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ABSTRACT

In the present work, we apply the Variational Homotopy Perturbation Method to obtain the solution of linear
and nonlinear Schrodinger equation. The Variational Homotopy Perturbation Method (VHPM) deforms a
difficult problem into a simple problem which is easy to get the result. The method produces a solution in the
form of a convergent series under conditions that are easy to calculate. Some examples are given to show that
this method is easy to apply and the results are obtaining very fast.
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I. INTRODUCTION

The Schrodinger equation has been widely used in various areas of physics including optics, mechanics, plasma
physics and quantum mechanics. The Homotopy Perturbation Method (HPM) and the Variational iteration
method (VIM) was introduced by Chinese mathematician ]. Huan He [1-5]. In recent years, various methods
have been proposed such as Adomian decomposition method [ADM], Laplace decomposition method [LDM],
Finite difference technique [FDT], Variational method [VIM], but all these methods have some limitations.

The VHPM is a general analytic approach to get series solutions of various types of equations. The VHPM
provides us a simple way to ensure the convergence of series solution by introducing a small parameter to ideal
results. In this case, the parameter p takes the values from 0 to 1. Suppose, at p =0, the problem usually
reduces to simplified form. As parameter p slowly increases to 1, the problem goes through a sequence of
deformation. Suppose, at p =1, the problem takes the original form and the final stage of deformation gives
the exact solution.

In the recent decade, several scholars in the fields of partial differential equations have paid attention in
showing the existence and the solutions of linear and nonlinear Schrodinger equations were developed [6-10].
The main output of the present paper is details of VHPM in solving the linear and nonlinear Schrodinger

equations to show the simplicity and straight forwardness are explained.
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II. BASIC IDEA OF VARIATIONAL HOMOTOPY PERTURBATION METHOD

Consider a nonlinear Partial Differential Equations (PDE) with the initial conditions
L[u(xt)]+N[u(x,t)]=g(t) (1)
where L = linear differential operator
N =general nonlinear differential operator
g(t) = source term

According to Variational Iteration Method (VIM), we write a correctional functional as

ur1+1(x,t)=un(x,t)+J‘t xt[Lu (xt)+ N, (x,t)— ]dt
° @)

where A represents the general Lagrangian multiplier which can be identified optimally,

U, = n™approximate solution,
U, = restricted variation, i.e., U, =0.
By Homotopy perturbation method (HPM), we can construct an equation is as follows

Z:Of;'liiiui =U, +I0J-l (x.t) [Z (piui(X,t))+N(pil]i(x’t))}dt_jﬂ(xft)g (t)dt ®)

0
an approximation to the solution usually will be obtained by identical powers of p and taking the limit as

p—1, weget

u(x,t)= Iginlg p'u, (X, 1) =g (X,t)+U; (X,£)+U, (X,1)+ Uy (X, 1)+ (4)

III. APPLICATIONS

3.1 The linear Schrodinger equation

Example 1: Consider the linear Schrodinger equation

u,+iu, =0 ©)
Initial condition is given by

u(x,0)=1+cosh 2x

This is solved by VHPM.
Now, by exerting the VHPM, it is possible to obtain the equation as follows,

t
U + PU, + p2U, + p°U, +........ = (1+cosh 2x)—ip.|.(u0 + U, + P2U, + PU; + e )XX dt

Comparing the powers of p from both sides, we have
p° 1y (X t) =1+cosh 2x
p':u, (X,t) =—4itcosh 2x

-\2
p :uz(x,t)zﬁcosh 2X
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(—4it)°
P’ iUy (x,t) = 3 cosh 2x
(—4it)*
piu, (xt)= 2 cosh 2x
_ - 2 _ - 3 _ - 4
u(x,t)=1+cosh2x+(—4it)cosh2x+( L;t) cosh2x+%cosh2x+( i'lt) CoSh 2X +............
. - 2 _ - 3 _ - 4
=1+cosh h2x{1+(—4it)+( 4) +( 4it) +( 4it) F e }
2! 3! 41
=1+cosh 2xe™" )

—4it
This is the exact solution which is readily obtained upon using the Taylor’s series expansion of & -

Example 2: Consider the linear Schrodinger equation

u, +iu, =0 8)

Initial condition is given by

u(x,0)=e*

This is solved by VHPM.

Now, by exerting the VHPMV, it is possible to obtain the equation as follows,

Uy + PU, + P2U, + P, +........ = €% —ip.t[(u0 P+ P, + PU ) )
0

Comparing the powers of p from both sides, we have
P’ Uy (x,t)=e
p' iy, (x,t)=09ite®™
911 o
2!

(O11)" o
3!

3ix

p*u,(x,t)=

p°iuy(x,t)=

Substituting this value in equation (4), we get

s4\2 1\ 3
(9;? e3ix+(9|t) e3ix+

u(x,t)=e"+9ite®™ + 3

-\2 -\3
=g 1+9it+@+@ ...............
21 3!

— e3ix .e9il
— 303y (10)

This is the exact solution.
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3.2 The Nonlinear Schrodinger equation

Example 3: Consider the nonlinear Schrodinger equation
iut+uxx+m|u|2u=0 or 11)
U, = iu, +imuf u
Initial condition is given by
u(x,0)=e™
This is solved by VHPM.
Now, by exerting the VHPMV, it is possible to obtain the equation as follows

t (12)
+impj(u0 + puU; + U, +....)dt
0

Comparing the powers of p from both sides, we have

P’y (x,t)=e

nix

p' iy (X t)=i(m—n?)te™

H t2 nix
p®1u,(xt)= |2(m—n2)25e

H t3 nix
p°iuy(x.t)= |3(m—n2)3§e

Substituting this value in equation (4), we get
2 3

£2 _ 22t nix =3 _ 23t nix
+1°(m n)2!e +i°(m n)3!e F e

nix

u(x,t)=e™+i(m-n’te

2 3
_em {1+i(m—n2)t+i2(m—n2)2%+i3(m—n2)3%+ ........ }
:enix.ei(m—nz)t
_ ei[nx+(m—n )t] (13)

This is the exact solution.
Example 4: Consider the nonlinear Schrodinger equation

iu, +U, +2Juf =0 (14)

or
U, = iU, +2i[u[’

Initial condition is given by
u(x,0)=2sech(2x)
This is solved by VHPM.
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Now, by exerting the VHPM, it is possible to obtain the equation as follows,
t
Uy + PU, + P2U, + PUy + ... = 25ech(2x)+ipj(uO + Py + P7U, + Py +....) dt (15)
XX
0

Comparing the powers of p from both sides, we have
p° :U, (X,t)=2sech 2x

p':u, (x,t)=8itsech 2x

p®:u, (x,t)=16i’t> sech 2x

p°ius(x,t)= 6—gfli?’t?’sech 2X

Substituting this value in equation (4), we get

u(x,t) = 2sech 2x +8it sech 2x +16i%t* sech 2x + 6—34i3t3 sech2X +........

1\ 2 1\3
u(x,t)=2sech2x 1+4it+m+ﬂ+ ........
21 3!

= 2sech 2x.e*" (16)

This is the exact solution.
IV. CONCLUSION

In this paper, the Variational Homotopy Perturbation Method has been successfully applied to find the solution
of the linear and nonlinear Schrodinger equations. The present method is easy and reliable to use. The
outcomes show that VHPM is very powerful and efficient technique in finding analytical solutions for wider
problems. The convergence accuracy of this method was examined in several examples. This method is capable

of reducing the computational work.
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