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ABSTRACT

In the present paper we have discuss similarity solution for the partial differential equation governing one

dimensional unsteady flow through unsaturated porous media. The general starching transformations are

employed to derive similarity transformation to transform partial differential equation along with boundary

condition into ordinary differential equation. The reduced second order ordinary differential equation is solved

by two parameter singular perturbation method.
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I. INTRODUCTION

A very large fraction of the water falling as rain on
the land surfaces of the earth moves through
unsaturated soil during the subsequent processes of
infiltration, drainage, evaporation and absorption of
soil water by plant roots. Hydrologists have tended,
nevertheless, to pay relatively little attention to the
phenomenon of water movement in unsaturated soils.
Most research on this topic has been done by soil
physists concerned ultimately with agronomic or

ecological aspects of hydrology.

The present chapter analytically discusses a none
dimensional unsteady flow through unsaturated
porous media by employing a two parameter singular

The

nonlinear

mathematical
diffusion type

into an ordinary

perturbation  technique[l].
formulation yields a
equation which transformed
differential equation contain two small parameters by

employing a similarity method[2].

The

hydrological situation of one dimensional vertical

mathematical model conforms to the

ground water by Spreading [3]. Such flows are of
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great importance in water resources science, soil
engineering and agricultural sciences.

Many researchers have discussed this phenomenon
from different aspects, for example Klute[4] and Hank
Bower|[5]

Philips[6] uses a transformation of variable technique;

employs a finite difference method;
Mehta[7] discussed multiple scale method; Vermal[1,8]
has obtained Laplace transformation and similarity
solution and Sharma [9] discusses a variational
approach. The experimental investigations has been
discussed by Bruce and Klute [10]; Gardner and
Mayhuge[11]; Nielson and Bigger[12]; Rawlins and
Gardner[13], Terwilliger [14]; Van Vorts[15] and
Rahme [16] have described the phenomena of gravity
drainage of liquids through porous media and
their  theoretical

supported investigation by

experimental results.

II. STATEMENT OF THE PROBLEM

For definiteness of physical problem, we consider
here that the recharge takes place over a large basin
of such geological configuration that the sides are
limited by rigid boundaries while the bottom is
confined by a thick layer of water table. In these
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circumstances, water will flow vertically downward
through unsaturated porous medium. It is assumed
that the diffusivity coefficient is equivalent to an
average value, over the whole range of moisture
content, is small enough to be regarded as a
perturbation parameter. Further, the permeability of
the medium is considered to vary directly with
moisture content and inversely as the square root of
times. The mathematical formulation of the basic
hydro dynamical equation yields a nonlinear partial
differential equation transformation which is derived
by using one-parameter stretching transformation.
The resulting ordinary differential equation, contains
two small parameters, is solved by applying two

parameters singular perturbation method.

III. MATHEMATICAL MODEL
The equation of continuity for an unsaturated porous

medium is given by

2 (p,0) = V.M(3.1)
Where, pr =the bulk density of the medium
0 = the moisture content on a dry weight basis
M = the mass flus of moisture
V = the vector differential

t = time in second

It has long been assumed [17] and was confirmed
experimentally by Childs and Collis-George[18] and
other that Darcy’s law may hold for the flow of liquid,
water, in an unsaturated media in a modified form in
which K is a function of the volumetric moisture
content. The theoretical validity of this concept
depends on the assumption that the drag at the air-
water interfaces in the soil in negligibly small[19].
Thus from Darcy’s law for the flow of water in an
unsaturated porous medium, including soil, in the
modified form we get
V =-L(6)VD(3.2)
Where ¢ represents the gradient of the whole

moisture potential. V is the volume flux of moisture
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and K, the coefficient of aqueous conductivity

combining equations (3.1) and (3.2) we get,

2
>; (Pr0) = V. (pKVP)(3.3)
Where p is the fluid density.

Now for an unsaturated porous media, the total
potential ¢ may be regarded as comprising moisture
potential, ¥ which has been known variously as
capillary potential; capillary pressure; moisture
tension; moisture suction; negative pressure head; etc.,
[20-24], and the gravitational component. Z is at the
height above some datum level. Thus,
O =Y(0)+7Z3.4)
Substituting (3.4) in the equation (3.3), we then have
pro0 = V(pKVY) + — (pKg)(3.5)
Recalling that the flow takes place only in the vertical

direction, we may write equation (3.5) as

0 _ 0 ov\ o
Pro; = E(PK{,—Z) -5, (PK9)

The positive direction of z-axis is the same as that of

(3.6)

gravity. Considering 6 and ¥ to be connected by a
single valued function of 0, we may introduce the
quantity D such that

=P g
D_erae

Which is called diffusivity coefficient and therefore

(3.7)

we may write (3.6) as
a0 a a0
=5 (05)

Now replacing D by its average value D. and assuming,

py 9K

T (3.8)

as in [7],

Equation (3.8) may be written as
2 _ [ 90, paked0
ot~ T4 9z2 " p.t oz (3.10)

Considering water table, to be situated at a depth ‘L’

and setting
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X=z/L; T=t/L; M = 22k (3.11)
We may write (3.10) as
20 _ . 020 , M 06
E— Daﬁ-l_\/_fa (312)

A set of suitable boundary condition consistent with
the physical problem are

0(0,T)=00
0(0,T)=0 (3.13)
IV. SIMILARITY ANALYSIS

In this section we analyze the problem of previous

section by studding its invariance under global

transformations, in particular, stretching
transformation, let
0=H (X,T) (4.1)

By the solution of the problem (3.11-12) we consider

the general stretching transformation of (0,X,T) space
as

0* =30

X* = oX (4.2)
T =BT

With the parameters (5, o, 3)
If 3(B) and a(pB) are somehow determined then (4.2)
will be one parameter group of transformation.
Corresponding to (4.1) we have new surface defined
by

0* = H* (X*, T%)

Therefore original solution surface transform

(4.3)

26 _ B a6

ar — 61 (4.4)
30 _ pao”
ax _ sox* (4.5)
30 _ B oo
T s9T" (4.6)

Since 6(X,T) is defined by (3.12), we have,
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Boo" _ p a?0%6% | MJBade” (4.7)
59T % § 9x*2 ' \T* §09X* )

For invariance it is necessary that both the operator
on the left and the right hand side of (4.7) agree with
those in (3.11) multiplied by a common factor. Thus

for invariance,

8=1, 02=p=0. =,/
Therefore (4.2) becomes
0*=0
X*=/pX (4.8)
T =BT

Thus (4.8) is the group transformations leaving
problem (3.11) invariant under this transformation.
The boundary condition attached to (3.11) is also
invariant. Thus for 6* we have

ae*_D 920 | M/Bao*

ar*~ T%ax*z ' T ax* (4.9)

0*(0,T*) = 6o

0*(1,T*) =1 (4.10)
Now due to uniqueness, must be same function of (X*,
T*) as 0% is of (X,T).
This is

0*(X, T) = 6(X*, T*) (4.11)

As a consequence of transformation (4.8) and the
invariance condition (4.11) we, thus, obtained a
functional equation which must be satisfied by
solution. Therefore (4.11) implies.

0(VBX,BT) = 6(X,T) (4.12)
This functional relation (4.12) holds true for all values
of B. To obtain a functional form that the solution 6(X,

T) must have consider of % (4.12) near the identity

B=1. We therefore, have
X 0

d
ma—xe(\/ﬁx, BT) + T -6(/BX,BT) (4.13)
As B—o>we see that O(X,T) must satisfies a first order
partial differential equation
X 0 a
EQH(X,T)+TEH(X,T)—O (4.14)

This enables the form of the solution to be found.

Since the general solution of (4.14) involves an
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the

associated with (4.14) are
ax _dr _de

arbitrary function, characteristic equations

X/2 T 0 (4.15)
The integral of the first two in (4.15) is
X
n=z (4.16)

And that of for the last two of (4.15) is
0 = constant = F(n).
Thus the general solution of (4.15) has the form

06X, T)=FM); n= % (4.17)
V. SOLUTION OF THE PROBLEM

In this section we discuss the existence of weak
solutions (25) for unidimensional flow in unsaturated
media, from rigorous mathematical view point which
is the recent research interest at the international
level [26-29]. Applying the result (3.9) and (3.11) to

equation (3.8), we get
90 _ 0 a6 M 96
77 = ax PO 5] + Fox
Now applying the similarity functional relation (4.17),

=0 (5.1)

equation (5.1) will become a nonlinear ordinary

differential equation.

d dF 1_\dF _
E[D(F)E] + (M +;n)5 =0 0<np<o (52
We impose the conditions at the boundaries
F(0) =6, ; lim F* =0 (5.3)
n—-oo

In the physical variable this means that for fixed T,
0(0,T) =6y; }im 06X, T)=0 (5.4)

Equation (5.4) implies initial saturation is constant

but as X—o0, saturation of moisture will reduces and

finally it vanishes.

For the existence of a positive solution (5.2) and (5.3)
we have by a uniqueness arugment F<0 [Cf.30,

lemma?2].

Hence D(F) F'<0 and, in view of (5.2), increasing.
Since D(F)F' cannot tend to a negative limit as n—oo,
it follows that D(F)F'=0. Integrating equation (5.2)

from n to o, we get
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DIFMIF' () = [ (M +5 ¥) F'(Pd¥ (55)
In view of strict monotonicity of F, we define an

inverse transformation,

n=o(F)= (5.6)
_dodr
= aFan (5.7)
Therefore equation (5.7) =
do 1
% = aF/an (573.)
Using the result (5.6), (5.7-7a) in (5.5), we get
do F (1
S =-pE)/ [y (G0+M)dp (5.8)

Equation (5.8) is an integro differential equation

which attached conditions

0(60) =0 ; lima(F) = (5.9)
Setting
9(F) = [} (30(0) + M) do (5.10)
Therefore equation (5.8) becomes
gg' = - D(F) (5.11)
Since g(0) =0, g'(6o), l}rg(i)tg'(F) =
Now suppose limit Sup.g'® =A<
then from equation (5.10), we have,
g"(F)<0 on (0, 6o).
Hence g<AF on (0, 6o).
Thus
lim [ 2245 < 242 < oo (5.12)

This verifies the condition for the existence of weak
solution equating (5.1) and (5.2). We define
u(F)=[g'(F)-MJ? (5.13)

The existence of solution of an integro differential
equation (5.8) to gather with the condition (5.9)
implies the existence of solution of original problem
(5.1).

Differentiating equation (5.13) and eliminating g"(F)
with the help of (5.11) and integrating the resulting

equation, we get

6 D(F) BD(t)
Fy=—/[7° dt (5.14
u(F) e t42 [P urmzas [y (Vu+M)ds (5-14)
The uniqueness is intended to be discussed

subsequent by using shooting technique [28].
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VL. CONCLUSION

Similarity solution for the partial differential equation
governing one dimensional unsteady flow through
unsaturated porous media is derived using general
group of transformation yield second order ordinary
differential equation of boundary value type.
Analytical solution of this equation can be obtained

by two parameter singular perturbation method.
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