing f(X) and f(y) respectively, such that
Cl (U )ﬂ Cl (V) =¢. Also, f

contra—Bc—continuous at X and Yy there exist

being
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Bc—open sets P and Q containing X and Y
respectively f(P)=Cl(U)
f(Q)=Cl(V). Then f(P)Nf(Q)=¢ and so
PNQ = ¢. Therefore X is Bc—T,.

329. 1f f :(X, z') —)(Y, 0) is

contra—Bc —continuous injection where Y is an

such that and

Corollary

Urysohn space, then X is Bc—T,.

Corollary 3.30. If f is contra—Bc—continuous
injection of a topological space (X, 2') into an ultra
Hausdorff space (Y, G), then X is Bc—T,.

Proof. Let X,y € X where X # Y. Then, since f isan
injection and Y is ultra Hausdorff, f (x)= f(y) and

there exist disjoint closed sets U and V containing

f(x) and f(y) respectively. Again, since f is
f*(U)eBc-0O(X, x)
f*(V)eBc-0O(X,y)
fH(U)Nf*(V)=¢ This shows that X is
Bc-T,.

contra — Bc —continuous,

and with

IV. ALMOST CONTRA — Bc — CONTINUOUS
FUNCTIONS

Definition 4.1. A function fZ(X, Z')—)(Y, 0) is
called almost contra —Bc —continuous if f ™ (V) is

Bc —closed for every regular open set V of Y.
Theorem 4.2. Let f Z(X, 2') —)(Y, (7) be a function.

Then the following statements are equivalent:

(a) f isalmost contra—Bc—continuous;

(b) f*(F) is Bc—open in X for every regular
closed set F of Y;

(C) for each X € X and each regular open set F of Y

containing f (X), there exists U e BC—O(X, X)
such that f (U ) c F.
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(d) for each X € X and each regular open set V of
Y non-containing f (X), there exists a Bc—closed
set K of X non-containing X such that f (V)< K.
Proof. (@) < (b): Let F be any regular closed set of Y
Then (Y—F) is regular open and therefore
f1(Y-F)=X-f*(F)eBc—C(X). Hence,
f~(F)eBc=0O(X). The converse part is obvious.
(b)=(c): Let F be any regular closed set of Y
containing f (X). Then f™(F)eBc—O(X) and
xe f7(F). Taking U = f 7 (F) we get
f (U ) cF.
(c)=(b): Let F be any regular closed set of Y and
xe f7(F). Then, there exists U, € Bc—O(X, x)
such that f(U,)cF and so U, < f*(F). Also,
P F) =U, s Y

f(F)eBc-O(X).

we have Hence

(C) = (d): Let V be any regular open set of ¥ non-

containing fx). Then (Y—V) is regular closed set of
Y containing £{x). Hence by (c), there exists
U eBc-0O(X, x) f(U)c(Y-V).
Hence, we obtain U ¢ f (Y -V)c X—f (V) and
$0 fﬁl(V)g(X —U). Now, since U € Bc-O(X),

such that

(X-U) is Bc—closed set of X not containing x.
The converse part is obvious.
Theorem 4.3. Let f Z(X, T)—)(Y, G) be almost

contra—Bc—continuous. Then f is almost

weakly — Bc — continuous.
Proof. For Xe X, let H be any open set of Y

containing f (X). Then CI(H)is a regular closed set
of Y containing f (X) Then by Theorem 4.2, there
exists G € BC—O(X, X) such that f (G) cCl (H)

So f isalmost weakly —Bc—continuous.
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Theorem 4.4. Let f :(X, z’) - (Y, 0) be an almost

contra— Bc —continuous injection and Y is weakly
Hausdorff. Then X is Bc—-T,.

Proof. Since Y is weakly Hausdorff, for distinct

points X, Y of Y, there exist regular closed sets U

and V such that f(X)eU, f(y)gU and
f(y)eV, f(X)@EV. Now, f

contra—Bc—continuous, f™(U) and f(V) are

being almost
Bc—open subsets of X such that Xe f! (U),
yef?(U) and yef™(V), xef*(V). This
shows that X is BC—T,.

f:(X,7)>(Y,0) is a
contra — Bc —continuous injection and Y is weakly
Hausdorff, then X is BC—T,.

Corollary 4.5. If

Theorem 4.6. Let f Z(X, 2') —)(Y, O') be an almost

contra—Bc —continuous surjection and X be
Bc—connected. Then Y is connected.

Proof. If possible, suppose that Y is not connected.
Then there exist disjoint non-empty open sets U and
V of Y such that Y =U V. Since U and V are
clopen sets in Y, they are regular open sets of Y.

Again, since f is almost contra—Bc—continuous
surjection, f*(U) and f*(V )are Bc—open sets of
X and X = fﬁl(U )U ffl(V). This shows that X is
not Bc —connected. But this is a contradiction. Hence
Y is connected.

Definition 4.7. A topological space (X, ’L') is said to be
Bc —compact if every Bc—open cover of X hasa
finite subcover.

Definition 4.8. A topological space (X, ’C) is said to be
countably BC —compact if every countable cover of
X by Bc—open sets has a finite subcover.

Definition 4.9. A topological space ( X, ‘C) is said to
be Bc— Lindeloff if every Bc—open cover of X has

a countable subcover.
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Theorem 4.10. Let f :(X, z’) - (Y, 0') be an almost

contra — Bc —continuous surjection. Then the
following statements hold:

(a) If X is Bc—compact, then Y is S —closed.
(b) If X is Bc—Lindeloff, then Y is

S —Lindeloff.

(c) If X is countably Bc—compact, then Y is
countably S —closed.

Proof. (a): Let {Va Z(xel} be any regular closed
cover of Y. Since f is  almost
contra—Bc—continuous, then {f*(V,):oel} is
a Bc—open cover of X. Again, since X is
Bc —compact, there exist a finite subset |, of | such

X =U{f*(V,):ael,}
Y={VOt oe Io}- Therefore, Y is S —closed.

that and hence

The proofs of ( b) and (C) are being similar to
(a):omitted.
Definition 4.11. A topological space (X, T) is said to

be Bc—closed compact if every Bc—closed cover of

X has a finite subcover.

Definition 4.12. A topological space (X, T) is said to

be countably Bc —closed if every countable cover of
X by Bc—closed sets has a finite subcover.

Definition 4.13. A topological space (X, ’c) is said to
be Bc—closed Lindeloff if every Bc—closed cover
of X has a countable subcover.

Theorem 4.14. Let f :(X, r) - (Y, a) be an almost

contra — Bc — continuous surjection. Then the

following statements hold:

(a) If X is Bc—closed compact, then Y is nearly

compact.

(b) If X is Bc—closed Lindeloff, then Y is
nearly Lindeloff .
(c) If X is countably Bc—closed compact, then

Y is nearly countable compact.
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Proof. (a) :Let {Va oe |} be any regular open cover
of Y. Since f is almost contra—Bc—continuous,
then {f’l(Va):(xe I} is a Bc—closed cover of X.
Again, since X is Bc—closed compact, there exists
a finite such  that

X =U{f(V,):ael,)

Y ={V, :a€l,}. Therefore, Y is nearly compact.

subset |, of |
and hence
The proofs of (b) and (C) are being similar to
(a):omitted.

V. CLOSED GRAPHS VIA Bc — OPEN SETS

Definition 5.1. Let f Z(X, 2') —)(Y, G) be a function.
Then the graph G( f):{(x, f (X))Z Xe X} of f is

said to be Bc—closed (resp. contra—Bc —closed ) if
for each (X,y)e(XxY)-G(f), there exist a

U eBc —O(X, X) and an open set (resp. a closed set)
VinY containing Yy such that (UxV)NG(f)=4.

Lemma 52. A graph G(f) of a function
f:(X,7)—>(Y, o) is Bc—closed (resp. contra
Bc—closed) in X xY if and only if for each
(xy)e(XxY)-G(f),
U eBc —O(X, X) and an open set (resp. a closed set)

there exist

V in Y containing y such that f(U)NV =4.
Proof. We shall prove that f(U)NV=¢ <
(UxV)NG(f)=¢. Let (UxV)NG(f)#¢. Then
there exists (X, y)e(UxV) and (X, y)eG(f).
This implies that XeU, yeV and y=f(x)eV.
Therefore, f (U )MV # ¢. Hence the result follows.
Theorem 5.3. Suppose that f:(X,7)—>(Y, o) is

contra Bc—continuous and Y is Urysohn. Then
G( f) is contra Bc—closed in X xY.
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Proof. Let (X,y)e(XxY)—G(f). It follows that
f (X)#y. Since Y is Urysohn, there exist open sets V
and W in Y such that f(x)eV,
CI(V)NCI(W)=¢. Now, since f is

yeW and
contra
Bc —continuous, there exists a U € Bc—O(X, x)
such that f(U)cCl(V) which implies that
f (U)NCI(W)=¢. Hence by Lemma 5.2, G( f) is
contra Bc—closed in X xY.

Theorem 5.4. Let f :(X, 7)—(Y, o) be a function
and g:X — XxY be the graph function of f,
defined by g(x)=(X, f(X)) for every xe X. If g
then f is contra

is contra Bc—continuous,

Bc —continuous.

Proof. Let G be an open set in Y, then X xG is an
X xY.
Bc —continuous, it
fﬁl(G):gfl(X XG) is a Bc—closed set of X.
Therefore, f is contra Bc—continuous.

Theorem 5.5. Let f Z(X, T)—)(Y, J) have a contra

open set in Since g is contra

implies that

Bc—closed graph. If f is injective, then X is
Bc-T,.

Proof. Let X, and X, be any two distinct points of X.
Then, we have ()(1, f (Xz)) e(X xY)—G( f ) Then,
there exists a Bc—open set U in X containing X;
and F EC(Y, f (Xz)) such that f (U)ﬂ F=¢.
Hence U fﬁl(F) = ¢. Therefore, we have X, ¢U.
This implies that X is Bc—T,.

Definition 5.6. The graph G( f ) of a function
f Z(X, Z')—)(Y, 0) is said to be strongly contra
Bc—closed if for each (X, y)e(X XY)—G(f),
there exist U € BC—O(X, X) and regular closed set

V in Y containing Y such that (U xV ) ﬂG( f ) = ¢.
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Lemma 57. The graph G(f) of a function
f :(X, r)—)(Y, a) is strongly contra Bc—closed
in XxY if and
(xy)e(XxY)-G(f),
Ue BC—O(X, X) and regular closed set V in Y

only if for each

there exist
containing Yy such that f(U)NV =4¢.
Theorem 5.8. Let f :(X, T)—)(Y, O') be an almost

weakly — Bc —continuous and Y is Urysohn. Then
G( f )is strongly contra Bc—closed in X xY.

Proof. Let (X, y)e(X xY)—G(f). Then y # f(X)

and since Y is Urysohn, there exist open sets G, H

in Y such that f (X) €eG, yeH and
Cl (G) NCl ( H ) =¢. Now, since f is almost
weakly — Bc — continuous, there exists

U eBC—O(X, X) such that f(U)gCl(G). This
f(U)NCI(H)=
f(U)NCI[Int(H)]|=¢, where CI[Int(H)] is

regular closed in Y. Hence by above Lemma 5.7,

implies that

G( f) is strongly contra Bc—closed in X xY.
Theorem 5.9. Let f :(X,7)—(Y, o) be an almost
Bc —continuousand Y is T,. Then G( f )is strongly
contra Bc—closed in X xY.

Proof. Let (X, y) G(X xY)—G( f ) Then y = f (X)
and since Y is T,, there exist open sets G and H
containing y and f(X), respectively, such that
GNH=¢;
CI(G)NInt |:C|(H):| =¢. Again, since f is almost

which is equivalent to
Bc—continuous and Int[CI(H)]is regular open,
by proposition 3.9, there exists W € BC—O(X, X)
such that f(W)g Int I:C|(H )] This implies that
f(W)NCI(G)=¢ and by Lemma 5.7, G(f) is

strongly contra Bc—closed in X xY.
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Definition 5.10. A filter base I on a topological space
(X, 'c) is said to be Bc—convergentto a point X in

X if for any U € BC—O(X, r) containing X, there

exists an F € Jsuch that F cU.
5.11. every
178 (X, z’) —)(Y, O'), where (Y, O') is compact with

Theorem Prove that function

Bc —closed graph is B¢ —continuous.
Proof. Let i be not Bc—continuous at X € X. Then

there exists an open set S in Y containing i (X)
such that l//(T)¢ S for every T € BC—O(X, X). It

verify
p:{T cX:Te BC—O(X, X)} is a filterbase on X
that BCc—converges to X. Now we shall show that
Y, ={w(T)N(Y-S):TeBc-O(X,x)] is a

)

is obvious to that

filterbase on Y. Here for every T e Bc—O(X, Xx),
w(T)zS, ie w(T)N(Y-S)#¢.So ¢ . Let
G, HeY,. Then there are T, T, such that
G=y(T,)N(Y -9) H=y(T,)N(Y-S).
Since ¢ is a filterbase, there exists a T; € ¢ such that
T,cT,NT, and so W=y (T,)N(Y -S)e Y, with
W cGNH. It is clear that GeY, and G H

and

imply H € Y. Hence Y is a filterbase on Y. Since
Y —S is closed in compact space Y, S is itself

compact. So, Y, must adheres at some point
yeY -S.
(% ¥)£G(w).
U eBc—O(X, X) and an open set V in Y containing
w(U)NV =4, ie.

this 1S a

Here ensures that

y=y(X)

Thus Lemma 5.2 gives us a

y such that

[v(U)N(Y-8)]NV =¢.

contradiction.

But

Theorem 5.12. Suppose that an open surjection

l//:(X, z‘)—)(Y, 0) possesses a BCc—closed graph.
Then Y is T,.
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Proof. Let p,, P, €Y with p, # p,. Since y is a

surjection, there exists an X € X such that

v(%)=p; w(X)# P,
(X, P,)2G(v) and so by Lemma 5.2, there exist

and Therefore

U, eBc—O(X, x,) and open set V, in Y containing
p, such that y(U,)NV, =¢. Since y is Bc—open,
\|J(U1) and V| are disjoint open sets containing P,
and p, respectively.So Y is T,.

Corollary 5.13. If a function y :(X, T) —>(Y, G) isa

surjection and possesses a BC—closed graph, then Y
is T,.
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