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ABSTRACT 

 

The present communication has been devoted to the study of projective 

motion, projective curvature collineation and infinitesimal projective 

transformation in a Finsler space equipped with semi-symmetric connection. In 

this communication we have derived results in the form of theorems which 

hold when the Finsler space under consideration admits both projective motion 

and projective curvature collineation and in this continuation, we have also 

derived the relationships which hold when the space under consideration 

admits a non-affine as well as an affine infinitesimal projective transformation.  
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I. INTRODUCTION 

 

Yono [7] introduced the concept of semi-symmetric connection in a Rie- mannian manifold. These connections 

in local co-ordinate system of Rie- mannian space were introduced by Imai [1], such connections in a Finsler 

space have been introduced by Mehar and Patel [2], while introducing such a connection in a Finsler space 

they have noticed that the covariant derivatives of the fundamental function F(𝑥, 𝑥̇), the unit vector li and the 

directional coordinates 𝑥̇𝑖 vanish with respect to the semi-symmetric connection while the covariant derivative 

of the fundamental tensors do not vanish with respect to such a connection. As per these provisions, we write:  

(1.1) 
i

jkΠ =G μi i

jk jk+
     where,

 

(1.2) 
i

jkμ = i i

k j jkg  −  

and call 
i

jkΠ as semi-symmetric connection in a Finsler space Fn. The covariant vector field j  and the 

contravariant vector field 
i are connected by j = gij

i Here, it should be noted that the covariant vector  j  

is not in general homogenious in its directional arguments and accordingly the connection parameters  𝑗𝑘

𝑖
are 
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not homogeneous in its directional arguments, it has also been observed that this connection parameter is not 

symmetric in its covariant indices. With respect to the connection  𝑗𝑘

𝑖
, the covariant derivative of a vector 

field Xi with respect to  
jx  to be denoted by 

i

j X  is defined as : 

(1.3) ( )i i i m r m i

j j m jr jmX X X x X =  −   + 
.
 

This expression of covariant differentiation after taking into account the Berwald’s process of covariant 

differentiation can alternatively be written as:  

(1.4) (j) ( X )i i m i i m r

j jm m jrX X X x  = + − 
.
 

The commutation formula involving the operators j  and k for the vector field  𝑋𝑖(𝑥, 𝑥̇) is given according 

to the following rule:  

(1.5) 
.( )X ( X ) .i s i i s r

j k k j jks s jkrX x  −  =  −    

where i i

jkr j kr =    and the term  𝑗𝑘𝑟

𝑠
𝑥̇r appearing in (1.5) does not vanish because of the fact that s

jk are 

not homogeneous in its directional arguments. The repeated application of the process of covariant 

differentiation as has been given in (1.3) and commutation thereafter gives the following commutation formula 

for the vector field 
iX   

(1.6) [ ]2 [ ] - ( ) -2( ) .i h i i m h i h

j k jkh m jkh h jkX X R X R x X  =     

The curvature tensor type entities R i

jkh
appearing in (1.6) are defined as : 

(1.7) [ ] [ ] [ ] [ ]2{ }.i i i m r m i i m

jkh j k h m k h j r j h k m mh kjR x   =   −  +  +   

where, the indices enclosed in the brackets < > are free from symmetric and skew-symmetric parts.  

The entities R
i

ikh  are quite different from the curvature tensors as have been defined by Rund [5] by the same 

notation. The contracted curvature tensor type entities R i

ikh  
satisfy the following :

 
 

(1.8) (a)  R i

ikh khR=  

(b)  [hk] [ ]2 2i

khi h kR R nL − =
 

where, the symbol i

j kL T  are defined by the following rule are
 
 

(1.9)  (j) ( T ) ( T )g .i i i r i m r

j k k j k r m k jrL T T x x = −  + 
 

The contracted curvature tensor type entities 
i

khiR can also be expressed in the following alternative form 

under the assumption [ ] 0h kL  =  
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(1.10)  [hk]2 .i

khiR R=
 

The curvature tensor type entities 
i

hjkR satisfy the following : 
 

(1.11)  [j h] [h k] [k j]2( L L L )i i i i i i

jkh khj hjk k j hR R R      + + = + +  

But, if we take into account the assumption that [ ] 0h kL  =
  then (1.11) can alternatively be written in the 

following form 
 

(1.12)  0.i i i

jkh khj hjkR R R+ + =
 

 

II. LIE-DERIVATIVES OF TENSOR FIELDS, CONNECTION PARAMETERS AND COMMUTATION 

FORMULAE IN A FINSLER SPACE EQUIPPED WITH SEMI SYMMETRIC CONNECTION  

The Lie-derivative of the mixed tensor                  in a Finsler space  equipped with semi-symmetric connection 

is expressible in the form.  

(2.1)      ( T ) ( T )( )x ( ) T ( ).£ i i k i k h k i i k

j k j k j h j k k jT T        = +  − +
 

where                      is a   contravariant vector field defined over the region R of the Finsler space equipped with 

semi-symmetric connection.  

We can write the Lie-derivative of the semi-symmetric connection as  under  

(2.2)   £ ( )( )x ( ).i i i r h h i i

jk jk r jk h h jk k jhv       = +   +  − 
 

The commutation formula involving the Lie-derivative and partial derivative with respect to directional 

argument in a Finsler space equipped with semi-symmetric connection is given by :
 

(2.3)   ( T ) ( ) 0£ £ .i i

v k j k v jT − =

 
We have the following more related commutation formulae in the Finsler space equipped with semi-symmetric 

connection.  

(2.4)  ( ) - ( ) - - ( )( ) .£ £ £ £ £i i h i i h i h p

v k j k v j j v hk h v jk h j v pkT T T T T x  =      

(2.5)  ( T ) ( ) 0£ £i i

v h j h v jT − =  

(2.6)  ( ) ( )£ £ £ £i i i l i r l i r

k v hj j v hk v hjk rhj lk rhk v ljR x x  −  = +   −  
 

𝑇𝑗
𝑖(𝑥, 𝑥̇) 

𝑣𝑖 = 𝑣𝑖(𝑥) 
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where,  

(2.7)      (a)   
i i

jkr j kr =    
 
    

     (b)    ( ) ( ) ( ) R ( )£ i i l r i i r i r

hjk l hjk hjk r rjk rv h hk jR R R R       = − + +
 

( ) ( R )( ) .i r i r p

hjr k r hjk pR x   + + 
 

We now give the following definitions which will be of use in the later discussions. 

DEFINITION (2.1) 

The Finsler space equipped with semi-symmetric connection is said to admit an affine motion provided there 

exists a vector field vi(x) satisfying 
 

(2.8)  0£ ,i

v jk =
 

 

where                          is  the semi-symmetric connection  

DEFINITION (2.2) 

The Finsler space equipped with semi-symmetric connection is said to be symmetric provided the curvature 

tensor type entity appearing in (1.7) satisfies     

(2.9) 0.i

m jkhR =  

DEFINITION (2.3) 

The infinitesimal point transformation ( )i i ix x v x dt= +
 defines a projective 

  curvature collineation in a 

Finsler space equipped with semi-symmetric connection provided that the space under consideration admits a 

vector field 
( )iv x  satisfying  

(2.10) 
     

£ 0i

v jkhR =
 

DEFINITION (2.4) 

The Finsler space equipped with semi-symmetric connection is said to admit a Ricci type projective curvature 

collineation provided that there exists a vector field ( )iv x
 satisfying 

  
 

(2.11)      £ 0 ,  where   i

v kh ikh khR R R= =
 

  

𝛱𝑗𝑘
𝑖 (𝑥, 𝑥̇) 
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DEFINITION (2.5) 

The infinitesimal point transformation ( )i i ix x v x dt= +
 defines an infinitesimal projective 

transformation in a Finsler space equipped with semi-symmetric connection provided that the Lie-derivative of 

the semi-symmetric connection has the form [4] 

 

(2.12)       £ ,i i i il

v jk j k k j jk lc c g g p  = + −
 

where ( , )jc x x
  

and  ( , )lp x x  are covariant vector fields depending both upon positional and 

directional arguments and they satisfy the following :  

(2.13)   
(a)   ,      (b)  ,       (c)  h

h h k h hk kh kc c c c c x c =  = =
 

kh h

(d)  ,         (e)  ,          (f)  ,

(g) p  ,    and                           (h) p

h

h h h k j kj

h h

k

c x c p p p p

x p x p

=  =  =

= =
 

 

III. PROJECTIVE MOTION AND PROJECTIVE CURVATURE COLLINEATION IN A FINSLER SPACE 

EQUIPPED WITH SEMI-SYMMETRIC CONNECTION  

With the help of the commutation formula (2.6), we can write   

(3.1)  £ (£ ) (£ ) [ (£ ) (£ )]i i i l i r i r

v hjk k v hj j v hk rhj v lk rhk v ljR x =  −  −   −   

using (2.12) in (3.1), we get  

   (3.2)   £ ( ) ( )i i i il i i il

v hjk k h j j h hj l j h k k h hk lR c c g g p c c g g p    = + − − + −

 
    [( )( ) ].l i i i i

l l jhk khj lhj k lhk jx p c c c− −  − + −  

We shall now carry out our studies under two presuppositions one that the covariant vectors cj and lp

appearing in (2.12) are covariant constants and the other that these two covariant vectors are covariant 

constants and also that the two fundamental tensors gij  and gij are metrical and therefore under these two 

suppositions we  respectively get the following from (3.2) 

(3.3)  £ [( ) ( ) ( )i im im im

v hjk m k hj hj k hk jR p g g g g g g  = + −     

          j      ( )] [( )( ) c ].im l i i i i

j hk l l jhk khj lhj k lhkg g x p c c+ − −  − + −  

and  

(3.4)    £ [( ) ) ].jhk khj lhk lhj

i l i i i i

v hjk l l j kR x c p c c= −  − + −  

We now introduce (2.9) in (3.2), (3.3) and (3.4) and accordingly we get the following respectively  

http://www.ijsrst.com/
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(3.5)    ( ) ( )i i il i i il

k h j j h hj l j h k k h hk lc c g g p c c g g p     + − − + − −

 

               
[( )( ) ] 0.l i i i i

l l jhk khj lhj k lhk jx p c c c−  − + − =  

 

(3.6)   hk[( ) ( ) g ( ) ( )]im im im im

m k hj hk K j j hkp g g g g g g g   + − +

 

            
[( )( ) ] 0.l i i i i

l l jhk khj lhj k lhk jx p c c c− −  − + − =  

and 

   (3.7)   [(c )( ) ] 0.l i i i i

l l jhk khj lhk j lhj kx p c c−  − + − =  

We shall now allow a contraction in (3.5), (3.6) and (3.7) with respect to the indices i and j and as a result of 

contraction, we respectively get the following:  

  (3.8)  ( ) ( ) [(c )( )im l i i

k h h h k i hk m l l khi ihknc p c g g p x p  − − − − −  −
 

] 0.i i

lhi k lhk ic c+ − =  

    (3.9)  hi[ ( ) g ( ) ( )]im im im

m k hi i hk k hk ip g g g g g g   + + −
 

[( )( ) ] 0.l i i i i

l l ihk khi lhi k lhk ix p c c c− −  − + − =  

and  

    (3.10)  [( )( ) ] 0.l i i i i

l l khi ihk lhk i lhi kx p c c c−  − + − =  

With all such findings in hand, we can therefore state the following :  

THEOREM (3.1) : 

In a Finsler space equipped with semi-symmetric connection admitting both projective motion and projective 

curvature collineation respectively characterized by (2.12) and (2.9), (3.8) necessarily holds.  

THEOREM (3.2) : 

In a Finsler space equipped with semi-symmetric connection admitting both projective motion and projective 

curvature collineation respectively characterized by (2.12) and (2.9), (3.9) necessarily holds provided the 

covariant vectors ( , )jc x x and ( , )jp x x be assumed to be covariant constants.  
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THEOREM (3.3) : 

In a Finsler space equipped with semi-symmetric connection admitting both projective motion and projective 

curvature collineation respectively characterized by (2.12) and (2.9), (3.10) necessarily holds provided the 

covariant vectors ( , )jc x x and ( , )jp x x  be assumed to be covariant constants and also that the two 

fundamental tensors
 
gij and gij be assumed to be metrical. We now propose to contract (3.2) with respect to the 

indices i and h and as a result of this contraction, we get the following after making use of (1.8a) 

   (3.11)    £ [( 1 ] [( 1) ]) j kv jk k j j kR n c p n c p= + + −− −    

l l[(c p )( ) ].l i i i i

kij jik lij k lik jx c c− −  − + −  

Therefore, we can state :  

THEOREM (3.4) : 

In a Finsler space equipped with semi-symmetric connection admitting both projective motion and projective 

Ricci collineation characterized by (2.12) and (2.11) respectively then we shall always have  

 (3.12)   [( 1) - ] [( 1) ] [( )( )l i i

k j j j k k l l kij jikn c p n c p x c p + − + − − −  −

 
( )] 0.i i

lij k lik jc c+  − =  

Let us now suppose that the Finsler space under consideration admits an affine motion and therefore with the 

help of (2.12) we can state the following : 

THEOREM (3.5) :  

If the Finsler space equipped with semi-symmetric connection admits an affine motion then the covariant 

vectors ( , )jb x x and ( , )lp x x  appearing in (2.12) must separately vanish.  

IV. INFINITESIMAL PROJECTIVE TRANSFORMATION IN A FINSLER SPACE EQUIPPED WITH SEMI-

SYMMETRIC CONNECTION :  

We allow a transvection in (3.2) by 𝑥̇j 𝑥̇k and thereafter use (2.13) and get  

(4.1)  £ [ ( ) ]imi j k ki i

k h h hj

k j k

v hjk mR x x x xc g g p x x   −= +  

                             
l l

)

[(p c )(

[( ]

( ) (] )].

imi

j h h hk m

i i i i

khj

j i j j

lhj lh

k

l j k

k

j k

x x x x xc c g g

x x x c x x

p

jhk

 − −+

−  − − + −
 

We now allow a contraction in (3.2) with respect to the indices i and h and thereafter use (1.8a) and (2.13) and 

get  

(4.2)    [( 1) ] [( 1)£ ]k j j j kk kv j n c p n c pR  + − − −= +
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[( )( ) ( )].l i i i i

l l jik kij lij k lik jx p c c c− −  − +  −  

We now transvect (4.2) by 𝑥̇j 𝑥̇k and thereafter use (2.13) and get  

(4.3)  [(n 1)c p] [(n 1)c p]£ j k k j

v jk k jR x x x x + − +− −=

 

         l l[(p c )( ) ( )].l ji i i i

j

k j k

ik kij lij likx x x c x x − − −− +  

We now propose to eliminate the term ( ) k

kc x  using (4.1) and  

(4.3) and the result of elimination gives the following:  

(4.4)  l lQ [{(n 1)c p} {(p c )( ) }
1

i
i i i

jik kij

l l j kh
h x x x x

n


= + − − − +−

+
 

  l l{ } [(p c )( ) ( )].i i i i i i

lhj lhk j

j k l j k j

hk khj lhj l

k

hkx x x x x c x x −  −  −− − +  

where, 

(4.5)  Q £ - [£ - ( ) ]
1

i
i i j k j k ph
h v hjk v j kkR x x R x x x

n
p


=

+
 

       ( ) ( ) - ( ).i

h

im im

k hj m j j h j hk mg g p c c g g p   + + +  

 

We now take into account the projective derivation tensor 𝑊𝑗
𝑖(x,𝑥̇) and apply the commutation formula given 

by (2.4) to this tensor and get  

 (4.6)    £ ( ) £ £ £( ) ( ) )£ .(i i h i i r

v j v j j v h

i h h

k k hk j rv k h j v kW W W W W x  =  −  − − 
   

 

We now apply (2.12) and (2.13) in (4.6) and get 

(4.7)    ) ) W£ ( (£i i h i i h il

k j k j j k h k j jv hk lvW W c W c W g g p  − = − −
   

 

   +
hl

rk l2 ( ) ( )g .g phl i i r

k j

i i

h jk l j h jkW g g p W c W W x− − + 
 

 

where, we have taken into account the following facts  

(4.8)   (a) 2 ,i r i

r j jW x W =   (b) 0i

i jW = ,  (c) 0i

iW =  and 0i k

kW x =
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We now make the assumption that the infinitesimal projective transformation given by (2.12) leaves invariant 

the semi-symmetric covariant derivative of by 
j

iW   i.e. 0
j

i

kW = and as a result of this assumption, we shall 

have
  

(4.9)   £ ( ) 0v

i

k jW =
 

Because of (4.9), (4.7) can be expressed in the following alternative form  

  
(4.10)  ) W(£ i i h i h il

k j k j jv k h j hk lW c W c W g g p = − +          

             k rk2 c ( ) ( )g .i hl i i i hl r

h jk l j k j h j lW g g p W W W g p x+ + −  + 
 

We now allow a contraction in (4.10) with respect to the indices i and k and as a result or this contraction, we 

get the following after making use of (4.8) 

  (4.11)   ) (2 ) ( )£ .( i i h i hl i hl r

i j i j j h h ji l h j riv lW n cW W p W g g p W g g p x = − + + + 
 

We now allow a transvection in (4.10) by 
kx  and get  

(4.12)  ) 2(£ i k i h i h il r k

k j j j h j hk ivW x W c W c x W g g p x x = − +
 

        
( )i hl k i hl r k

h jk l h j rh lW g g p x W g g p x x+ +   

We now eliminate the term 
j

iW   with the help of (4.11) and (4.12) and get 

(4.13)  i2 ( ) (2 n)c ( )£ £i i k

i j jv vc W W x − −

 hl hl il

i h jk hk(2 n)c [W c {( W )g g W g g W g g }p ].h i i r i h k

j h j rk h j lx x x= − +  − −
 

In the light of all these observations, we can therefore state the following :  

THEOREM (4.1) : 

If the Finsler space equipped with semi-symmetric connection admits a non-affine infinitesimal projective 

transformation such that the covariant derivative of the projective deviation tensor 𝑊𝑗
𝑖 (x, 𝑥̇ ) remains an 

invariant then (4.13) necessarily holds.  

 

THEROREM (4.2) : 

If the Finsler space equipped with semi-symmetric connection admits an affine infinitesimal projective 

transformation such that the covariant derivative of the projective deviation tensor ( , )
j

iW x x  remains an 

invariant then 0i

hQ =  where 
i

hQ  has been given by (4.5)  

As a very special case, if we now suppose that the space under consideration is Lie invariant one  

(4.14) £ 0
j

i

vW =  

Then in such a case, we can state : 
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THEOREM (4.3) 

If the Finsler space equipped with semi-symmetric connection admits a non-affine infinitesimal projective 

transformation such that the projective deviation 
j

vW is Lie invariant then following holds :  

   (4.15) (2 ) (2 )[{( ( ) } ].h i i hl i hl r h il k

i j h i h jk h j rk j hk ln cW c x c n W g g W g g x W g g p x− = − −  +
 

 

At this state, if we assume that the covariant vectors ( , )jc x x and ( , )jp x x appearing in (2.12) are covariant 

constants then with the help of (4.4) and (4.5), we shall have :  

   (4.16)  
im im

hj m hk m£ £ (g g ) p (g g ) p
1

i
j k j kh

k

i

v hjk v j jkR Rx x x x
n


 − + +

+
 

  l l[{(n 1)c p} (p c )( )
1

i
l l i i j kh

jik kijx x x x
n


= + − − −  −

+  
j

l l

j

{ x x }] x [(p c )( ) x x

( x x )].

i i k l i i j k

lhj lhk jhk khj

i i k

lhj lhkc

+  − − −  −

+  −
 

 

If we now assume that the Finsler space under consideration admits both projective curvature collineation and 

projective Ricci collineation then with the help of (4.15), we have  

(4.17)  
im im

hj m hk(g g ) p (g g ) p [{(n 1)c p}
1

i
lh

k j m x
n


 + = + −

+
 

 

l j j

l l

j

l l

j

x (p c )( ) x x { x x }]

x [(p c )( ) x x

c( x x )].

i i k i i k

jik kij lhj lhk

l i i k

jhk khj

i i k

lhj lhk

− −  − +  −

− −  −

+  −
 

With the help of (4.16) and (4.17), we can therefore state the following :  

 

THEOREM (4.4) :  

In a Finsler space equipped with semi-symmetric connection (4.15) is always true provided the covariant 

vectors ( , )jc x x and ( , )jp x x  appearing in (2.12) be assumed to be covariant constants.  

 

THEOREM (4.5) :  

In a Finsler space equipped with semi-symmetric connection (4.16) is always true provided the Finsler space 

under consideration admits both projective curvature collineatiion and projective Ricci collineation and also 

that the covariant vectors ( , )jc x x  and ( , )jp x x  appearing in (2.12) be assumed to be covariant constants.  
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