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ABSTRACT 

 

The present communication has mainly been divided into four sections of 

which the first section is introductory, the second section deals with R⁺- 

recurrent 𝐹𝑛
∗  of order one. In this section we have derived results telling as 

to when a ⁺𝑅𝑗𝑘
𝑖  - ⨁ recurrent 𝐹𝑛

∗  of order one will be R⁺ - ⨁ recurrent of 

order one,⁺𝑅𝑗
𝑖 - ⨁ recurrent 𝐹𝑛

∗ of order one will be a ⁺𝑅𝑗𝑘
𝑖  -⨁ recurrent of 

order one. In this section we have also derived the Bianchi’s identity and 

few more identities which hold in a R⁺- recurrent 𝐹𝑛
∗  of order one. The 

third section deals with R⁺- recurrent 𝐹𝑛
∗  of order two. In this section we 

have observed that the recurrence tensor field 𝑏𝑙𝑚(𝑥, 𝑥̇) is non-symmetric, 

few more relations and the Bianchi’s identity have been derived in a R⁺- 

recurrent 𝐹𝑛
∗  of order two. In the fourth and the last section we have derived 

the conditions under which a Landsberg space in a 𝑃𝜆-Finsler space, a 𝑃𝜆- 

Finsler space is semi - P2- like, a 𝑃∗- Finsler space is a 𝑃𝜆- Finsler space, a 

𝑃𝜆 – Finsler space is  P- symmetric, a 𝑃𝜆 - Finsler space is P2 like. 

Keywords: Recurrent Finsler space, Bianchi’s identity, non-symmetric, 

Landsberg space, semi-P2- like, P* - Finsler space,  𝑃𝜆 – Finsler space, P- 

symmetric.  

 

I. INTRODUCTION 

 

A non-symmetric connection in an n- dimensional space 𝐴𝑛 has been introduced by Vranceanu through his 

communication [12], we have extended this concept to the theory of n- dimensional Finsler space with non-

http://www.ijsrst.com/
https://doi.org/10.32628/IJSRST207524


International Journal of Scientific Research in Science and Technology (www.ijsrst.com) | Volume 7 | Issue5 

Ankit Mauryaet al Int J Sci Res Sci & Technol. September-October-2020; 7 (5) : 76-87 

 

 

 

 

 
77 

symmetric connection 𝛤𝑗𝑘
𝑖 (≠ 𝛤𝑘𝑗

𝑖 ) based on a non-symmetric fundamental tensor  𝑔𝑖𝑗(𝑥, 𝑥̇) ≠ (𝑔𝑗𝑖(𝑥, 𝑥̇)). we 

write 

 

              (1.1)  𝛤𝑗𝑘
𝑖   =  𝑀𝑗𝑘

𝑖  +  
1

2
𝑁𝑗𝑘

𝑖  ,  

where 𝑀𝑗𝑘
𝑖  and 

1

2
𝑁𝑗𝑘

𝑖  are respectively the symmetric and skew-symmetric parts of the non-symmetric 

connection 𝛤𝑗𝑘
𝑖  .as given by  Cartan [2], let a vertical stroke ( | ) followed by an index stand for the covariant 

derivative with respect to x, thus the covariant derivative of an arbitrary contravariant vector field 𝑋𝑖(𝑥, 𝑥̇) is 

defined as under: 

              (1.2) 𝑋 
𝑖 +⎸𝑗 = 𝜕𝑗𝑋𝑖  - (𝜕̇𝑚𝑋𝑖)𝛤𝑘𝑗

𝑚𝑥̇𝑘 + 𝑋𝑘𝛤𝑘𝑗
𝑖  

The covariant derivative defined in this manner shall be called ⨁- covariant differentiation of  𝑋𝑖(𝑥, 𝑥̇) with 

respect to 𝑥̇𝑗. Differentiating (1.2) ⨁- covariantly with respect to 𝑥̇𝑘 and commutating the result thus obtained 

with respect to the indices j and k, we shall have the following commutation formula 

              (1.3) 𝑋𝑖 +⎸[𝑗𝑘] = - (𝜕̇𝑚𝑋𝑖)𝑅𝑝𝑗𝑘
𝑚 𝑥̇𝑝 + 𝑋𝑚𝑅𝑚𝑗𝑘

𝑖  + 𝑋𝑖 +⎸𝑚𝑁𝑘𝑗
𝑚 

where    (1.4) ⁺𝑅𝑖𝑗𝑘
ℎ ≝ 𝜕𝑘𝛤𝑖𝑗

ℎ- 𝜕𝑗𝛤𝑖𝑘
ℎ + 𝜕̇𝑚𝛤𝑖𝑘

ℎ𝛤𝑠𝑗
𝑚𝑥̇𝑠- 𝜕̇𝑚𝛤𝑖𝑗

ℎ𝛤𝑠𝑘
𝑚𝑥̇𝑠 + 𝛤𝑖𝑗

𝑝
𝛤𝑝𝑘

ℎ - 𝛤𝑖𝑘
𝑝

𝛤𝑝𝑗
ℎ  .                                                                       

From here onwards the Finsler space equipped with non-symmetric connection will be denoted by 𝐹𝑛
∗ and 

therefore the entities defined by (1.4) shall be called “Curvature tensor” of the Finsler space 𝐹𝑛
∗. The following 

identities, notations and contractions actually exist in an 𝐹𝑛
∗ , which we shall extensively use in the later 

discussion: 

              (1.5)  (a) 𝑥𝑖+⎸𝑘 = 𝑥̇𝑖 −⎸𝑘 = 0,              (b) 𝑅𝑗𝑘
𝑖 = 𝑅ℎ𝑗𝑘

𝑖 𝑥̇ℎ,      (c) 𝑅𝑗
𝑖 = 𝑅ℎ𝑗

𝑖 𝑥̇ℎ, 

                        (d)  𝑅ℎ𝑗𝑘
𝑖  =  - 𝑅ℎ𝑘𝑗

𝑖  ,                   (e) 𝑅𝑖
𝑖 = (n-1) R,              

                        (f)  𝑁𝑗𝑘
𝑖  = - 𝑁𝑘𝑗

𝑖 =𝛤𝑗𝑘
𝑖  - 𝛤𝑘𝑗

𝑖 ,         (g) 𝛤ℎ𝑗𝑘
𝑖 = 𝜕̇ℎ𝛤𝑗𝑘

𝑖    . 

2. 𝑹+- RECURRENT 𝑭𝒏
∗  OF ORDER ONE: 

               We propose the following definition which shall be found useful in the later discussions. 

DEFINITION(2.1): 

                  A Finsler space 𝐹𝑛
∗ equipped with non-symmetric connection shall be called 𝑅+- recurrent of  order 

one if  

              (2.1)  ⁺𝑅𝑖𝑗𝑘  
ℎ   +⎸𝑙 = 𝑝𝑙⁺𝑅𝑖𝑗𝑘

ℎ   , 

where ⁺𝑅𝑖𝑗𝑘
ℎ (𝑥, 𝑥̇) is the curvature tensor in 𝐹𝑛

∗  as has been given by (1.4) and the  𝑝𝑙(𝑥 , 𝑥̇ ) is the non-null 

recurrence vector. 

We now transvect (2.1) successively by 𝑥̇𝑖 and 𝑥̇𝑗 and there after use the set of relations given in (1.5) and get 

              (2.2)  ⁺𝑅𝑗𝑘  
ℎ   +⎸𝑙 = 𝑝𝑙⁺𝑅𝑗𝑘

ℎ  

and        (2.3)  ⁺𝑅𝑘  
ℎ   +⎸𝑙 = 𝑝𝑙⁺𝑅𝑘

ℎ  . 

the observations given in  (2.2) and (2.3) enable us to state that the tensor fields ⁺𝑅𝑗𝑘
ℎ  and ⁺𝑅𝑘

ℎ are also   ⨁ - 

recurrent of order one in a R⁺- recurrent 𝐹𝑛
∗ having the same recurrence vector. under such a circumference 

the Finsler space 𝐹𝑛
∗ is respectively termed as ⁺𝑅𝑗𝑘

ℎ  - ⨁ recurrent and  ⁺𝑅𝑘
ℎ - ⨁ recurrent of one but converse of 

this statement is not always found to be true. We now differentiating (2.2) partially with respect to 𝑥̇ℎ and 

commute the result thus obtained with respect to the identities j and k and thereafter use the commutation 

formula as has been given in (1.3) along with the identities as have been given in (1.5), we get 
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              (2.4) ⁺𝑅ℎ𝑗𝑘  
𝑖      +⎸𝑙  - 𝑝𝑙⁺𝑅ℎ𝑗𝑘

𝑖  = ⁺𝑅𝑗𝑘
𝑖 𝜕̇ℎ𝑝𝑙 +  𝑝𝑙𝑥̇𝑞𝜕̇ℎ ⁺𝑅𝑞𝑗𝑘 

𝑖  -𝑥̇𝑞(𝜕̇ℎ⁺𝑅𝑞𝑗𝑘  
𝑖      ) ⁺ ⎸𝑙  -                      

                                                             -  ⁺𝑅𝑗𝑘
𝑚Γℎ𝑚𝑙

𝑖  + ⁺𝑅𝑚𝑘
𝑖 Γℎ𝑗𝑙

𝑚  + ⁺𝑅𝑗𝑚
𝑖 Γℎ𝑘𝑙

𝑚  + Γℎ𝑞𝑙
𝑚 𝑥̇𝑞𝜕̇𝑚⁺𝑅𝑗𝑘 

𝑖   . 

The left hand side of (2.4) vanishes in a 𝑅+- recurrent 𝐹𝑛
∗of order one and hence we get 

             (2.5)   𝑥̇𝑞(𝜕̇ℎ⁺𝑅𝑞𝑗𝑘  
𝑖      ) ⁺ ⎸𝑙   =  ⁺𝑅𝑗𝑘

𝑖 𝜕̇ℎ𝑝𝑙 +  𝑝𝑙𝑥̇𝑞𝜕̇ℎ ⁺𝑅𝑞𝑗𝑘 
𝑖  - ⁺𝑅𝑗𝑘

𝑚Γℎ𝑚𝑙 
𝑖  

                                                         + ⁺𝑅𝑚𝑘
𝑖 Γℎ𝑗𝑙

𝑚  + ⁺𝑅𝑗𝑚
𝑖 Γℎ𝑘𝑙

𝑚  + Γℎ𝑞𝑙
𝑚 𝑥̇𝑞𝜕̇𝑚⁺𝑅𝑗𝑘 

𝑖  . 

In accordance with (2.5), we can therefore state: 

 

THEOREM (2.1):  

 

         In order that an ⁺𝑹𝒋𝒌
𝒊  - ⨁ recurrent 𝑭𝒏

∗  of order one be 𝑹+- ⨁- recurrent of order one it is necessary and 

sufficient that (2.5) holds. 

We now allow a transvection of (2.4) by 𝑥̇ℎ and then use the identities as have been in (1.5), we get 

              (2.6)  ⁺𝑅𝑗𝑘  
𝑖      +⎸𝑙  - 𝑝𝑙⁺𝑅𝑗𝑘

𝑖  =  ⁺𝑅𝑗𝑘
𝑖 𝑥̇ℎ𝜕̇ℎ𝑝𝑙 + 𝑝𝑙𝑥̇𝑞𝑥̇ℎ𝜕̇ℎ ⁺𝑅𝑞𝑗𝑘 

𝑖  -   

                                                               - 𝑥̇𝑞𝑥̇ℎ(𝜕̇ℎ⁺𝑅𝑞𝑗𝑘  
𝑖      ) ⁺ ⎸𝑙  - ⁺𝑅𝑗𝑘

𝑚(𝜕̇ℎ Γ𝑚𝑙 
𝑖 )𝑥̇ℎ+ ⁺𝑅𝑚𝑘

𝑖 (𝜕̇ℎ Γ𝑗𝑙 
𝑚)𝑥̇ℎ + 

                                                               + ⁺𝑅𝑗𝑚
𝑖 (𝜕̇ℎ Γ𝑘𝑙 

𝑚 )𝑥̇ℎ + (𝜕̇𝑚⁺𝑅𝑗𝑘  
𝑖   )(𝜕̇ℎ Γ𝑞𝑙 

𝑚 )𝑥̇ℎ𝑥̇𝑞    . 

We now take into account the homogeneity property of the connection parameter along with the fact that in a 

⁺𝑅𝑗𝑘
𝑖  - ⨁ recurrent 𝐹𝑛

∗ of order one the left hand side of (2.6) vanishes automatically, we get 

              (2.7)   𝑥̇𝑞𝑥̇ℎ(𝜕̇ℎ⁺𝑅𝑞𝑗𝑘  
𝑖      ) ⁺ ⎸𝑙  =  ⁺𝑅𝑗𝑘

𝑖 𝑥̇ℎ ( 𝜕̇ℎ𝑝𝑙 ) + 𝑝𝑙𝑥̇𝑞𝑥̇ℎ𝜕̇ℎ ⁺𝑅𝑞𝑗𝑘 
𝑖  . 

Therefore, we can state: 

 

THEOREM (2.1):  

 

                In a ⁺𝑹𝒋𝒌
𝒊  - ⨁ recurrent 𝑭𝒏

∗  of order one the identity as has been given by (2.7) always holds under the 

condition that the connection parameter  𝚪𝒋𝒌
𝒊 (𝒙 , 𝒙̇  ) be assumed to be homogeneous of degree zero in its 

directional arguments. 

 

We now consider the case when the Finsler space 𝐹𝑛
∗ under consideration in  ⁺𝑅𝑗

𝑖 - ⨁ recurrent of order one i.e. 

it is supposed to satisfies (2.3). 

 

We differentiate (2.3) partially with respect to 𝑥̇𝑘 and commute the equation thus obtained with respect to the 

indices j and k and thereafter use the commutation formula (1.3) along with the identities as have been given in 

(1.5), we get  

 

              (2.8)   ⁺𝑅𝑘𝑗  
𝑖      +⎸𝑙  - 𝑝𝑙⁺𝑅𝑘𝑗

𝑖  = - 𝑥̇ℎ (𝜕̇ℎ⁺𝑅ℎ𝑗
𝑖    ) ⁺ ⎸𝑙  - ⁺𝑅𝑗

𝑚Γ𝑘𝑚𝑙 
𝑖  + ⁺𝑅𝑚

𝑖 Γ𝑘𝑗𝑙
𝑚  + 

                                                         + Γ𝑘𝑞𝑙
𝑚 𝑥̇𝑞𝜕̇𝑚⁺𝑅𝑗 

𝑖 + ⁺𝑅𝑗
𝑖𝜕̇𝑘𝑝𝑙 + 𝑝𝑙𝑥̇ℎ𝜕̇𝑘 ⁺𝑅ℎ𝑗 

𝑖   . 

In a 𝑅+- recurrent𝐹𝑛
∗ of order one, we know that left hand side of (2.8) will vanish and accordingly, we get 

              (2.9)  𝑥̇ℎ (𝜕̇𝑘⁺𝑅ℎ𝑗
𝑖    ) ⁺ ⎸𝑙  =  ⁺𝑅𝑚

𝑖 Γ𝑘𝑗𝑙
𝑚  - ⁺𝑅𝑗

𝑚⁺𝑅𝑘𝑚𝑙
𝑖 + Γ𝑘𝑞𝑙

𝑚 𝑥̇𝑞𝜕̇𝑚
 ⁺𝑅𝑗 

𝑖 + ⁺𝑅𝑗
𝑖𝜕̇𝑘𝑝𝑙 

                                                      + 𝑝𝑙𝑥̇ℎ𝜕̇𝑘 ⁺𝑅ℎ𝑗 
𝑖 . 

Therefore, we can state: 

http://www.ijsrst.com/
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THEOREM(2.4):  

 

                  The necessary and sufficient condition in order that an  ⁺𝑹𝒋
𝒊 - ⨁ recurrent 𝑭𝒏

∗  of order one be ⁺𝑹𝒋𝒌
𝒊  - 

⨁ recurrent 𝑭𝒏
∗  of order one is given by (2.9). 

Using the commutation formula (1.3) and the set of identities as have been given in (1.5) in the result obtained 

after transvecting (2.8) by 𝑥̇𝑘 , we get 

         (2.10)  ⁺𝑅𝑗
𝑖  +⎸𝑙  - 𝑝𝑙⁺𝑅𝑗

𝑖  = - 𝑥̇𝑘𝑥̇ℎ(𝜕̇𝑘⁺𝑅ℎ𝑗 
𝑖    ) ⁺ ⎸𝑙  - ⁺𝑅𝑗

𝑚(𝜕̇𝑘  Γ𝑚𝑙 
𝑖 )𝑥̇𝑘 +     

                                                + ⁺𝑅𝑚
𝑖 (𝜕̇𝑘 Γ𝑗𝑙 

𝑚)𝑥̇𝑘+ (𝜕̇𝑚⁺𝑅𝑗 
𝑖  )(𝜕̇𝑘⁺𝑅𝑗 

𝑖  )(𝜕̇𝑘𝛤𝑞𝑙 
𝑚  )𝑥̇𝑞𝑥̇𝑘 + 

                                                + ⁺𝑅𝑗
𝑖𝑥̇𝑘  ( 𝜕̇𝑘𝑝𝑙 ) + 𝑝𝑙𝑥̇ℎ𝑥̇𝑘𝜕̇𝑘 ⁺𝑅ℎ𝑗 

𝑖  . 

Using the homogeneity property of the connection parameter Γ𝑗𝑘
𝑖 (𝑥 , 𝑥̇ ) in (2.10), we get 

 

              (2.11)   ⁺𝑅𝑗
𝑖  +⎸𝑙  - 𝑝𝑙⁺𝑅𝑗

𝑖  =  - 𝑥̇𝑘𝑥̇ℎ(𝜕̇𝑘⁺𝑅ℎ𝑗 
𝑖    ) ⁺ ⎸𝑙  + ⁺𝑅𝑗

𝑖𝑥̇𝑘𝜕̇𝑘 𝑝𝑙 + 

                                                      + 𝑝𝑙𝑥̇ℎ𝑥̇𝑘𝜕̇𝑘 ⁺𝑅ℎ𝑗 
𝑖    . 

The left hand side of (2.11) will vanish automatically in a ⁺𝑅𝑗
𝑖 - ⨁ recurrent 𝐹𝑛

∗ of  order one  and accordingly, 

we get 

              (2.12)  𝑥̇𝑘𝑥̇ℎ(𝜕̇𝑘⁺𝑅ℎ𝑗 
𝑖    ) ⁺ ⎸𝑙  =  ⁺𝑅𝑗

𝑖𝑥̇𝑘  (𝜕̇𝑘 𝑝𝑙) + 𝑝𝑙𝑥̇ℎ𝑥̇𝑘𝜕̇𝑘 ⁺𝑅ℎ𝑗 
𝑖    . 

 

THEOREM(2.4):  

 

           In a ⁺𝑹𝒋
𝒊 - ⨁ recurrent 𝑭𝒏

∗  of order one the identity as has been given by (2.12) is always true under the 

consideration that the connection parameter  𝚪𝒋𝒌
𝒊 (𝒙 , 𝒙̇ ) are homogeneous of degree zero in its directional 

arguments. 

We now differentiate (2.3) ⨁ - covariantly with respect to 𝑥̇𝑚 in the sense of (1.3) and then use (1.3) itself, we 

get  

              (2.13)      ⁺𝑅𝑗
𝑖   +⎸𝑙𝑚  =  (𝑝𝑙  ⁺⎸𝑙  +  𝑝𝑙  𝑝𝑚) ⁺𝑅𝑗

𝑖 

We now allow a commutation in (2.13) with respect to the indices l and m and thereafter use the commutation 

formula (1.3) and the set of identities as have been given in (1.5) and get 

              (2.14)  - ⁺𝑅𝑙𝑚
𝑟 𝜕̇𝑟⁺𝑅𝑗 

𝑖  + ⁺𝑅𝑗
𝑟⁺𝑅𝑟𝑙𝑚

𝑖   + 𝑁𝑚𝑙
𝑟 (⁺𝑅𝑗 

𝑖  ⁺⎸𝑟 ) = (𝑝𝑙  ⁺⎸𝑚  - 𝑝𝑚 ⁺⎸𝑙 )⁺𝑅𝑗 
𝑖  . 

Using (2.3) and (2.14) together, we get 

              (2.17) (𝑝𝑙  ⁺⎸𝑚  - 𝑝𝑚 ⁺⎸𝑙 + 𝑝𝑟  𝑁𝑙𝑚
𝑟 )⁺𝑅𝑗 

𝑖  = - ⁺𝑅𝑙𝑚
𝑟 𝜕̇𝑟⁺𝑅𝑗 

𝑖  +⁺𝑅𝑗
𝑟⁺𝑅𝑟𝑙𝑚

𝑖   -⁺𝑅𝑟
𝑖 ⁺𝑅𝑗𝑙𝑚

𝑟   .             

 

THEOREM(2.5): 

 

                  The identity as has been given by (2.15) always holds in an ⁺𝑹𝒋
𝒊 - ⨁ recurrent 𝑭𝒏

∗  of order one. 

The Bianchi identity in a  Finsler space 𝐹𝑛
∗ equipped with semi-symmetric connection is given by  

          (2.16) ⁺𝑅𝑖𝑗𝑘
ℎ    +⎸𝑙  +⁺𝑅𝑖𝑘𝑙

ℎ    +⎸𝑗  + ⁺𝑅𝑖𝑙𝑗
ℎ    +⎸𝑘  +  ⁺𝑅𝑖𝑙𝑗𝑘

ℎ   = 0 , 

where 

          (2.17) ⁺𝑅𝑖𝑙𝑗𝑘
ℎ   = ⁺𝑅𝑗𝑘

𝑚Γ𝑚𝑖𝑙
ℎ  + ⁺𝑅𝑘𝑙

𝑚Γ𝑚𝑖𝑗
ℎ  + ⁺𝑅𝑖𝑗

𝑚Γ𝑚𝑗𝑘
ℎ    . 

In (2.16) we use the process of ⨁ - covariant differentiation and get 
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          (2.18)   ⁺𝑅𝑖𝑗𝑘
ℎ    +⎸𝑙  = ⁺𝑅𝑖𝑗𝑘

ℎ    +⎸𝑙  + ⁺𝑅𝑖𝑞𝑘
ℎ Γ𝑗𝑙

𝑞
 + ⁺𝑅𝑖𝑗𝑞

ℎ Γ𝑘𝑙
𝑞

   . 

In view of (2.1) the identity given by (2.18) can be rewritten in the following form 

          (2.19) ⁺𝑅𝑖𝑗𝑘
ℎ    +⎸𝑙  =  𝑝𝑙⁺𝑅𝑖𝑗𝑘

ℎ     + ⁺𝑅𝑖𝑞𝑘
ℎ Γ𝑗𝑙

𝑞
 + ⁺𝑅𝑖𝑗𝑞

ℎ Γ𝑘𝑙
𝑞

   . 

Allowing a cyclic interchange of the indices j, k, and l in (2.19), we shall get two more equations, adding (2.19) 

and the two equations thus obtained and thereafter using (2.18), we get 

          (2.20) ⁺𝑅𝑖𝑘𝑙
ℎ    +⎸𝑗  =  𝑝𝑗⁺𝑅𝑖𝑘𝑙

ℎ     + ⁺𝑅𝑖𝑞𝑙
ℎ Γ𝑘𝑗

𝑞
 + ⁺𝑅𝑖𝑘𝑞

ℎ Γ𝑙𝑗
𝑞
 

and    (2.21) ⁺𝑅𝑖𝑙𝑗
ℎ    +⎸𝑘  =  𝑝𝑘⁺𝑅𝑖𝑙𝑗

ℎ     + ⁺𝑅𝑖𝑞𝑗
ℎ Γ𝑙𝑘

𝑞
 + ⁺𝑅𝑖𝑙𝑞

ℎ Γ𝑗𝑘
𝑞

   . 

Adding (2.19), (2.20) and (2.21) and use (2.16) thereafter the set of identities as have been given in (1.5), we get  

          (2.22) 𝑝𝑙 ⁺𝑅𝑖𝑗𝑘
ℎ    + 𝑝𝑗⁺𝑅𝑖𝑘𝑙

ℎ     + 𝑝𝑘⁺𝑅𝑖𝑙𝑗
ℎ    +⁺𝑅𝑖𝑞𝑘

ℎ 𝑁𝑗𝑙
𝑞
 +⁺𝑅𝑖𝑞𝑙

ℎ N𝑘𝑗
𝑞

+ ⁺𝑅𝑖𝑞𝑗
ℎ 𝑁𝑙𝑘

𝑞
 + 𝐸𝑖𝑙𝑗𝑘

ℎ  = 0 . 

Transvection of (2.22) by 𝑥̇𝑖 and thereafter use of identities given by (1.5), yields 

          (2.23)  3 𝜆[𝑙 ⁺𝑅𝑖𝑗𝑘]
ℎ     + 3⁺𝑅𝑝[𝑘

ℎ 𝑁𝑗𝑙 ]
𝑝

 +  𝑥̇𝑖𝐸𝑖𝑙𝑗𝑘
ℎ   = 0 

where   (2.24)  𝐸𝑖𝑙𝑗𝑘
ℎ  ≝ 𝑅𝑗𝑘

𝑚Γ𝑚𝑖𝑙
ℎ  + 𝑅𝑘𝑙

𝑚Γ𝑚𝑖𝑗
ℎ  + 𝑅𝑙𝑗

𝑚Γ𝑚𝑖𝑗
ℎ  . 

Therefore, we can state: 

 

THEOREM(2.6): 

 

            The Bianchi’s identity assumes the form (2.23) in a R⁺- recurrent 𝑭𝒏
∗  of order one.  

3. R - ⨁ RECURRENT 𝑭𝒏
∗  OF ORDER TWO. 

DEFINITION(3.1): 

                   A Finsler space 𝐹𝑛
∗  equipped with non-symmetric connection is said to R - ⨁ recurrent of  order 

two if   

              (3.1)   ⁺𝑅𝑖𝑗𝑘
ℎ    +⎸𝑙𝑚  =  𝑏𝑙𝑚⁺𝑅𝑖𝑗𝑘

ℎ      ,      ⁺𝑅𝑖𝑗𝑘
ℎ    ≠ 0 

where  𝑏𝑙𝑚(𝑥 , 𝑥̇) a covariant recurrence tensor field depending both upon positional and directional arguments. 

Allowing a commutation in (3.1) with respect to the indices l and m and thereafter using (1.3), we get  

              (3.2) ( 𝑏𝑙𝑚 -  𝑏𝑙𝑚 ) ⁺𝑅𝑖𝑗𝑘
ℎ     = - (𝜕̇𝑞⁺𝑅𝑖𝑗𝑘 

ℎ    )⁺𝑅𝑙𝑚
𝑞    

 + ⁺𝑅𝑖𝑗𝑘
𝑞    

⁺𝑅𝑞𝑙𝑚
ℎ     - ⁺𝑅𝑞𝑗𝑘

ℎ    ⁺𝑅𝑖𝑙𝑚
𝑞    

 

                                                       - ⁺𝑅𝑖𝑞𝑘
ℎ    ⁺𝑅𝑗𝑙𝑚

𝑞    
  - 𝑅𝑖𝑗𝑞

ℎ    ⁺𝑅𝑘𝑙𝑚
𝑞    

 + 𝑁𝑚𝑙
𝑞    

⁺𝑅𝑖𝑗𝑘
ℎ    +⎸𝑞  . 

As per the provisions of  (3.2), we can therefore state : 

 

THEOREM(3.1): 

 

             The recurrence tensor field is 𝒃𝒍𝒎(𝒙 , 𝒙̇) appearing in (3.1) is non- symmetric in a R⁺ - ⨁ recurrent 𝑭𝒏
∗  

of  order two. 

We now differentiate (3.2), ⨁- covariantly with respect to 𝑥𝑠 and then use (1.3) and (2.1) to get  

              (3.3)  ⁺𝑅𝑖𝑗𝑘
ℎ    ( 𝑏𝑙𝑚 -  𝑏𝑚𝑙 ) ⁺⎸𝑠  =  𝑝𝑠 ⁺𝑅𝑖𝑗𝑘

ℎ     ( 𝑏𝑙𝑚 -  𝑏𝑚𝑙 -  𝐵𝑚𝑙 ) + 𝐵𝑚𝑙⁺ ⎸𝑠 ⁺𝑅𝑖𝑗𝑘
ℎ     

                                                             + {⁺𝑅𝑖𝑗𝑘
𝑡 Γ𝑞𝑡𝑠

ℎ  - ⁺𝑅𝑡𝑗𝑘
ℎ Γ𝑞𝑖𝑠

𝑡  - ⁺𝑅𝑖𝑛𝑘
ℎ Γ𝑞𝑗𝑠

𝑛  - ⁺𝑅𝑖𝑗𝑡
ℎ Γ𝑞𝑘𝑠

𝑡  

                                                              - ⁺𝑅𝑡𝑖𝑗𝑘
ℎ Γ𝑞𝑟𝑠

𝑡  𝑥̇𝑟 } ⁺𝑅𝑙𝑚
𝑞    

, 

where, we have written 

              (3.4)    𝐵𝑚𝑙 ≝  𝑝𝑡  𝑁𝑚𝑙
𝑡     , 

and also have taken into account the fact that the recurrence vector field  𝑝𝑙  is independent of directional 

arguments. 
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We now allow a transvection of (3.3) with 𝑁𝑟𝑡
𝑠  and get 

              (3.5) ⁺𝑅𝑖𝑗𝑘
ℎ    ( 𝑏𝑙𝑚 -  𝑏𝑚𝑙 ) ⁺⎸𝑠 𝑁𝑟𝑡

𝑠  =  𝐵𝑟𝑡 ⁺𝑅𝑖𝑗𝑘
ℎ    ( 𝑏𝑙𝑚 -  𝑏𝑚𝑙 -  𝐵𝑚𝑙 ) +                                                             

                                                   + ⁺𝑅𝑖𝑗𝑘
ℎ    𝑁𝑟𝑡

𝑠  𝐵𝑚𝑙⁺ ⎸𝑠  + {⁺𝑅𝑖𝑗𝑘
𝑡 Γ𝑞𝑡𝑠

ℎ  - ⁺𝑅𝑡𝑗𝑘
ℎ Γ𝑞𝑖𝑠

𝑡   -                  

                                                    - ⁺𝑅𝑖𝑛𝑘
ℎ Γ𝑞𝑗𝑠

𝑛  - ⁺𝑅𝑖𝑗𝑡
ℎ Γ𝑞𝑘𝑠

𝑡  - ⁺𝑅𝑡𝑖𝑗𝑘
ℎ Γ𝑞𝑟𝑠

𝑡 𝑥̇𝑟 } ⁺𝑅𝑙𝑚
𝑞    

𝑁𝑟𝑡
𝑠   . 

In accordance with the provisions as have been laid down in (3.5), we can therefore state: 

 

THEOREM(3.2): 

 

            The relation (3.5) is always holds in a ⁺R - ⨁ recurrent  𝑭𝒏
∗  of  order two. 

We now differentiate (3.3), ⨁ - covariantly with respect to 𝑥𝑡 and thereafter use (1.3) and get 

     (3.6)  ⁺𝑅𝑖𝑗𝑘
ℎ    ( 𝑏𝑙𝑚 -  𝑏𝑚𝑙 ) ⁺⎸𝑠𝑡 = 𝑏𝑠𝑡 ( 𝑏𝑙𝑚 -  𝑏𝑚𝑙 -  𝐵𝑚𝑙 )⁺𝑅𝑖𝑗𝑘

ℎ     

                                                    +  𝑝𝑠 ⁺𝑅𝑖𝑗𝑘
ℎ    ( 𝑏𝑙𝑚 -  𝑏𝑚𝑙 -  𝐵𝑚𝑙 ) ⁺⎸𝑡 + ⁺𝑅𝑖𝑗𝑘

ℎ     𝐵𝑚𝑙⁺ ⎸𝑠𝑡  

                                                    + 𝑝𝑡 {⁺𝑅𝑖𝑗𝑘
ℎ    ( 𝑏𝑙𝑚 -  𝑏𝑚𝑙 ) ⁺⎸𝑠  -  ⁺𝑅𝑖𝑗𝑘

ℎ     𝐵𝑚𝑙⁺ ⎸𝑠 }                                    

                                                    - 2 𝑝𝑠 𝑝𝑡 ⁺𝑅𝑖𝑗𝑘
ℎ    ( 𝑏𝑙𝑚 -  𝑏𝑚𝑙 -  𝐵𝑚𝑙  ) + {⁺𝑅𝑖𝑗𝑘

𝑞
Γ𝑝𝑞𝑠

ℎ ⁺⎸𝑡 -                                                         

                                                    -⁺𝑅𝑞𝑗𝑘
ℎ Γ𝑝𝑖𝑠

𝑞
⁺⎸𝑡 -⁺𝑅𝑖𝑞𝑘

ℎ Γ𝑝𝑗𝑠
𝑞

⁺⎸𝑡 - ⁺𝑅𝑖𝑗𝑞
ℎ Γ𝑝𝑘𝑠

𝑞
⁺⎸𝑡 

                                                    -⁺𝑅𝑞𝑖𝑗𝑘
ℎ Γ𝑝𝑟𝑠

𝑞
⁺⎸𝑡𝑥̇𝑟 + (⁺𝑅𝑖𝑗𝑘

𝑟 Γ𝑞𝑟𝑡
ℎ  -⁺𝑅𝑟𝑗𝑘

ℎ Γ𝑞𝑖𝑡
𝑟  -⁺𝑅𝑖𝑟𝑘

ℎ Γ𝑞𝑗𝑡
𝑟  

                                                    - ⁺𝑅𝑖𝑗𝑟
ℎ Γ𝑞𝑘𝑡

𝑟  - ⁺𝑅𝑟𝑖𝑗𝑘
ℎ Γ𝑞𝑠𝑡

𝑟 𝑥̇𝑠 )Γ𝑝𝑟𝑠
𝑞

𝑥̇𝑟 } ⁺𝑅𝑙𝑚
𝑝

  , 

where, we have taken into account the fact that recurrence vector 𝑝𝑙  is independent of directional arguments 

along with the relations as have been given by (2.1), (3.3), (3.4). 

We now transvect (3.6) successively by 𝑁𝑏𝑠
𝑠  and 𝑁𝑑𝑒

𝑡  and thereafter use (3.6) and get    

 (3.7)  2⁺𝑅𝑖𝑗𝑘
ℎ     𝑏[𝑙𝑚]⁺⎸𝑠𝑡 𝑁𝑏𝑐

𝑠  𝑁𝑑𝑒
𝑡  = (2 𝑏[𝑙𝑚] - 𝐵𝑚𝑙 )( 𝑏𝑠𝑡  𝑁𝑏𝑐

𝑠  𝑁𝑑𝑒
𝑡  - 2 𝐵𝑏𝑐  𝐵𝑑𝑒)⁺𝑅𝑖𝑗𝑘

ℎ     

                                           + ⁺𝑅𝑖𝑗𝑘
ℎ    {(2 𝑏[𝑙𝑚] - 𝐵𝑚𝑙 )⁺⎸𝑡  𝐵𝑏𝑐 +  𝐵𝑑𝑒(2 𝑏[𝑙𝑚] - 𝐵𝑚𝑙 )⁺⎸𝑡  

                                           +  𝐵𝑚𝑙⁺⎸𝑠𝑡 𝑁𝑏𝑐
𝑠  𝑁𝑑𝑒

𝑡  } + {⁺𝑅𝑖𝑗𝑘
𝑞

Γ𝑝𝑞𝑠
ℎ ⁺⎸𝑡 -⁺𝑅𝑞𝑗𝑘

ℎ Γ𝑝𝑖𝑠
𝑞

⁺⎸𝑡 -                  

                                           -  ⁺𝑅𝑖𝑞𝑘
ℎ Γ𝑝𝑗𝑠

𝑞
⁺⎸𝑡 - ⁺𝑅𝑖𝑗𝑞

ℎ Γ𝑝𝑘𝑠
𝑞

⁺⎸𝑡 -⁺𝑅𝑞𝑖𝑗𝑘
ℎ 𝑥̇𝑟 Γ𝑝𝑟𝑠

𝑞
⁺⎸𝑡 +                 

                                           + (⁺𝑅𝑖𝑗𝑘
𝑟 Γ𝑞𝑟𝑡

ℎ  -⁺𝑅𝑟𝑗𝑘
ℎ Γ𝑞𝑖𝑡

𝑟  -⁺𝑅𝑟𝑖𝑘
ℎ Γ𝑞𝑗𝑡

𝑟  - ⁺𝑅𝑖𝑗𝑟
ℎ Γ𝑞𝑘𝑡

𝑟  -           

                                           + ⁺𝑅𝑟𝑖𝑗𝑘
ℎ Γ𝑞𝑠𝑡

𝑟 𝑥̇𝑠 )Γ𝑝𝑟𝑠
𝑞

𝑥̇𝑟 } ⁺𝑅𝑙𝑚
𝑝

𝑁𝑏𝑐
𝑠  𝑁𝑑𝑒

𝑡  . 

In accordance with the provisions of (3.7), we can therefore state: 

 

THEOREM(3.3): 

 

               The recurrence tensor field  𝒃𝒍𝒎(𝒙 , 𝒙̇) satisfies (3.7) in a ⁺R - ⨁ recurrent 𝑭𝒏
∗  of order two. 

For the curvature tensor ⁺𝑅𝑖𝑗𝑘
ℎ  The Bianchi identity in a recurrent 𝐹𝑛

∗  of order one has been given by (2.23). we 

differentiate (2.23), ⨁- covariantly with respect to  𝑥𝑚 and then using (2.1), (3.1) and (2.23) to get 

              (3.8)  ( 𝑏𝑙𝑚 -  𝑝𝑙𝑝𝑚 )⁺𝑅𝑗𝑘
ℎ    + ( 𝑏𝑗𝑚 -  𝑝𝑗𝑝𝑚 )⁺𝑅𝑘𝑙

ℎ    + ( 𝑏𝑘𝑚 -  𝑝𝑘𝑝𝑚 )⁺𝑅𝑖𝑗
ℎ    + 

                                                        + ⁺𝑅𝑝𝑘
ℎ N𝑗𝑙

𝑝
⁺⎸𝑚 - ⁺𝑅𝑝𝑗

ℎ N𝑙𝑘
𝑝

⁺⎸𝑚 + ⁺𝑅𝑝𝑙
ℎ N𝑘𝑗

𝑝
⁺⎸𝑚 +                                                               

                                                        +  𝑥̇𝑖(⁺𝑅𝑖𝑙𝑗𝑘
ℎ ⁺⎸𝑚 - 𝑝𝑚𝐸𝑖𝑙𝑗𝑘

ℎ ) = 0 

where we have written  𝑏𝑙𝑚 = 𝑝𝑙⁺⎸𝑚 +  𝑝𝑙𝑝𝑚 and 𝐸𝑖𝑙𝑗𝑘
ℎ  has been given by (2.24) . 

In accordance with (2.24), we can therefore state: 
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THEOREM(3.4): 

 

           The Bianchi’s identity assumes the form as has been given by (3.8) in a 𝑹+ - recurrent 𝑭𝒏
∗  of order two. 

4.  𝐏𝛌- FINSLER SPACES : 

 
               Let 𝐹𝑛 be a Finsler space in which the (ν) hν-torsion tensor 𝑃𝑖𝑗𝑘 is given in the following form  

              (4.1) 𝑃𝑖𝑗𝑘 = λ𝐶𝑖𝑗𝑘 + 𝑏𝑖𝐶𝑗𝐶𝑘 + 𝑏𝑗𝐶𝑘𝐶𝑖 + 𝑏𝑘𝐶𝑖𝐶𝑗  , 

where 𝜆 is a scalar function and 𝑏𝑖 are the components of a covariant vector field , 𝜆 is homogenous of degree 

one in its directional arguments and 𝑏𝑖 is homogenous of degree two in its directional arguments. Also  𝑃𝑖𝑗𝑜 = 0 

leads to 𝑏0 = 0. 

From (4.1), it can easily be verified that 𝑏𝑖 is necessarily given by 

              (4.2) 𝑏𝑖 = = 
1

𝑐2[𝑃𝑖 –
1

3
 (𝜆 +

2

𝐶2 𝑃𝑘 𝐶
𝑘)𝐶𝑖]     for     𝐶2 ≠ 0. 

From here we can easily tell that the form (4.1) depends upon scalar function λ and therefore we introduce the 

following definition. 

 

DEFINITION (4.1): 

 

                A 𝑃𝜆- Finsler space is a non-Riemannian Finsler space 𝐹𝑛(n ≥2) such that the (ν) hν-torsion tensor of 

𝐹𝑛 is written in the form (4.1).  

               Before going into the details of this section we are giving the preliminary informations which shall be 

required for the later discussions in this sections. Let 𝐹𝑛 be an n-dimensional Finsler space equipped with the 

fundamental function F(𝑥 , 𝑥̇ ). The (ν) hν- torsion tensor 𝑃𝑖𝑗𝑘  and ν-curvature tensor 𝑆ℎ𝑖𝑗𝑘  are respectively 

given by the relations 

         (4.3)  (a)  𝑃ℎ𝑘𝑚
𝑖  = 

𝜕𝛤ℎ𝑘
∗𝑖

𝜕𝑥̇𝑚 -𝐶ℎ𝑚|𝑘
𝑖 - 𝐶ℎ𝑟

𝑖 𝑃𝑘𝑚
𝑟  , 

                   (b)  𝑆ℎ𝑘𝑚
𝑖  = 𝐶𝑟𝑘

𝑖 𝐶ℎ𝑚
𝑟  - 𝐶𝑟𝑚

𝑖 𝐶ℎ𝑘
𝑟  . 

                   (c)  𝑃ℎ𝑖𝑗𝑘 = 𝑔𝑖𝑚𝑃ℎ𝑗𝑘
𝑚   ,             (d)  𝑃𝑖𝑗𝑘 = 𝑃ℎ𝑖𝑗𝑘𝑥̇ℎ  ,             

                   (e)   𝑆ℎ𝑖𝑗𝑘 = 𝑔𝑖𝑚 𝑆ℎ𝑗𝑘
𝑚   . 

Now, we propose to introduce some special Finsler spaces which shall be defined with the help of special forms 

of curvature and torsion tensors. 

       In a Finsler space it has been observed in general that  𝑔𝑖𝑗(𝑘) = -2𝐶𝑖𝑗𝑘|𝑜 where (𝑘) stands for Berwald’s 

process of covariant differentiation and o stands for transvection with  𝑥̇𝑖. 

               A Finsler space in which 𝑔𝑖𝑗(𝑘)= 0 is called a Landsberg space, the characterization of such a space is 

given by  

              (4.4) 𝑃𝑖𝑗𝑘 = 𝐶𝑖𝑗𝑘|𝑜 = 0. 

The notion of  P*- Finsler space has been introduced by Izumi [5].  

A  P*-Finsler space is a Finsler space 𝐹𝑛 with the non-zero length 𝐶 of the torsion vector 𝐶𝑖 , if the (ν)hν- 

torsion tensor of the space is written in the form: 

              (4.5) 𝑃𝑖𝑗𝑘= λ 𝐶𝑖𝑗𝑘  

where λ(𝑥, 𝑥̇) is a scalar function which is given by 

              (4.6) (a) 𝜆 = 
1

𝐶2 𝑃𝑖𝐶𝑖 ,             (b)  𝐶𝑖 = 𝑔𝑖𝑗𝐶𝑗 ,               (c) 𝐶𝑖= 𝐶𝑖𝑗
𝑗

       ,                     
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                       (d) 𝑃𝑖 = 𝑃𝑖𝑗
𝑗
 = 𝐶𝑖|𝑜   ,      (e) 𝐶2 = 𝑔𝑖𝑗𝐶𝑖𝐶𝑗   . 

A special Finsler space is called P-symmetric [9] if it be defined with a special form of h𝜈-curvature tensor. The 

characterizing property of such a space is given by the relation 

              (4.7) 𝑃ℎ𝑖𝑗𝑘 - 𝑃ℎ𝑖𝑘𝑗= 0. 

A special Finsler space will be called P2-like [10] if in a non- Riemannian Finsler space 𝐹𝑛 of dimension n (n>2) 

there exists a covariant vector field 𝜆𝑖 such that the hν-curvature tensor 𝑃𝑖𝑗𝑘𝑙 of 𝐹𝑛 is written in the form 

              (4.8) 𝑃𝑖𝑗𝑘𝑙 = 𝜆𝑖𝐶𝑗𝑘𝑙 – 𝜆𝑗𝐶𝑖𝑘𝑙. 

In such a Finsler space the h𝜈- curvature tensor 𝑃ℎ𝑖𝑗𝑘 of 𝐹𝑛 and the curvature tensor 𝑆ℎ𝑖𝑗𝑘 of 𝐹𝑛 vanishes. 

An h-isotropic Finsler space is a Finsler space [1], [8] provided the h- curvature tensor 𝑅ℎ𝑖𝑗𝑘 of the space is 

written in the form 

              (4.9) 𝑅ℎ𝑖𝑗𝑘 = R ( 𝑔ℎ𝑗𝑔𝑖𝑘 -  𝑔ℎ𝑘𝑔𝑖𝑗) , 

where R is a non-zero scalar function.  

We give the following result (without proof) which will be found useful in the later  discussions. 

 

LEMMA (4.1): 

 

             An h-isotropic Finsler space satisfies 𝑷𝒉𝒊𝒋𝒌 = 𝑷𝒉𝒊𝒌𝒋 and 𝑺𝒉𝒊𝒋𝒌= 0 [1]. 

A C2- like Finsler space is a Finsler space 𝐹𝑛(n ≥2) with 𝐶2 ≠ 0 provided the (ν) hν-torsion tensor 𝐶𝑖𝑗𝑘 is written 

in the form  

              (4.10) 𝐶𝑖𝑗𝑘= 
1

𝐶2 𝐶𝑖𝐶𝑗𝐶𝑘 

It is obvious from (4.10) that the necessary and sufficient condition in order that a non-Riemannian Finsler 

space 𝐹𝑛(n ≥2) be C2- like is that 𝐶𝑖𝑗𝑘 be written in the form  

              (4.11) 𝐶𝑖𝑗𝑘 = 𝐿𝑖𝐶𝑗𝐶𝑘+𝐿𝑗𝐶𝑘𝐶𝑖+ 𝐿𝑘𝐶𝑖𝐶𝑗    , 

where 𝐿𝑖 = (
1

3𝐶2 𝐶𝑖) are the components of a covariant vector field. 

 

DEFINITION(4.2): 

 

               A semi P2- like space is a non-Riemannian Finsler space 𝐹𝑛(n ≥2) provided the (ν) hν- torsion tensor 

𝑃𝑖𝑗𝑘 of 𝐹𝑛 be written in the form  

              (4.12) 𝑃𝑖𝑗𝑘 = 𝐵𝑖𝐶𝑗𝐶𝑘 + 𝐵𝑗𝐶𝑘𝐶𝑖 + 𝐵𝑘𝐶𝑖𝐶𝑗  , 

where 𝐵𝑖 is an indicatory vector field positively homogeneous of degree two in its directional arguments. 

From (4.12), it can easily be observed that the vector 𝐵𝑖 can be given by 

              (4.13)  𝐵𝑖 = 
1

𝐶2(𝑃𝑖 – 
2

3𝐶2 𝑃𝑘 𝐶
𝑘𝐶𝑖) ,       𝐶2≠ 0.  

 

OBSERVATION(4.1) 

 

           We have 𝑪𝒊𝒋𝒌= 0 in a Riemannian space which obviously implies 𝑪𝒊=0 and 𝑪𝟐=0 after taking into account 

(4.6c) and (4.6e) while conversely, if 𝑪𝟐=0, that is 𝑪𝒊=0, then according to Deicke’s theorem such a space is 

necessarily Riemannian [4]. Thus from here we finally observe that the necessary and sufficient condition in 

order that a Finsler space be Riemannian is given by 𝑪𝟐=0.  
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          In a two dimensional Finsler space 𝐹2 [11], we have  

              (4.14) (a) 𝐶𝑖𝑗𝑘 = 
𝐽

𝐿
𝑚𝑖𝑚𝑗𝑚𝑘   , 

                         (b) 𝐶𝑖    = 
𝐽

𝐿
𝑚𝑖 

                         (c) 𝑃𝑖𝑗𝑘 = 
𝐽|𝑜

𝐿
𝑚𝑖𝑚𝑗𝑚𝑘  . 

where 𝑚𝑖 is an unit vector orthogonal to the supporting element and J is the principal scalar. According to 

observation (4.1) we come to the conclusion that in a 𝑃𝜆-Finsler space 𝐶2 is non- vanishing. In case of two 

dimensions Finsler space 𝑃𝑖𝑗𝑘 can be expressed in the form (4.1) which is an obvious consequence of (4.14). 

Therefore, we can state:  

 

PROPOSITION (4.1): 

 

              A two dimensional non-Riemannian Finsler space 𝑭𝟐 is essentially a 𝑷𝝀- Finsler space. 

An obvious consequence of (4.1) is that a 𝑃𝜆- Finsler space 𝐹𝑛 will reduce into a P*- Finsler space when 𝑏𝑖 

vanishes identically while on the other hand a 𝑃𝜆-Finsler space will reduce into a P2-like Finsler space if λ=0. 

From here we obvious that generalization of P* and semi-P2-like Finsler space is a 𝑃𝜆 -Finsler space. The 

relations (4.10) and (4.12) enable us to ensure that a C2-like Finsler space is a 𝑃𝜆-Finsler space. 

In case a 𝑃𝜆-Finsler space becomes a Landsberg space then from (4.1) we get  

               (4.15)  𝐶𝑖𝑗𝑘 = - 
1

𝜆
 (𝑏𝑖𝐶𝑗𝐶𝑘 + 𝑏𝑗𝐶𝑘𝐶𝑖 + 𝑏𝑘𝐶𝑖𝐶𝑗) 

and                  𝑏𝑖   = - 
𝜆

3𝐶2 𝐶𝑖  . 

Therefore, we can state the following: 

 

THEOREM (4.1): 

 

               If a Finsler space is a Landsberg space then in order that it be a 𝑷𝝀-Finsler space it is necessary and 

sufficient that it be a C2-like space. 

Now, we propose to assume that a 𝑃𝜆-Finsler space is semi-P2-like. Then when (4.1) and (4.12) taken together, 

we get  

                (4.16)  𝜆 𝐶𝑖𝑗𝑘 =  𝑑𝑖𝐶𝑗𝐶𝑘+ 𝑑𝑗𝐶𝑘𝐶𝑖+ 𝑑𝑘 𝐶𝑖𝐶𝑗 . 

                where       𝑑𝑖 = (𝐵𝑖- 𝑏𝑖) . 

From (4.16) it is obvious that if 𝑑𝑖 = 0 i.e. if 𝐵𝑖=𝑏𝑖 then λ=0, Otherwise in view of (4.10) the space will be C2-

like. Therefore, we can state:  

 

THEOREM (4.2): 

 

      The necessary and sufficient condition for a 𝑷𝝀- Finsler space to be semi-P2-like is that the space is C2-like. 

We now consider the case when a 𝑃𝜆-Finsler space 𝐹𝑛 becomes a P*-Finsler space with scalar function ρ. Then, 

when (4.1) and (4.5) taken together, we get  

            (4.17) (ρ - λ) 𝐶𝑖𝑗𝑘 = 𝑏𝑖𝐶𝑗𝐶𝑘+𝑏𝑗𝐶𝑘𝐶𝑖+𝑏𝑘𝐶𝑖𝐶𝑗, 

(4.17) clearly tells that the space is C2-like in case ρ≠λ while if  ρ=λ, we get 𝑏𝑖=0 and have from (4.1) we find 

that the space is P*- Finsler space. Therefore, we can state: 
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THEOREM(4.3): 

          The necessary and sufficient condition in order that a P*- Finsler space be a 𝑷𝝀-Finsler space is that it is a 

C2-like Finsler space . 

 

THEOREM (4.4): 

          The necessary and sufficient condition in order that a P2-like Finsler space be 𝑷𝝀-Finsler space is that it 

is C2-like. 

The hν-curvature tensor 𝑃ℎ𝑖𝑗𝑘 of a 𝑃𝜆-Finsler space in view of (4.1) and (4.3) can be written in the following 

form  

              (4.18) 𝑃ℎ𝑖𝑗𝑘 = 𝜆⃒ℎ𝐶𝑖𝑗𝑘- 𝜆⃒𝑖𝐶ℎ𝑗𝑘- 𝜆⃒ℎ𝐶𝑖𝑗𝑘- λ𝑆ℎ𝑖𝑗𝑘+ Θ(ℎ𝑖) [𝑏𝑖⃒ℎ𝐶𝑗𝐶𝑘+𝐶𝐽𝑄𝑖𝑘ℎ+  

                                + 𝐶𝑘𝑄𝑖𝑗ℎ+𝐶𝑖𝐿′𝑗𝑘ℎ+𝐿′𝑖𝑘𝐵𝑗ℎ+𝐶𝑖𝐶𝑘𝐹𝑗ℎ
𝑖 ]   , 

where the quantities involved in (4.18) are given by  

              (4.19) (a) 𝑄𝑖𝑘ℎ = 𝐵𝑖𝐶𝑘⃒ℎ + 𝐶𝑖𝐵𝑘⃒ℎ  , 

                         (b) 𝐿𝑗𝑘ℎ = 𝐵𝑗𝐶𝑘⃒ℎ + 𝐵𝑘𝐶𝑗⃒ℎ  , 

                         (c) 𝐿𝑖𝑘 = 𝐶𝑖𝐵𝑘 + 𝐵𝑖𝐶𝑘  , 

                         (d) 𝐵𝑖𝑗 = 𝐶𝑟𝐶𝑖𝑗
𝑟     ,        (e) 𝐹𝑖𝑗 = 𝐵𝑘𝐶𝑖𝑗

𝑘    . 

The quantities appearing in (4.18) with dashes shall be obtained on replacing 𝐵𝑖 and 𝑏𝑖 in the corresponding 

quantities without dashes given by (4.19). 𝑏𝑖 and 𝐵𝑗ℎ are respectively  given by (4.2) and (4.18d). The form 

(4.17) of 𝑃ℎ𝑖𝑗𝑘 is more general than the forms of 𝑃ℎ𝑖𝑗𝑘 as in P2-like and semi-P2-like Finsler spaces. We next 

consider a 𝑃𝜆-and P- symmetric Finsler spaces. In accordance with (4.3) and (4.18), we get    

               (4.20) 𝑆ℎ𝑖𝑗𝑘= 
1

2𝜆
Θ(ℎ𝑖)[𝐿′𝑖𝑘𝐵𝑗ℎ - 𝐿′𝑖𝑗𝐵𝑘ℎ+ 𝐶𝑖𝐶𝑘𝐹′𝑗ℎ- 𝐶𝑖𝐶𝑗𝐹′𝑘ℎ]  , 

With the help of (4.20), we can therefore state the following: 

 

THEOREM(4.5): 

               The necessary and sufficient condition in order that a 𝑷𝝀-Finsler space be P- symmetric is that its ν-

curvature tensor 𝑺𝒉𝒊𝒋𝒌  be written in the form as has been given in (4.20).  

Next, we consider the case when a 𝑃𝜆-Finsler space is h-isotropic. In such a case as per the provisions of lemma 

(4.1) such a space is P-symmetric and 𝑆ℎ𝑖𝑗𝑘=0.  

Therefore, from (4.20) we get 

              (4.21) Θ(ℎ𝑖) = [𝐿′𝑖𝑘𝐵𝑗ℎ -𝐿′𝑖𝑗𝐵𝑘ℎ + 𝐶𝑖𝐶𝑘𝐹′𝑗ℎ - 𝐶𝑖𝐶𝑗𝐹′𝑘ℎ] = 0 , 

Therefore, we can state the following: 

 

THEOREM(4.6): 

          The relation (4.21) always holds in the case when a 𝑷𝝀-Finsler space is h-isotropic. 

We can rewrite (4.18) as under  

              (4.22) 𝑃ℎ𝑖𝑗𝑘 = 𝜆⃒ℎ𝐶𝑖𝑗𝑘- 𝜆⃒𝑖𝐶ℎ𝑗𝑘+𝐹ℎ𝑖𝑗𝑘, 

where  (4.23) 𝐹ℎ𝑖𝑗𝑘= Θ(ℎ𝑖)[𝑏𝑖⃒ℎ𝐶𝑗𝐶𝑘+𝐶𝐽𝑄′𝑖𝑘ℎ+𝐶𝑘𝑄′𝑖𝑗ℎ+𝐶𝑖𝐿′𝑗𝑘ℎ+𝐿′𝑖𝑘𝐵𝑗ℎ+𝐶𝑖𝐶𝑘𝐹𝑗ℎ
𝑖 ]-𝜆𝑆ℎ𝑖𝑗𝑘.  

Using (4.8) and (4.22), we can therefore state:  
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THEOREM (4.7): 

               The necessary and sufficient condition in order that a 𝑷𝝀-Finsler space be P2-like is that there should 

exist a covariant vector field 𝑭𝒉 such that 

𝑭𝒉𝒊𝒋𝒌 =  𝑭𝒉𝑪𝒊𝒋𝒌 - 𝑭𝒊𝑪𝒉𝒋𝒌 . 

In the last we consider that case when a 𝑃𝜆- Finsler space is admitting a concurrent vector field 𝑌𝑖 . Then with 

the help of the relations  𝑃𝑖𝑗𝑘𝑌𝑖 = 0,    𝐶𝑖𝑗𝑘𝑌𝑖 = 0 and (4.1), we get 

                   (4.25) 𝑏𝑖𝑌𝑖𝐶𝑗𝐶𝑘 = 0 , 

Contracting (4.24) by 𝑔𝑗𝑘 , we get 

                   (4.26)  𝑏𝑖𝑌𝑖 = 0.  

Therefore, we can state: 

 

THEOREM (4.8): 

The vector 𝒃𝒊 is orthogonal to 𝒀𝒊 in a 𝑷𝝀-Finsler space admitting a concurrent vector field 𝒀𝒊. 

 

CONCLUSION 

 

                 This paper has been devoted to the study of on some special Finsler spaces. The paper has been 

divided into four sections of which the first section is introductory, the second section deals with R⁺- recurrent 

𝐹𝑛
∗  of order one. In this section we have derived results telling as to when a ⁺𝑅𝑗𝑘

𝑖  - ⨁ recurrent 𝐹𝑛
∗ of order one 

will be  R⁺ - ⨁ recurrent of order one,⁺𝑅𝑗
𝑖 - ⨁ recurrent 𝐹𝑛

∗ of order one will be a ⁺𝑅𝑗𝑘
𝑖  -⨁ recurrent of order 

one. In this section we have also derived the Bianchi’s identity and few more identities which hold in a R⁺- 

recurrent 𝐹𝑛
∗  of order one. The third section deals with R⁺- recurrent 𝐹𝑛

∗  of order two. In this section we have 

observed that the recurrence tensor field 𝑏𝑙𝑚(𝑥, 𝑥̇) is non-symmetric, few more relations and the Bianchi’s 

identity have been derived in a R⁺- recurrent 𝐹𝑛
∗  of order two. In the fourth and the last section we have 

derived the conditions under which a Landsberg space in a𝑃𝜆-Finsler space, a 𝑃𝜆- Finsler space is semi - P2- 

like, a 𝑃∗- Finsler space is a 𝑃𝜆- Finsler space, a 𝑃𝜆 – Finsler space is P- symmetric, a 𝑃𝜆 - Finsler space is P2 like. 
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