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ABSTRACT

The duffing equation is X + 8% + (vx3 £ px) = ycos (wt) is a non -linear second order differential equation. In
this paper my aim is to solve for boundedness and time period of the duffing equation (undamped (6 = 0) and
unforced / undriven (y = 0)) by Jacobi elliptic functions cn and nc, nd, cd and dc and sn. Also I expressed the
identities, the properties and graphs using MATLAB program of three Jacobi elliptic functions. I observed the
three special cases solve for boundedness and time period. They are Case A : solve Cubic v # 0
(special case (p = v = 1)), Case B : Solve Initial Value Problem for Cubic duffing equation with Special Cases
for boundedness and time period which cannot be solved by cosine function. So, it can be solved in the form of
x(t) = Xo@(wot, my) in terms of Jacobi elliptic functions cn and nc, dc and cd, nd having positive frequency wq
and modulus my in the interval [0, 1]. Case C : Solve Initial Value Problem for Linear (v = 0). Also for practical
and research purposes I introduced the graphs of velocity and acceleration of duffing equation (undamped (§ =
0) and unforced / undriven (y = 0)) using MATLAB.

Keywords : Duffing Equation, Undamped And Unforced, Oscillators, Jacobi Elliptic Functions, Time Period,

Boundedness

I. INTRODUCTION
Note that the motion of a damped (8§ # 0) and
The concept of Duffing equation was named after unforced / undriven (y = 0) oscillator has more
Georg Duffing (1861 — 1944) which is a non -linear complex potential than Simple harmonic motion.

second order differential equation in the case of

damped (6 # 0) and driven (y # 0) equation. A. Parameters
The duffing equation is of the form The parameters of equation (1.1) are
% + 8% + (vx3 4 px) = y cos(wt) (1.1)

e & depends on the amount of damping

where x(t) = displacement at time t e p depends on the linear case
. d .

X=9 (x(t)) = velocity e v depends on the non-linear case

and % = (;1_:2 (x(t)) = acceleration. e visthe amplitude of the periodic driving force

e w is the angular frequency of the periodic driving

force
The numbers §, p, v, y, w are parameters.
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B. Equilibrium Points

The force provided for the non-linear case is
vx3 + px (1.2)

Case-1I

If p > 0and v > 0 then (1.2) is called a hardening
spring and the equilibrium pointisatx = 0

Case - II

If p>0and v<O0 then (1.2) is called a softening

spring and the equilibrium points are at x = + \/g

Case - III
If p < 0and v > 0 then (1.2) is also called a softening

spring and the equilibrium points are at x = + ’— -

v

C. Methods of Solution

Many approximate solutions for the duffing equation

are

e By Fourier series method.

e By Frobenius method which yields a complex
solution.

e By Euler’s method and Runge-Kutta methods in
numerical analysis.

e By Homotopy analysis method which yields
approximate solutions of the duffing equation.

e By Jacobi Elliptic functions to obtain the exact
solutions of the undamped (§ = 0) and undriven

(y = 0) duffing equation.

I. UNDAMPED (8 = 0) AND UNFORCED (y = 0)
DUFFING EQUATION BY JACOBI ELLIPTIC
FUNCTIONS

The duffing equation is
¥+ 6% + (vx3 + px) = ycos (wt) (2.1)
In this paper, my aim is to solve for boundedness and

its time period of the duffing equation (undamped
(6 = 0) and unforced / undriven (y = 0)) by Jacobi
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elliptic functions cn and nc, dn and nd, cd and dc, sn.
(see [2, 5-8, 11])

Also I expressed the identities, the properties and
graphs using MATLAB program of Jacobi elliptic
functions. (see [1])

By taking the plus sign in (2.1) becomes

¥+vx3+px=0 (2.2)
In this paper there are three special cases to solve for

boundedness and time period. These are

(i) For cubic case (v # 0) (special case (v = 1 = p))
without initial conditions
(ii) For cubic case (v # 0) with initial conditions

(iii) For linear case (v = 0) with initial conditions
A. Properties of Jacobi Elliptic Functions

(1) Jacobi functions are sn(t, m) =

sin@, cn(t, m)cosO,dn(t, m) = V1 —m?2sin26
where m € (0, 1) is called elliptic modulus,

0 d¢
t= |,

1-m2sin? ¢

elliptic

is the time period and 6 =

am(t, m) is called Jacobi amplitude.
(i)  Jacobi elliptic functions are derivable
(iii) Graphsusing MATLAB (see [1])

Program :

>>m = 0.5;
>>t=-5:0.1:5;

>> [s, ¢, d] = ellipj(t, m);

>> plot(t, s, ™, t, ¢, "M, t,

d,"")

>> axis([-55-1.1 1.1])
>>legend('sn’, 'cn’, 'dn’)

>> xlabel("Time (t)")

>> ylabel('Elliptic Modulus (m)')
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>> title('Graph of Jacobi
Elliptic Functions')

Graph :
Figure 1 - O
File Edit View |Insert Tools Desktop Window Help ]
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(iv)sn and cn are periodic functions period of sn

4KG) = 4K(m), m = % period of cn = 4KG)

4K(m), m = i

where K = K(m) = K( ) ~ 1.5962422

1
4
B. Identities of Jacobi Elliptic Functions

o sn?(t,m)+cn?(t,m)=1

e dn?(t,m) =1—m?sn?(t,m)

. lir% sn(t,m) = sint = sn(t,0)
m-

e lim cn(t,m) = cost = cn(t,0)
m—0

. lir% dn(t,m) =1 = dn(t,0)
m-

. lirq sn(t,m) = tanht = sn(t,1)
m-

. lim1 cn(t,m) = cosht = cn(t, 1)
m-

. lim1 dn(t,m) = secht = dn(t, 1)
m-

. %sn(t, m) = cn(t,m)dn(t,m)

o %Cn(t, m) = —sn(t,m)dn(t, m)

. %dn(t, m) = —m?2sn(t,m)cn(t, m)
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III. SOLVE CUBIC FOR BOUNDEDNESS AND TIME
PERIOD

Case A : For Cubic v # 0 (Special case (p = 1 = v))
From (1.1) the undamped (6§ = 0) and unforced (y =
0) duffing equation is

¥+px+vx3=0
> x(E+px+vx3)=0
Ll LTI NS St
= E(x) +§px +va]—0

leyv2 1 2,1 4
= 2(x) +topx 4+ vx

H (3.1)

is called invariant of motion and where H is called the
Hamiltonian Operator. where H is to be determined
by putting the initial conditions x(0) = x, and
%(0) = X, Here since p and v are positive then the
solution of (3.1) is bounded.

If |x] < % and |x| < V2H then the Hamiltonian H

is positive.

Now Substituting p = 1 = v in (2.2) and (3.1),
wehave ¥ +x3+x =0 alnd%(jc')2 +%x2 +%x4 =H
which transforms to Hamiltonian system of first order

differential equations. (see [4], [10])

=y (3.2)
y= —x—x3 (3.3)
and 5 ()2 +5x2 +x* = H (3.4)

Now we have to find out the time period t by solving
(3.4)
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dx

= [ac= |

1
2H —x? — - x*

=>t={ —% ___ is the Time Period.
2H—xz—%x4
From (3.4)
1 1
) 2 4 .4 _
2y +2x +4x H(x,y)
OH ey
oy - X tx y = —X
oH
dy Y=
The Hamiltonian system of equations (see [3]) are
_O0H
=%
. OH
y= d0x

Case B : Solve Initial Value Problem (IVP) for Cubic
with different Special Cases

Solve the initial value problem X(t)+ px(t)+
vx3(t) = 0,x(0) = xg and %(0) = %, which is a
second order non-linear differential equation by using

Jacobi elliptic function.

Solution :

Setting x(t) = cyen(wt + ¢, m) (3.5)

satisfies the equation (2.2).

Now w and m are to be determined in terms of p and
v and c¢y,c, are to be determined from initial
conditions x(0) = x, and x(0) = %,

2,.2
Now (t) + w?(1 — 2m2)x(t) + "= x*(t) 0,
1

x(0) = xy and x(0) = x,

where ¢y, ¢, are constants.

(3.6)

Now, comparing (2.2) and (3.6), we get

5 5 2m?w?
p= w(l-2m*)andv = >
1

= p= w?-2m?w? and vc? = 2m?w?

= w?=p+ vc?

= w=+/p+ vci

and vc? = 2m?w?

(3.7)
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= vei = 2m?(p+ ve?) (v w? = p+ vc?)

vc?

- 2(p + vc?)
vc?
2(p+vep)

Now, substituting the values of (3.7) and (3.8) in (3.5),

2
we get x(t) = cycn ((w/p + 6121/) t+cy, ﬁ%)

(3.9)
= x(0) = c;cn < ’p + c12v> x 0
N civ
2 2(p + c2v)

= m?

>m= (3.8)

= Clcn(CZIm)
—sn ((w/p + clzv) x 0+ cz,m>
and x(0) = ¢; p+c

dn ((w/p + clzv) x 0+ cz,m)

= — /p + cZv ¢y sn(cy, m)dn(c,, m)

=)'c0

Now I have to discuss about the solution by different
cases to the given problem in the form of x(t) =
Xo@(wot, my) in terms of Jacobi elliptic functions nc,
dc and cd, nd having positive frequency w, and

modulus mg on the interval [0, 1].
Casei:x(0)=0

Then - /p + cZv ¢;sn(cy, m)dn(cy,, m) = 0
= Cl = O = xO (310)
t ey =0 3.11)

Now the solution to the initial value problem

i(t) + px(t) + va3(t) = 0,x(0) = xy and x(0) = 0
(3.12)

is
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2
x(t) = xocn <\/p +vxZt, fz(;—’:"xg)),p +vxg #0

(3.13)
Here the required solution is bounded.

Substituting p =1 =v in (3.12), we get the time
period.

Caseii:x(0)=1,x(0)= 0,p=v =2

Now, equation (2.2) becomes
#+2x+2x3=0,x(0)=1and x(0) = 0

which is a initial value problem, whether it is

bounded or not and find its period.

Solution :

= v 7y |2X1
Now, x(t) =1 X cn( 2+2x1%¢t, 2(2+2><12)>
= x(t) =cn (2 t, %) positive root can be taken.
The solution is bounded since v = p = 2 and wy = 2
which is positive.
4 (3)

2

Its period is from Jacobi function cn.

Let 9 = p + vx? = w? (3.14)
du= 258 __m2 3.15
i = )~ (3.15)

Then (3.5) becomes x(t) = xocn(\/g t,Vi) (3.16)
Casea:9<0oru<0
Now, (3.16) becomes (see [2])
x(t) = xonc(Mt, \/m),ﬂ <0
and0<u<1 (3.17)
Caseb:0<u<1l,p=v=-2,x(0)=1,x(0)= 0
from (3.17)

Now, equation (2.2) becomes
¥—2x—2x3=0,x(0)=1and x(0) = 0
which is a initial value problem, whether it is
bounded or not and find its period.

Solution :

Now, 9 = (=2)+ (=2)1%2and u = (2)

2(—24(-2)12)

= —4and= +
4
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wx(t) = nc(\/—_4 t, /1 —%
= nc (2t,§>

Again, x(t) = 1 X

(=2)12
cn <\/(—2) +(-2)12¢, \/%) -

cn (2\/—_1t, % )
~ x(t) = nc <2t,§) = cn (2\/—_1t,%)
The solution is unbounded since v = p = —2 and
wo = 2v/—1 which is negative.
ak (L)

Its period is from Jacobi function nc.
Casec:u=1,p=1,v=-2,x(0)=1,x(0) = 0
from (3.17)

Now, equation (2.2) becomes
¥+x—2x3=0,x(0)=1and x(0) = 0
which is a initial value problem, whether it is

bounded or not and find its period.

Solution :

The solution is unbounded since v=—2,p =1 and
wo = V—1 which is negative.

Its period is 4K (0) from Jacobi function nc.
Cased:9<O0andu>1

Now, (3.16) becomes (see [2])

1
x(t) = xodc (,/—ﬁut, 1 —;),19 <Oandpu>1

(3.18)
Casee:9<0,u>1,p=3,v=-1,x(0)=2,%x(00) =
0 from (3.18)

Now, equation (2.2) becomes
#+3x—x3=0,x(0)=2and x(0) = 0
which is an initial value problem, whether it is

bounded or not and find its period.
Solution :
The solution is unbounded since p = 3,v = —1 and
wo = V2 which is positive.
4K(£)

Its period is 2 X TZ from Jacobi function dc.

Casef:9>0andu<0

20


http://www.ijsrst.com/

Ajaya Kumar Singh Int J Sci Res Sci Technol. January-February-2020 ; 7 (1) : 16-27

Now, (3.16) becomes (see [9])

x(t) = xocd (Mt,ﬂ),ﬁ >0 and p<0
Neer
(3.19)

Case g 9>0,u<0
1,x(0) = 0 from (3.19)
Now, equation (2.2) becomes

¥+2x—x3=0,x(0)=1and x(0) = 0
which is a initial value problem, whether it is

,p=2,v=-1,x(0) =

bounded or not and find its period.
Solution :

The solution is unbounded since p = 2,v = —1 and
Wy = \E which is positive.

()

Its period is from Jacobi function cd.

3

2

Caseh:9<0andu <0
Now, (3.16) becomes (see [9])

x(t) = xond (Jmt,\/%),ﬁ <0 and u<0
W
(3.20)
Case i : 9<0, u<0, p=-2,v=13,x(0) =
1072,%(0) = 0 from (3.20)

Now, equation (2.2) becomes
¥—2x+13x3=0,x(0) =102 and x(0) = 0
which is a initial value problem, whether it is

bounded or not and find its period.
Solution :
The solution is unbounded since p = —2,v = 13 and

wo = 1.4139 which is positive.

Its period is 0.01 X %;?5) from Jacobi function nd.

Case C : Solve Initial Value Problem for Linear v = 0
Equation (2.2) becomes ¥(t) + px(t) = 0 which is a
second order linear differential equation.

Now, solve the initial value problem ¥(t) + px(t) =
0,x(0) = xq,x(0) = x,.

Solution : The auxiliary equation of X¥(t) + px(t) = 0 is
M?+p=0

>M=0%i/p

2 x(t) = e (cicos,[p t + cysinfp t)
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= (clcos\/Z t+ czsin\/ﬁ t) ,

c4, C, are constants.

= x(0) = (cic08,/p X 0 + cysin,/p X 0)

> X =0

Now x(t) = (—clsin pt+ czcos\/ﬁ t)

= %(0) =0

>x9=¢c=0

L x(t) = xocos\/ﬁ t (3.21)

is the required particular solution which is bounded

and its period is to be determined by suitable value of

p.

IV. GRAPHS OF VELOCITY AND ACCELERATION
OF UNDAMPED AND UNDRIVEN DUFFING
EQUATION USING

MATLAB The concept of Duffing equation was named after
Georg Duffing (1861 — 1944) which is a non -linear second
order differential equation in the case of damped (6 # 0) and
driven (y # 0) equation.

The duffing equation is of the form
¥+ 8x + (vx3 £ px) =y cos(wt)
where x(t) = displacement at time t

(1.1)

X= % (x(t)) = velocity

and X = ;—:2 (x(t)) = acceleration.

The numbers &, p, v, y, w are parameters.

Note that the motion of a damped (6 # 0) and unforced /
undriven (y = 0)oscillator has more complex

potential than Simple harmonic motion.

C. Parameters

The parameters of equation (1.1) are
6 depends on the amount of damping
p depends on the linear case
v
14

depends on the non-linear case

is the amplitude of the periodic driving force
w is the angular frequency of the periodic driving
force

B. Equilibrium Points
The force provided for the non-linear case is

vx3 + px (1.2)
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Case - |

If p>0andv > 0 then (1.2) is called a hardening
spring and the equilibrium pointisatx = 0

Case — Il

If p > 0andv < 0 then (1.2) is called a softening spring

and the equilibrium points are at x = i\/%

Case - 111
If p <0 andv > 0 then (1.2) is also called a softening

spring and the equilibrium pointsare at x = + f—%
C. Methods of Solution

Many approximate solutions for the duffing equation are

e By Fourier series method.

e By Frobenius method which yields a complex solution.

e By Euler’s method and Runge-Kutta methods in
numerical analysis.

¢ By Homotopy analysis method which yields approximate
solutions of the duffing equation.

e By Jacobi Elliptic functions to obtain the exact solutions
of the undamped (§ = 0) and undriven (y = 0) duffing
equation.

V. UNDAMPED (6 = 0) AND UNFORCED (y = 0)
DUFFING EQUATION BY JACOBI ELLIPTIC
FUNCTIONS

The duffing equation is

¥+ 86x + (vx® £ px) = ycos (wt) (2.1)
In this paper, my aim is to solve for boundedness and its time
period of the duffing equation (undamped (6§ = 0) and
unforced / undriven (y = 0)) by Jacobi elliptic functions cn
and nc, dn and nd, cd and dc, sh. (see [2, 5-8, 11])

Also | expressed the identities, the properties and graphs

using MATLAB program of Jacobi elliptic functions. (see [1])

By taking the plus sign in (2.1) becomes
F4+vxd+px=0 (2.2)
In this paper there are three special cases to solve for
boundedness and time period. These are
(i) For cubic case (v # 0) (special case (v = 1 = p))
without initial conditions
(if) For cubic case (v # 0) with initial conditions
(ii) For linear case (v = 0) with initial conditions

A. Properties of Jacobi Elliptic Functions
() Jacobi  elliptic  functions are sn(t, m) =

sin@, cn(t, m)cosf, dn(t, m) = V1 —m?2sin2 0
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where m € (0, 1) is called elliptic modulus,

= (¢ : -
t= [y F=asmy s the time period

and 8 = am(t, m) is called Jacobi amplitude.
(i) Jacobi elliptic functions are derivable
(iii) Graphs using MATLAB (see [1])

Program :

> m = 0.5;

> t = -5 : 0.1 : 5;

>> [s, ¢, d] = ellipj(t, m);

>> plot(t, s, '*', t, ¢, '', t,
d, '.")

>> axis([-5 5 -1.1 1.11)

>> legend('sn', 'cn', 'dn')
>> xlabel ('Time (t)')

>> ylabel ('Elliptic Modulus
>> title('Graph of Jacobi

Elliptic Functions')

(m) ")

Graph :
Figure 1 = B
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(iv) sn and cn are periodic functions
period of sn = 4K( ) =4K(m), m =

1
4

(I

period of cn = 4KG) =4K(m), m= ”
1

where K = K(m) = K(2) ~ 15062422

4

B. ldentities of Jacobi Elliptic Functions

. sn?(t,m) + cn?(t,m) = 1

. dn?(t,m) = 1 — m? sn?(t,m)

. lin}) sn(t,m) = sint = sn(t,0)
m-
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. T}ll_r% cn(t,m) = cost = cn(t,0)

. TLILI(]) dn(t,m) =1= dn(t,0)

o rlll_r}} sn(t,m) = tanht = sn(t, 1)

o rlé_n}l cn(t,m) = cosht = cn(t,1)

o Tginl dn(t,m) = secht = dn(t, 1)

o %sn(t, m) = cn(t,m)dn(t, m)

) %cn(t, m) = —sn(t,m)dn(t,m)

o %dn(t, m) = —m?sn(t, m)cn(t, m)

VI. SOLVE CUBIC FOR BOUNDEDNESS AND
TIME PERIOD

Case A : For Cubic v # 0 (Special case (p = 1 = v))
From (1.1) the undamped (6 = 0) and unforced (y =0)
duffing equation is
F+px+vx3=0

=>x(E+px+vx3) =0

dfi, ., 1 1

= E(x) +pr +va =0
= %(9&)2 + %px2 + %vx4 =H (3.1)
is called invariant of motion and where H is called the
Hamiltonian Operator. where H is to be determined by putting
the initial conditions x(0) = x, and x(0) = X, Here since p
and v are positive then the solution of (3.1) is bounded.

If |x| s\/% and |x|] < v2H then the Hamiltonian H is

positive.

Now Substituting p = 1 = v in (2.2) and (3.1),

we have ¥ + x3 + x = 0 and %(9‘6)2 +%x2 +ix4 =H
which transforms to Hamiltonian system of first order
differential equations. (see [4], [10])

xX=y (3.2)
y=—x—x3 (3.3)
and%(a’c)2 +§x2 +%x4 =H (34)

Now we have to find out the time period t by solving (3.4)

1
(%)? = 2H — x? — EX4

dx\? 1
(&) -
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=t = [—2%  isthe Time Period.
2H—x2—%x4
From (3.4)
1 2 2 1 4
5y +§x +Zx = H(x,y)
oH , )
Fie X+ x“=—-y=-X
oH
dy y=x
The Hamiltonian system of equations (see [3]) are
. _OH
X = 3y
. OH
y= dx

Case B : Solve Initial Value Problem (1VP) for Cubic
with different Special Cases

Solve the initial value problem #(t) + px(t) + va3(t) = 0,
x(0) = x, and x(0) = %, which is a second order non-
linear differential equation by using Jacobi elliptic function.
Solution :

Setting x(t) = ¢cyen(wt + ¢,,m)
satisfies the equation (2.2).
Now w and m are to be determined in terms of p and v and
¢, C, are to be determined from initial conditions x(0) =
xo and x(0) = X,

3.5)

Now (8) + w?(1 - 2m?)x(®) + X5 23(0) 0,
x(0) = x, and x(0) = %, (3.6)
where ¢4, C, are constants.
Now, comparing (2.2) and (3.6), we get
X 2m?w?
p= w1 —-2m?) and v = =
1
= p= w?-2m?w? and vc? = 2m?w?
= w?=p+ vc?
S w=.p+ vc? 3.7)
and vc? = 2m2w?
= vel = 2mP(p+ ved) (v w?= p+ vcd)
. vc?
zm= 2(p + vc?)
=>m= vey (3.8)

2(p+ve)
Now, substituting the values of (3.7) and (3.8) in (3.5), we get

x(t) = cyen ((\/p + clzv) t+cy, z(pcf:h)) (3.9

= x(0) = ’p + c? X0+ 7612
X cicn c{v Cy,
! 1 2 2(/7 + (,‘12 V)
= ¢,cen(c,, m)
= Xo
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—sn((w/p + clzv) x 0+ Cz,m)
dn ((w/p + clzv) X0+ cz,m)

= - fp + c2v ¢y sn(c,, m)dn(c,, m)

= %,
Now | have to discuss about the solution by different cases to
the given problem in the form of x(t) = xo@(wet, M) in
terms of Jacobi elliptic functions nc, dc and cd, nd having
positive frequency w, and modulus m, on the interval [0, 1].
Casei:x(0)=0
Then -/p + cZv ¢;sn(c,, m)dn(c,,m) =0
= ¢ =0=x (3.10)
v =0 (3.11)
Now the solution to the initial value problem

#(t) + px(t) +vx3(t) =0, x(0) = x, and x(0) = 0

(3.12)

and x(0) = ¢,

Jp+ctv

is

2
x(t) = xocn (Jp + vx? t, ’Z(pv-:(/)xg)>' p+vxt#0

(3.13)

Here the required solution is bounded.
Substituting p = 1 = v in (3.12), we get the time period.
Caseii: x(0)=1,x(0)=0, p=v=2
Now, equation (2.2) becomes

X+2x+2x3=0, x(0) =1 and x(0) = 0
which is a initial value problem, whether it is bounded or not
and find its period.

Solution :

_ 5 2x12
Now, x(t) =1 X Cn( 2+2x1 t’\’2(2+2x12))

=>x(t)=cn (Zt, %) positive root can be taken.

The solution is bounded since v = p = 2 and w, = 2 which
is positive.
4(3)

Its period is - from Jacobi function cn.

Let 9 = p +vxé = w? (3.14)
— vag o
and u = prvad) = (3.15)

Then (3.5) becomes x(t) = xocn(Vo t, Vi) (3.16)
Case a: 9<0oru<o
Now, (3.16) becomes (see [2])

x(t) = xonc(ma J1 —,u), 9<0

and0<u<1 (3.17)
Caseb:0<u<1, p=v=-2x(0)=1, x(0)=0
from (3.17)

Now, equation (2.2) becomes

¥—2x—2x3=0, x(0) =1 and x(0) = 0
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which is a initial value problem, whether it is bounded or not
and find its period.
Solution :

Now, 9 = (=2)+ (-=2)1% and u =

=—4 and =2
4

= x(t) =nc(V—14t, /1 —%
V3
= nc <2t,7)

Again, x(t) = 1 X ¢n (w/(—Z) T (D1,

(-2)12 _ —, 1
w’z((—2)+(—2)12)) =m (2 1t, 2)

~ x(t) = nc (Zt,g) =cn (2\/—_1t, i)

(-2)12
2(-2+(-2)12)

The solution is unbounded since v = p = —2 and
wy = 2v—1 which is negative.

(D) -
Its period is — from Jacobi function nc.

Casec: u=1,p=1v=-2,x(0)=1, x(0)=0
from (3.17)

Now, equation (2.2) becomes

¥+x—2x3=0, x(0)=1 and %(0) = 0
which is a initial value problem, whether it is bounded or not
and find its period.

Solution :

The solution is unbounded since v= -2, p=1 and w, =
v/=1 which is negative.

Its period is 4K (0) from Jacobi function nc.

Cased: 9<O0andu>1

Now, (3.16) becomes (see [2])

x(t)=x0dc< —dut, ’1—i), 9<O0andu>1

(3.18)
Casee: 9<0,u>1, p=3, v=-1, x(0) =2, x(0) =
0 from (3.18)

Now, equation (2.2) becomes

i+3x—x3=0, x(0) =2 and x(0) = 0
which is an initial value problem, whether it is bounded or not
and find its period.

Solution :
The solution is unbounded since p =3, v = —1 and w, =
v/2 which is positive.
(D) D
Its period is 2 % 5 from Jacobi function dc.
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Case f: 9>0andu<0
Now, (3.16) becomes (see [9])

x(t) = xocd (,/19(1 — ot %) 9>0 and
(3.19)

Caseg: 9>0, u<0,p=2v=-1, x(0) =1, x(0) =
0 from (3.19)
Now, equation (2.2) becomes

i+2x—x3=0, x(0) =1 and x(0) = 0
which is a initial value problem, whether it is bounded or not
and find its period.

u<o

Solution :
The solution is unbounded since p =2, v = —1 and w, =
\Ewhich is positive.
) .
Its period is —=* from Jacobi function cd.

3

2
Caseh: 9<0andu<0
Now, (3.16) becomes (see [9])

x(£) = xond (w/—m 0t Jf—__#) 9<0 and
(3.20)

Case i : 9<0, u<0,p=-2 v=13, x(0) =102
x(0) = 0 from (3.20)
Now, equation (2.2) becomes

¥—2x+13x3 =0, x(0) =107% and x(0) = 0
which is a initial value problem, whether it is bounded or not
and find its period.

u<o

Solution :
The solution is unbounded since p = =2, v = 13 and w, =
1.4139 which is positive.

Its period is 0.01 x % from Jacobi function nd.

Case C : Solve Initial Value Problem for Linear v =0
Equation (2.2) becomes %(t) + px(t) = 0 which is a second
order linear differential equation.
Now, solve the initial value problem X%(t) + px(t) =0,
x(0) = x4, x(0) = x,.
Solution : The auxiliary equation of %(t) + px(t) =0 is
M24+p=0
>M=0+i/p
 x(t) = e (cycos,[p t + cysinyfp't)
= (clcos\/ﬁ t+ czsin\/ﬁ t) ,
¢y, C, are constants.
= x(0) = (clcos\/ﬁ X0+ czsin\/ﬁ X O)
S X =10
Now x(t) = (—clsin pt+ czcos\/,z_) t)
=2x(0)=0
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> xy=¢, =0
~ x(t) = xgcos,/pt (3.21)
is the required particular solution which is bounded and its
period is to be determined by suitable value of p.
IV. GRAPHS OF VELOCITY AND
ACCELERATION OF UNDAMPED AND
UNDRIVEN DUFFING EQUATION USING
MATLAB
Consider the duffing equation
i+ 8% + (vx3 £ px) = y cos(wt)
where x = x(t),t = time period
Here x(t) = displacement, x = velocity, ¥ = acceleration
The graphs of velocity and acceleration for duffing equation
with suitable parameters p = =2, v = 13,y =0, § =
0, w =1.4139 using MATLAB (see [1] ) program are
shown below where X-axis indicates Time (t) in second and
Y-axis indicates Velocity and Acceleration Graph with
respect to Time (t).

(4.1)

Program :

M-file

function xdiff = duffing 2 (t, x)

rho = -2;

nu = 13;

gamma = 0;

delta = 0;

omega = 1.4139;

dxdt = [x(2); -delta*x(2)-rho*(x(1l))-
nu* (x (1) *3) +tgamma*cos (omega*t) ];

xdiff = dxdt;

return

Command Window

>> [t, x] = ode45(Qduffing 2, [0 2],
[0 11);
>> plot(t, x, '"+")
>> title ('DUFFING EQUATION : \rho = -2,

\nu = 13, \gamma = 0, \delta = O,
\omega = 1.4139")
>> xlabel ('Time (t)
>> ylabel ('Velocity and Acceleration

(")

'Acceleration')

in second')

Graph with respect to Time
>> legend('Velocity',
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Graph :
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+ +
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Time (t) in second

Consider the duffing equation

i+ 6x + (vx3 £ px) = y cos(wt) (4.1
where x = x(t),t = time period
Here x(t) = displacement, X = velocity, X =
acceleration

The graphs of velocity and acceleration for duffing
equation with suitable parameters p = —2,v =
13,y = 0,6 = 0,w = 1.4139 using MATLAB (see
[1] ) program are shown below where X-axis indicates
Time (t) in second and Y-axis indicates Velocity and

Acceleration Graph with respect to Time (t).

Program :

M-file

function xdiff = duffing 2(t,x)

rho =-2;

nu = 13;

gamma = 0;

delta = 0;

omega = 1.4139;

dxdt = [x(2); -delta*x(2)-rho*(x(1))-
nu*(x(1)"3)+gamma*cos(omega’t)];
xdiff = dxdt;

return
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Command Window

>> [t, x] = ode45(@duffing 2, [0 2],

[01]);

>> plot(t, x, '+")

>> title('DUFFING EQUATION : \rho = -2,
\nu = 13, \gamma = 0, \delta = 0,

\omega = 1.4139")

>> xlabel('Time (t) in second")

>> ylabel('Velocity and Acceleration
Graph with respect to Time (t)")

>> legend('Velocity', 'Acceleration')
Graph :

File Edit View Insert Tools Desktop Window Help o
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S e g o
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p + + +
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5 D2r n Tttt ]
H t++++
S 04f + + 1
<
+
2 06f + 1
= + +
g 08F T + -
& + +
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Time (t) in second
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