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I. INTRODUCTION

Yono [7] introduced the concept of semi-symmetric connection in a Rie- mannian manifold. These connections
in local co-ordinate system of Rie- mannian space were introduced by Imai [1], such connections in a Finsler
space have been introduced by Mehar and Patel [2], while introducing such a connection in a Finsler space
they have noticed that the covariant derivatives of the fundamental function F(x, x), the unit vector / and the
directional coordinates %’ vanish with respect to the semi-symmetric connection while the covariant derivative
of the fundamental tensors do not vanish with respect to such a connection. As per these provisions, we write:

(1.1) 1_Iijk :Gijk + Hijk

where,
i _ Qi i
(1.2) Ky =0 L; — g, L
and call Hljk as semi-symmetric connection in a Finsler space Fn. The covariant vector field Uj and the

i .
contravariant vector field U are connected by Uj= gjv' Here, it should be noted that the covariant vector U;

is not in general homogenious in its directional arguments and accordingly the connection parameters I1 ;, are
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not homogeneous in its directional arguments, it has also been observed that this connection parameter is not
i

symmetric in its covariant indices. With respect to the connection I, the covariant derivative of a vector

field Xiwith respect to X! to be denoted by ¢; X" is defined as :
i - i - i m myi
(1.3) gjx :ajx —(0,X )erx +X Hjm.

This expression of covariant differentiation after taking into account the Berwald’s process of covariant

differentiation can alternatively be written as:

a9 X=X+ X sl = (0 X)X

The commutation formula involving the operators 0 j and Gk for the vector field X i(x, %) is given according

to the following rule:

(1.5) (6ij _gkéj)xi = XSHijks —(55 Xi)Hikr)'('r.

where I_Iijkr =0 jHLr and the term ijrfcf appearing in (1.5) does not vanish because of the fact that IT] are

not homogeneous in its directional arguments. The repeated application of the process of covariant

differentiation as has been given in (1.3) and commutation thereafter gives the following commutation formula

for the vector field X I

i hpi - i m o h i h
(1.6) 2] j g JX' =X Rjkh -(0,X )Rjkhx -2(0, X )H[jk]'
The curvature tensor type entities Rijkh appearing in (1.6) are defined as :
i i i m or m i i m
(1.7) Rjkh = 2{6[ij]h —I1 peans T X0 AT o T 1L T 3

where, the indices enclosed in the brackets < > are free from symmetric and skew-symmetric parts.
i
The entities R ikn are quite different from the curvature tensors as have been defined by Rund [5] by the same
notation. The contracted curvature tensor type entities R :kh satisfy the following :
-
(1.8) @ Rin=Rq
i —
(b) Rini — 2R[hk] = 2n|—[h VU
where, the symbol L J.Tki are defined by the following rule are

(1.9) Lkai :Tki(j) _(81' TDUrXr +(8m Tli)gjr O"X".

. [ . . .
The contracted curvature tensor type entities Ry,; can also be expressed in the following alternative form

under the assumption L Vg = 0
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(1.10) kh| = 2R[hk]

.. i . .
The curvature tensor type entities thk satisfy the following :

(1.11) Rjkh + Rkhj hjk = 2(5I L i n] +5I L[hUk] +5I L[kU )

. . . L0 =
But, if we take into account the assumption that [h kI then (1.11) can alternatively be written in the

following form

(1.12) Rjkh + Rkhj + thk 0.

II. LIE-DERIVATIVES OF TENSOR FIELDS, CONNECTION PARAMETERS AND COMMUTATION
FORMULAE IN A FINSLER SPACE EQUIPPED WITH SEMI SYMMETRIC CONNECTION

. - . TiH(x, %) . . . . . . .
The Lie-derivative of the mixed tensor "/ (%, %) in a Finsler space equipped with semi-symmetric connection

is expressible in the form.
@2.1) £vTji = (S, TJ! W+ (ak T} )(gth) Xh_Tjk (gkvi) +Tli (ngk)-

where v! = vi(x) isa contravariant vector field defined over the region R of the Finsler space equipped with

semi-symmetric connection.

We can write the Lie-derivative of the semi-symmetric connection as under
i i i
2.2) £,IT, ngV +(@ IT k)(ghv )X"+v (th =G IT},).

The commutation formula involving the Lie-derivative and partial derivative with respect to directional

argument in a Finsler space equipped with semi-symmetric connection is given by :
. i . iy

We have the following more related commutation formulae in the Finsler space equipped with semi-symmetric

connection.
ey £,(6T)-6ET)=T"E I, -T,£,IT%, - (0,T)(E, T}, )XP.
2.5) £, (6h TJI) —0, (£vTji) =0
26 6 EJT) —¢, (E,IT,) =£, Ry, + XTI, T}, —X'TT,, £,IT!
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where,
T —
27) (3 11 jke — 0 ijr
i i I r i i r i r
® E Ry =GRV — Ry (V) + Ry (6 ) + R (6v)
i r - [ ryw P
+Ry (v )+ (0, Ry ) (s, v )X
We now give the following definitions which will be of use in the later discussions.

DEFINITION (2.1)

The Finsler space equipped with semi-symmetric connection is said to admit an affine motion provided there

exists a vector field V() satisfying
P
(2.8) £ijk =0,

where Hjik (x,x) 1is the semi-symmetric connection

DEFINITION (2.2)
The Finsler space equipped with semi-symmetric connection is said to be symmetric provided the curvature

tensor type entity appearing in (1.7) satisfies

2.9) Sm R}kh =0.

DEFINITION (2.3)

VA i i
The infinitesimal point transformation X = X +V (X) dt defines a projective . .
curvature collineation in a

Finsler space equipped with semi-symmetric connection provided that the space under consideration admits a

i . .
vector field v (X) satisfying
P
(2.10) £V I:ijh =0

DEFINITION (2.4)

The Finsler space equipped with semi-symmetric connection is said to admit a Ricci type projective curvature
. . . . - i . .
collineation provided that there exists a vector field V (X) satisfying

(2.11) £‘v Rkh =0, where Riikh = Rkh
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DEFINITION (2.5)

The infinitesimal point transformation X' =X 4+V' (X)dt defines an infinitesimal projective

transformation in a Finsler space equipped with semi-symmetric connection provided that the Lie-derivative of

the semi-symmetric connection has the form [4]

(2.12) £vHijk :5}Ck +5|icj _gjkg“ Py

where Cj (X’ X) and p| (X1 X) are covariant vector fields depending both upon positional and

directional arguments and they satisfy the following :

(2.13) (a) 8hc =Ch s (b) 6kCh = Chr (C) Cin Xh = C,
(d) c,x"=c,  (e) 0,p=p, ) 0P, = Py
(g) Pyn X" = Py and (h) ph)'(h =p

III. PROJECTIVE MOTION AND PROJECTIVE CURVATURE COLLINEATION IN A FINSLER SPACE
EQUIPPED WITH SEMI-SYMMETRIC CONNECTION

With the help of the commutation formula (2.6), we can write

3.1 £ thk gk(£H )— g,(£ Hlk) X'IT, (EJIT) — —1IT, i (B, Hu)]

using (2.12) in (3.1), we get
82 ERy =6 (G436, -0949" ) -, (G + 3G, —ghkg" p)
—X'[( P — CI)(Hjhk :(hj)+H:hj C — I i C; ]

We shall now carry out our studies under two presuppositions one that the covariant vectors ¢ and P,

appearing in (2.12) are covariant constants and the other that these two covariant vectors are covariant
constants and also that the two fundamental tensors gi and g7 are metrical and therefore under these two

suppositions we respectively get the following from (3.2)

(3.3) £thk pm[(gkghj)g +ghj(gkg )_ghk(gjgim)
+ glm (gjghk)]_x [(p, _CI)(HIjhk khj) +H|hjCk H:hk Cj]'

and

(3.4) £ thk - XI [(Cl - p|)Hijhk - khj ) +H|hk j |hj Ck]

We now introduce (2.9) in (3.2), (3.3) and (3.4) and accordingly we get the following respectively
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65 S (OC; +6,6,—08,9"P) —¢;(5,C + G, — 90" P) —
XI [( P —¢G )(Hjhk th) +H:hj C — :hk Cj] =0.

(3.6) pm[(gkghj)gim"‘ghk(éKgim)_ghk(gjgim)"'gim(gjghk)]
_XI[(p| _CI)(Hij H:(hj)+H|hjCk H:hkcj]:O'

and

(3.7) X [(CI pl )(Hjhk khj) +H|hk :hj Ck] - O

We shall now allow a contraction in (3.5), (3.6) and (3.7) with respect to the indices 7 and ; and as a result of

contraction, we respectively get the following:
. N .
38) 5 (NC, —Py) —61.C =6 (9, 9" Pn) — X [(c,— pl)(Hkhl [Ti)
+H:hi C — Ihk G ] 0.

3.9) pm[gim(gkghi+gighk)+ghi(gkgim)_ghk(gigim)]
_XI[(p| CI)(thk kh|)+HIh| Cy — IhkC] 0.

and

(3.10) XI [( P, _C|)(H:<hi o |hk) +thk Ih| Ck] 0.

With all such findings in hand, we can therefore state the following :
THEOREM (3.1) :

In a Finsler space equipped with semi-symmetric connection admitting both projective motion and projective

curvature collineation respectively characterized by (2.12) and (2.9), (3.8) necessarily holds.
THEOREM (3.2) :

In a Finsler space equipped with semi-symmetric connection admitting both projective motion and projective
curvature collineation respectively characterized by (2.12) and (2.9), (3.9) necessarily holds provided the

covariant vectors C; (X, X) and P; (X, X) be assumed to be covariant constants.
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THEOREM (3.3) :
In a Finsler space equipped with semi-symmetric connection admitting both projective motion and projective

curvature collineation respectively characterized by (2.12) and (2.9), (3.10) necessarily holds provided the
covariant vectors CJ(X,X) and P j(X1 X) be assumed to be covariant constants and also that the two

fundamental tensors gjand g7 be assumed to be metrical. We now propose to contract (3.2) with respect to the

indices i and h and as a result of this contraction, we get the following after making use of (1.8a)

(3.11) £v Rjk = gk[(n +1)Cj o pj]_gj[(n +1)Ck o pk]
—X [(Cl_pl)(H:(ij _Hijik) +H:ij G — :ik c;l.
Therefore, we can state :

THEOREM (3.4) :

In a Finsler space equipped with semi-symmetric connection admitting both projective motion and projective

Ricci collineation characterized by (2.12) and (2.11) respectively then we shall always have

ol i i
(.12) Sk [(n +1)Cj - pj ] _gj [(n +1)Ck o pk] —X [(CI - B )(Hkij _Hjik)
+(H:ijck - :iij)] =0.
Let us now suppose that the Finsler space under consideration admits an affine motion and therefore with the

help of (2.12) we can state the following :
THEOREM (3.5) :

If the Finsler space equipped with semi-symmetric connection admits an affine motion then the covariant
vectors B, (X, X) and P, (X, X) appearing in (2.12) must separately vanish.

IV. INFINITESIMAL PROJECTIVE TRANSFORMATION IN A FINSLER SPACE EQUIPPED WITH SEMI-
SYMMETRIC CONNECTION :

We allow a transvection in (3.2) by X X*and thereafter use (2.13) and get
i wivk _ i ok i ok im - j ok
@ E,Ry XX =g [c(6X" +6,X7) - 09,9 P, X" X']
i i - ik
—¢;[(CoX7) + ¢ XX’ — 9,y g P X X]

—X [(p|_C|)((Hi jhk _Hth )]ijk +C(H:hjxj - :hkxk)]'

We now allow a contraction in (3.2) with respect to the indices i and h and thereafter use (1.8a) and (2.13) and

get

(4.2) £v Rjk = gk[(n+1)cj o pj]_gj[(n+1)ck o pk]
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—X [(p —¢ )(Hijik _HLij)+ (Hi Cy _H:ikcj)]'

lij
We now transvect (4.2) by X x* and thereafter use (2.13) and get

w3y ER XX =g [(n+1)c—plX* —¢;[(n+1)c—p]x’
—X [(pl_Cl)(Hijik _HLij)Xij "‘C(Hi X! _H:ikxk)]'

lj

. k
We now propose to eliminate the term (gk C) X using (4.1) and

(4.3) and the result of elimination gives the following:

44 Q)= rfil[{(nﬂ) c—p}x' —X{(p,— ¢, )T}, — T, ) X X“}+

{11, % =TT}, XF—X'[(p,— ¢, )T — T, )X X* +c(IT}, X! —TT}, X)].
where,

i i X i .
ws) Q) =£ R XK - n+h1[£v Ry X! X - (¢, P)XP]

TSy (ghjgim Pn) +6; (Cari]) ~GiCh + G (ghkgim Prn)-

We now take into account the projective derivation tensor Wji (x,%) and apply the commutation formula given

by (2.4) to this tensor and get
46) £, (ngji ) — S« (Eiji ) :th £, Hihk _Whi EVH?k - (6thi )(E, H:‘k )X
We now apply (2.12) and (2.13) in (4.6) and get
i i h i i h il
a7 E, (ngjI) — 6k (£ijl) = Wj 3G, _Wklcj _Wj Jn9" P

WG, 0" P —2W/c, — (O W)+ (O,W])g,9"p, X".

where, we have taken into account the following facts

AW i S\W ! i ek
48) @ OW'X =2W!, () OW; =0, W, =0 and W/ X" =0
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We now make the assumption that the infinitesimal projective transformation given by (2.12) leaves invariant
the semi-symmetric covariant derivative of by W,— ie. ¢ ij' =0and as a result of this assumption, we shall

have
@9) £,(cW,)=0
Because of (4.9), (4.7) can be expressed in the following alternative form
410) ¢, (EW)) =W, c; —W/5c, +W'9,.9"p,
W9, 9" Py +2W; €= (O W) + (O W) gy 9" X"

We now allow a contraction in (4.10) with respect to the indices i and k and as a result or this contraction, we

get the following after making use of (4.8)
@11 6 (EW)=(2-ncW' +W p, +W,g,9"p, +(O,W,)g,9" pX".

We now allow a transvection in (4.10) by X and get
(4.12) Gy (Eiji)Xk = 2\NjiC _ijhch).(i +thghkg” pi)-(r)-(k
Wig, 9" pX“ +(OW))g,,g" pX X"
We now eliminate the term WJ.i with the help of (4.11) and (4.12) and get
4.13) 2cg(EW)—(2—n)c,(E,W/)X"
= (2-n)¢[Wc, X' +{(0, W})g,9" X" —W,g,9" - W9, g"}p, X‘1.

In the light of all these observations, we can therefore state the following :

THEOREM (4.1) :

If the Finsler space equipped with semi-symmetric connection admits a non-affine infinitesimal projective
transformation such that the covariant derivative of the projective deviation tensor VI/}-i (x,X) remains an

invariant then (4.13) necessarily holds.

THEROREM (4.2) :

If the Finsler space equipped with semi-symmetric connection admits an affine infinitesimal projective
transformation such that the covariant derivative of the projective deviation tensoer (X, X) remains an

i i
invariant then Qh =0 where Qh has been given by (4.5)

As a very special case, if we now suppose that the space under consideration is Lie invariant one
i
(4.14) £VWj =0

Then in such a case, we can state :
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THEOREM (4.3)
If the Finsler space equipped with semi-symmetric connection admits a non-affine infinitesimal projective

transformation such that the projective deviation W"is Lie invariant then following holds :
]

(4.15) (2-n)cW/c, X =¢,2-mHW,9,9" —(OW))g, 9" X" +W/g,, 9" }pX"].

At this state, if we assume that the covariant vectors C;(X,X) and P;(X, X)appearing in (2.12) are covariant

constants then with the help of (4.4) and (4.5), we shall have :

(4.16) E, Rrimjkxj X" (ghjgim)pm—l_gj (ghkgim)pm

n+1 k

—C )(Hjlk ku)X X
_"{H:hj x!— ke X “H-x [(p| c )(Hjhk th)xjxk
+C(H|m e X1

If we now assume that the Finsler space under consideration admits both projective curvature collineation and

projective Ricci collineation then with the help of (4.15), we have

% [{(n+Do-px

(4.17) Sk (ghjgim) Pntg; (ghkgim) Pn =

—X'(p,—¢, )(Hijik - ku)X X +{th1 X=X}
~X'[(p,—cC )(HJhk ) XX
+C(H|hJ Ihk X )]

With the help of (4.16) and (4.17), we can therefore state the following :

THEOREM (4.4) :
In a Finsler space equipped with semi-symmetric connection (4.15) is always true provided the covariant

vectors C; (X,X)and p i (X, X) appearing in (2.12) be assumed to be covariant constants.

THEOREM (4.5) :
In a Finsler space equipped with semi-symmetric connection (4.16) is always true provided the Finsler space

under consideration admits both projective curvature collineatiion and projective Ricci collineation and also

that the covariant vectors C j (X, X) and pj (X! X) appearing in (2.12) be assumed to be covariant constants.
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