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ABSTRACT

The conjecture is taken from the research paper "Research problems in Number Theory" published by Nguyen
Cong Hao, Imre K atai and Bui Minh Phong in the year 2014, that elaborated the concept of additive function,
multiplicative function. The conjecture that is proved herein, is deduced for k = 1 from the Wirsing's Theorem
that says any real valued multiplicative function/modulus < 1 has a mean value or its limit exists. In this paper,
we proved the conjecture 5.2 from the same paper in a simplified way using some basic concepts of arithmetic.
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I. INTRODUCTION

Additive functions (mod 1)
Let T =P/Z . We say that F e A; (= set of additive functions mapping into T) is of finite support if

F(p“)z 0holds for every large prime p.
Let Ry, Fp,..., F; € Ay, and
L,(Fyrs Fey)=Fo(n)+ F(n+1)+...+ F 4 (n+k —1)

Conjecture:
IfF, e Ay (v=0,..,k-1)

Ly(Fyrs Fey) >0 (n— ),
then there exist suitable real numbers zy,...,7,_; suchthat z, +...+7,; =0,
andif H;(n)=F;(n)-z; log n, then
L,(Hgoo Hey)=0  (n=12,..)
Proof of the conjecture
L,(Fyyers Fer) = Fo(n)+ Fi(n+1)+..+ F (N +k —1)
F,eA (v=0,.,k-1),
L,(Fors Fy)=0  (n—> ),
ie. L,(For Fea)=Fo(M)+F(n+1)+..+F_(h+k-1)=0 1)
Define that,
Fo(n)=zlog n (mod 1), which is restricted to F,(n)=zlog n for a continuous homomorphism from R,

(=multiplicative group of positive real numbers) to N.
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Then (1) implies,
L,(Fy,s Fey)=Fo(M)+ F(n+)+...+ F,_,(n+k 1)
=7ylog(n)+zlog(n+1)+...+ 7, ;log(n +k —1)

_log(n)° +log(n+1)* +...+log (n+k —1)-1
by Logarithm Laws,

=log[n® (n+2)..(n+ k —1)** |

a1 1\%k-1
_Iog{nfonfl[ul) _,_nrk-l(“uj }
= - .
1 _1\k-1
:Iog{n(fo*'”kl)(l+£j ...(1+—k 1) }
n n
1 _1\°k-1
:Iogn(T°+“'”k—1)+IogK1+lj ..(1+k lj }
n n

Since, function is restricted R,to N ,i.e. for n=12, ,3,..., .

© _a\2n-1
logn=2) 1 (n 1)

i 2n=1{n+1
1 1(n-1\° 1(n-1Y\ 1 n—1)2k
sdogn=2-+=| — | += +..+ +..+©
1 3{n+1) 5\ln+1 2(k-1)-1{n+1
1 3 1 2(k-1)1
11 R R
. n n
slogn=21+= 1 +..4+ 1 +...4
1+= 2k-1)-1 1+= 3)
n n

substituting equation (3) in equation (2), we have
L, (Fy,. Fes)=Fo(n)+ F(n+1)+ ...+ F_,(n+k -1)

1_1 1_1 2(k-1)-1
(to +.t7 voaet |, 1 n +.. 4o
0T Tkt 31,1 2(k-1)-1|,, 1
n n

RN

(74 +”.+Tk_1)2|:1+_+%+1+m+@+“.+w:|+ log(1)=0

Applying n — oo, we get
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L, (Fgpon Fy g ) >0 (n > ),

(7o + +Twﬁ4}+%+%+—ﬁ- kab_1+ +w}+0:0
:>(z'0+ + 7, 1)2 1+—+1+—+ ! +.40|=0
3 2(k -1)-1

Since,

21+—+—+£+... +..+o0|%0

3 57 2(k -1)-

crg+.+ 17 4)=0 ()
Also,

La(Hpwo Hg)=Ho+ Hy +.+ Hy (n=12,.)
Defined as,

H;(n):=F;(n)-z; log n, (by statement)

L,(Hgys Hy y)=Ho+H; +..4+ H, (n=12,.)

L,(Ho,...Hy 1) =[Fo(n)=zolog ()] +...+ [F y(n+k =1) =7, ; log (n+ k —1)]
Logarithmic terms of above equation leads to the following form, from the above explanation,

o log(n)+...+ 7,4 log(n+k —1) = (z, +...+rk_1)2{1+%+%+%+...+2(k_—1)_1+...+oo}

L,(Hgs., Hi 1) =[Fo(n)+...+ F_y(n+k =1)]
_(TO+.”+Tk_l)2|:l+%+%+%+m+m+m+o®:|

From (1) and (4),

Lo(Ho .. Hi 1) = [0]- (0)

L,(Hpw-n H 1) =0

Thus, the conjecture is proved.
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