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ABSTRACT 
 

An application of the generalized Bernoulli equation method to the fractional nonlinear fifth order Kawahara 

equation is presented in this paper. We applied this method to solve the fractional nonlinear Kawahara equation by 

using the generalized Bernoulli equation which has 13 different known solutions as the auxiliary equation. This 

method is a simple, reliable and powerful tool for solving the fifth order nonlinear Kawahara equation as it produces 

an interesting range of solutions.   
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Kawahara equation. 

I. INTRODUCTION 

 

In Soliton theory, the study of exact solutions to these 

nonlinear equations plays a very germane role, as they 

provide much information about the physical models 

they describe. In recent times, it has been found that 

many physical, chemical and biological processes are 

governed by nonlinear partial differential equations of 

non-integer or fractional order [1-4].  

 

Computer algebraic systems such as Mathematica, 

Matlab, Maple, and Scilab have made research into 

methods of obtaining exact solution to NLPDEs an 

interesting area of research in the last decade. These 

methods include the Hirota bilinear method,[5] the 

inverse scattering transform,[6] the Backlund 

transform,[7-8] the Darboux transform,[9] the sine-

cosine method,[10] the tanh-function method,[11-12] the 

exp-function method,[13] the Homogenous balance 

method,[14] (   ⁄ ) expansion method, [15] etc.    

In this paper, we apply the Generalized Bernoulli 

equation method for finding exact solution to the 

fractional nonlinear fifth order Kawahara equation 

defined in the sense of Jumarie’s modified Riemann-

Liouville derivatives. The method utilizes the 

Generalized Bernoulli equation with 13 different 

solutions as an auxiliary equation.  

 

II. METHODS AND MATERIAL 
 

Description of the Generalized Bernoulli 

Equation Method 

The proposed method can be described as follows: 

consider a nonlinear PDE with the independent variables 

      and   of the form 

 (    
      

 
     

      
 
   )                    

           ( ) 

   is a polynomial in   and its partial derivatives 

(integer and fractional) with respect to       and  , in 

which the highest order derivatives and the nonlinear 

terms are also involved.  

 

Step 1: We begin by transforming Eq. (2) into a 

nonlinear ordinary differential equation (ODE) of 

integer order by applying a fractional complex 

transformation proposed by Li and He: [16] 

 (       )    ( )          
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Where   is an arbitrary constant and Eq. (2) reduces to a 

nonlinear integer order ODE of the form  

 (               )           ( ) 

If possible, we integrate term by term one or more times 

with the integration constants set to zero for simplicity. 

Step 2:  We assume that the solution to Eq. (2) can be 

expressed as a polynomial in   

 ( )   ∑   
          

 

   

              ( ) 

Where            are constants to be determined and 

  satisfies the generalized Bernoulli equation of the 

form 

                             ( ) 

Where    and   are arbitrary constants. To determine   , 

we consider the homogenous balance between the 

highest order derivative and the highest order nonlinear 

term(s). 

Step 3: Substitute Eq. (5) with the determined value of 

  into Eq. (4) using Eq. (6), and collect all terms with 

the same order of    for             together. If the 

coefficients of    vanish separately, we have a set of 

algebraic equations in                and   that is 

solved with the aid of Mathematica.  

Step 4: Finally, substituting              and the 

general solutions to Eq. (6) into Eq. (5) yield the exact 

travelling wave solutions of Eq. (2). The 13 different 

solutions of the generalized Bernoulli equation under 

four different classes are presented below with the 

solutions depending on the nature of   : 

For a real and non-zero  , i.e.       and    , the 

solutions to Eq. (6) are: 
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  and   are two non-zero real constants that satisfy    
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  and   are two non-zero real constants that satisfy     

    .   
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 (     )
 

where   is an arbitrary constant. 

For     ,      and an arbitrary constant   , the 

solution to Eq. (5) is: 

    
  

    
 

 

III. RESULTS AND DISCUSSION 

 

Application 

Consider the space and time fractional fifth order 

Kawahara equation given by 

 

   (   )

  
   (   )

   (   )

  
  

    (   )

   

  
    (   )

   
                ( ) 

We apply the fractional complex transformation given 

by  

 (   )    ( )           
  

 (   )
  

   

 (   )
         ( ) 

 

where   is an arbitrary constant. By using Eq. (8), Eq. (7) 

can be reduced into the following integer order ODE: 

                                   ( ) 

Integrating Eq. (10) once with respect to   and setting 

the integration constant to zero yields 

      

 ⁄                             (  ) 

By considering the homogenous balance between the 

highest order derivative       and the highest order 

nonlinear term   , we deduce that    .  
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Then the solution to Eq. (10) can be written as 

 ( )      
     

     
     

                                 (  )  

where                    are arbitrary constants to 

be determined by algebraic calculations. Substituting Eq. 

(11) and its derivatives into Eq. (10) and collecting all 

terms with the same power of   together yields a system 

of algebraic equation presented below 

          
         

                              

                        
            

                

                                      

                      

        

                                     
 

                       

                          

   

                                    

                       

                  

                             
        

                   

                                  

                    
    

 

 

Case 1                                        
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Case 2                                        
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Case 3     
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Case 4                                                
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Substituting the different sets of solution to the algebraic 

equation and the general solutions to Eq. (6) into Eq. 

(11), we obtain 13 different travelling wave solutions of 

the space and time fractional nonlinear Kawahara 

equation for each of the sets of solutions. From case 1, 

we obtain the following exact solutions: 
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For a real  , the solutions to Eq. (7) are 
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where      (   )⁄           (   )⁄  

 

Remark 1 The exact travelling wave solutions of the 

fractional nonlinear Kawahara equation obtained using 

the generalized Bernoulli equation method for the first 

set of solution (Case 1) are presented in       . The 

corresponding exact solutions to the fractional nonlinear 

Kawahara equation for Cases 2-4 can be constructed in a 

similar way as Case 1. The travelling wave solutions to 

the fractional nonlinear Kawahara equation obtained 

were checked by putting them back into Eq. (7) with the 

aid of Mathematica. 

 

IV. CONCLUSION 

 
With the aid of fractional complex transformation which 

converts nonlinear fractional partial differential 

equations into ordinary differential equations of integer 

order, the fractional nonlinear Kawahara equation was 

converted into an integer order equivalent. The 

generalized Bernoulli equation method was then applied 

to solve the ensuing Kawahara equation. The 

generalized Bernoulli method is a reliable and efficient 

method for solving the nonlinear fractional Kawahara 

equation as it has the ability of producing about 60 

different solutions.  
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