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ABSTRACT 

 

Wavelets are mathematical tool which can be used to extract information from many different kinds of data 

including audio signals and images. The Wavelet transform decomposed the signal with finite energy in the 

spatial domain into a set of functions. The Wavelet transform has been shown to be a successful tool for 

dealing with transient signals, data compression, sound analysis, representation of the human retina. Mellin 

transform, a kind of nonlinear transformation, is widely used for its scale invariance property. The main 

objective of this paper is the generalization of analytical structure of Mellin-Wavelet transform. 

 

Keywords:- Mellin transform, Wavelet transform, Testing function space, Mellin-Wavelet transform, signal 

processing. 

 

I. INTRODUCTION 

 

The word “Wavelet” has been introduced by Morlet and Grossmann [1] in the early 1980s. A Wavelet is a 

wave-like oscillation that is localized in time. The main objective of Wavelet Transform is to define the 

powerful wavelet basis functions and find efficient methods for their computation. The wavelets, which are 

based on scale invariance and self-similarity-fractal patterns, are therefore the most suitable technique 

employed to study the biomedical and other texture images. Being a versatile tool especially for the analysis of 

quasi-chaotic signals, noisy images, wavelets have got applications in all branches of medicine, biology, 

computer tomology, analysis of ECG, brain wave studies. In biological systems, introducing stochastic 'noise' 

has been found helpful in improving the signal strength of the internal feedback loops for balance and other 

vestibular communication. It has been found helpful to diabetic and stroke patients with balance control. 

The Mellin transform is an integral transform named after the finnish mathematician Hjalmar Mellin (1854-

1933). Mellin transform is basic tool for analyzing the behaviour of many in mathematics and mathematical 

physics. Mellin transform is implemented as a fast Mellin transform [2]. Mellin transform is widely used for its 

scale invariance property [3-5]. Mellin transform has many applications such as navigation, radar system, in 

finding the stress distribution in an infinite wedge, also in digital audio effects [6]. Karen Kohl and Flavia Stan 

introduced an algorithmic approach to the Mellin transform method by applying Wegschaider’s algorithm in 
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his research work [7]. Mellin transform offers human a new way to figure problem out [8-11]. It was R. H. 

Mellin initially gave a systematic formulation of transform and its inverse. In this paper we introduced 

generalized Mellin-Wavelet transform and proved analyticity theorem for Mellin-Wavelet transform. 

 

II. THE CONTINUOUS WAVELET TRANSFORM 

 

The Continuous Wavelet transform of a decomposition function 𝑓(𝑥) with respect to a basic wavelet Ψ(𝑥) 

given by the convolution of a function with a scaled and translated version of Ψ(𝑥) is defined as 

WΨ(a, b)[𝑓] =
1

|𝑎|
1

2⁄
∫ 𝑓(𝑥)Ψ∗ (

𝑥−𝑏

𝑎
) 𝑑𝑥 =  〈𝑓(𝑥),

1

√|𝑎|
 Ψ (

𝑥−𝑏

𝑎
)〉                                (I) 

where 〈∙,∙〉   is the inner product. 

The function f and Ψ are square integrable function and  Ψ satisfies the admissibility condition  

𝐶Ψ = ∫
|Ψ̂(𝑤) |

2

|𝑤|
  𝑑𝑤  < ∞  

Subscript ‘∗’ denotes the complex conjugation, ‘𝑎’ is the scale parameter  𝑎 > 0; ‘𝑏’ is the translation parameter. 

The term 
1

√𝑎
 is the energy conservative term that keeps the energy of the scaled mother wavelet equal to energy 

of the original wavelet [12]. 

The classical wavelet transform of a function 𝑓 with respect to a given admissible mother wavelet is Ψ(𝑥) =

𝑒𝑥𝑝(𝑖𝜋𝑥2) defined as wavelet domain coefficient at scalar parameter 𝑎 =  𝑡𝑎𝑛𝛼
1

2. 

𝑊Ψ(𝑎, 𝑏)[𝑓]  =
1

√|𝑎|
 ∫ 𝑓(𝑥) 𝑒

𝑖𝜋(
𝑥−𝑏

𝑎
)

2

 𝑑𝑥
∞

−∞
 =  

1

|𝑎|
1
2

 ∫ 𝑓(𝑥) 𝑒𝑖𝜋
(𝑥−𝑏)2

𝑡𝑎𝑛𝛼  𝑑𝑥
∞

−∞
  

where  Ψ satisfies the admissibility condition 

 𝐶Ψ = ∫
|Ψ̂(𝑤) |

2

|𝑤|
  𝑑𝑤  < ∞ 

where 𝐶Ψ is the admissibility constant. 

 

III. MELLIN –WAVELET TRANSFORM 

 

The Conventional Mellin –Wavelet transform is defined as  

𝑀𝑊Ψ {𝑓(𝑡, 𝑥)} = 𝑀𝑊Ψ(𝑝, 𝑎, 𝑏) = ∫ ∫ 𝑓(𝑡, 𝑥) 𝐾(𝑡, 𝑥, 𝑝, 𝑎, 𝑏) 𝑑𝑡 𝑑𝑥
∞

−∞

∞

0

 

where  𝐾(𝑡, 𝑥, 𝑝, 𝑎, 𝑏) =
1

|𝑎|
1
2

 𝑡𝑝−1 𝑒
𝑖𝜋(

𝑥−𝑏

𝑎
)

2

 

 

IV. TESTING FUNCTION SPACE 𝐌𝐖𝐚,𝐛,𝚿,𝐩 

 

An infinitely differentiable complex valued smooth function 𝜙(𝑡, 𝑥, 𝑝, 𝑎, 𝑏) define over −∞ < 𝑥 < ∞, 0 < 𝑡 <

∞ with the parameter 𝑝, 𝑎, 𝑏 is said to belong to 𝑀𝑊𝑎,𝑏,Ψ,𝑝 for each 𝑚, 𝑛 ∈ ℝ2 

𝛾𝑙,𝑘,𝑝𝜙(𝑡, 𝑥) = Sup
𝐼

|𝜉𝑚,𝑛(𝑡)𝑡𝑞+1𝐷𝑡
𝑞

𝐷𝑥
𝑘𝜙(𝑡, 𝑥)| 

                                                           < ∞  

    𝑤ℎ𝑒𝑟𝑒  𝑞, 𝑘 = 0,1,2,3, … … 

𝜉𝑚,𝑛 = {
𝑡−𝑚        , 0 < 𝑡 ≤ 1
 𝑡−𝑛     , 1 < 𝑡 < ∞

 

Now we prove the kernel of Mellin Wavelet transform belongs to the  𝑊𝑎,𝑏,𝛼,𝑝 . 
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V. DISTRIBUTIONAL GENERALIZED MELLIN-WAVELET TRANSFORM 

 

For 𝑓(𝑡, 𝑥) ∈ 𝑀𝑊𝑎,𝑏,Ψ,𝑝
∗  

where MWa,b,Ψ,p
∗  is the dual space of 𝑀𝑊𝑎,𝑏,Ψ,𝑝 and 𝑚 < 𝑅𝑒 𝑝 < 𝑛, 𝑏 ∈ 𝑅, 𝑎 ≠ 0; 

the distributional Mellin-Wavelet transform is defined as  

MWΨ{𝑓(𝑡, 𝑥)} = MWΨ(𝑝, 𝑎,  𝑏) = ⟨𝑓(𝑡, 𝑥),  𝐾(𝑡, 𝑥, 𝑝, 𝑎, 𝑏)⟩                                           (1) 

where 𝐾(𝑡, 𝑥, 𝑝, 𝑎, 𝑏) =
1

|𝑎|
1
2

 𝑡𝑝−1  𝑒
𝑖𝜋(

𝑥−𝑏

𝑎
)

2
                              

                                                           (2) 

R. H. S. of equation(1) has a sense as an application of  𝑓(𝑡, 𝑥) ∈ 𝑀𝑊𝑎,𝑏,𝛹,𝑝  
∗  to  𝐾(𝑡, 𝑥, 𝑝, 𝑎, 𝑏) ∈ MWa,b,Ψ,p. 

 

VI. ANALYTICITY THEOREM 

 

Statement   If 𝐹(𝑝, 𝑏) = 〈𝑓(𝑡, 𝑥), 𝐾(𝑡, 𝑥, 𝑝, 𝑎, 𝑏)〉   that is  

 𝐹(𝑝, 𝑎) = 〈𝑓(𝑡, 𝑥),
1

|𝑎|
1
2

  𝑡𝑝−1 𝑒
𝑖𝜋(

𝑥−𝑏

𝑎
)

2

〉  Then 𝐹(𝑝, 𝑏)  is analytic for some fixed 𝑝 > 0, 𝑏 > 0, 𝑎 > 0.  and  

𝜕

𝜕𝑝

𝜕

𝜕𝑏
𝐹(𝑝, 𝑏) = 〈𝑓(𝑡, 𝑥),

𝜕

𝜕𝑝

𝜕

𝜕𝑏
𝐾(𝑡, 𝑥, 𝑝, 𝑎, 𝑏)〉 where  𝐾(𝑡, 𝑥, 𝑝, 𝑎, 𝑏) =

1

|𝑎|
1
2

  𝑡𝑝−1 𝑒
𝑖𝜋(

𝑥−𝑏

𝑎
)

2

 

Proof Let p and b be an arbitrary but fixed. Choose the real positive number 𝑎1  , 𝑏1, 𝑎𝑛𝑑 𝑟 such that 𝜎1 < 𝑎1 <

𝑝 − 𝑟 < 𝑝 + 𝑟 < 𝑏1 < 𝜎2. 

Let ∆𝑝 be a complex increment such that 0 < ∆𝑝 < 𝑟. 

For ∆𝑝 ≠ 𝑜,  we write 

    
 𝐹(𝑝+∆𝑝,𝑏)−𝐹(𝑎,𝑏)

∆𝑝
− 〈𝑓(𝑡, 𝑥),

𝜕

𝜕𝑝
 

1

|𝑎|
1
2

  𝑡𝑝−1 𝑒
𝑖𝜋(

𝑥−𝑏

𝑎
)

2

〉 = 〈𝑓(𝑡, 𝑥),
1

|𝑎|
1
2

𝑒
𝑖𝜋(

𝑥−𝑏
𝑎

)
2

∆𝑝
[𝑡(𝑝+∆𝑝)−1 − 𝑡𝑝−1] −

𝜕

𝜕𝑝

𝑡𝑝−1

|𝑎|
1
2

𝑒
𝑖𝜋(

𝑥−𝑏

𝑎
)

2

〉 = 〈𝑓(𝑡, 𝑥), ΨΔ𝑝(𝑡, 𝑥)〉 

Where  ΨΔ𝑝(𝑡, 𝑥) =
1

|𝑎|
1
2

𝑒
𝑖𝜋(

𝑥−𝑏
𝑎

)
2

∆𝑝
[𝑡(𝑝+∆𝑝)−1 − 𝑡𝑝−1] −

𝜕

𝜕𝑝

𝑡𝑝−1

|𝑎|
1
2

𝑒
𝑖𝜋(

𝑥−𝑏

𝑎
)

2

 

To prove: 

 ΨΔ𝑝(𝑡, 𝑥) ∈ 𝑀𝑊𝑎,𝑏,Ψ,𝑝 , we shall show that as |Δ𝑝| → 0, ΨΔ𝑝(𝑡, 𝑥) converges in 𝑀𝑊𝑎,𝑏,Ψ,𝑝 to zero. 

To proceed, let C denotes the circle with centre at p and radius 𝑟1 ,  

Where 0 < 𝑟 < 𝑟1 < 𝑚𝑖𝑛(𝑝 − 𝑎1,   𝑏1 − 𝑝). We may interchange differentiation on p with differentiation on t. 

 (−𝐷𝑡)𝑞ΨΔ𝑝(𝑡, 𝑥) 

 =  (−𝐷𝑡)𝑞 {
1

|𝑎|
1
2

𝑒
𝑖𝜋(

𝑥−𝑏
𝑎

)
2

∆𝑝
[𝑡(𝑝+∆𝑝)−1 − 𝑡𝑝−1] −

𝜕

𝜕𝑝

𝑡𝑝−1

|𝑎|
1
2

𝑒
𝑖𝜋(

𝑥−𝑏

𝑎
)

2

−
𝜕

𝜕𝑡

1

|𝑎|
1
2

  𝑡𝑝−1𝑒
𝑖𝜋(

𝑥−𝑏

𝑎
)

2

} 

 =
𝑒

𝑖𝜋(
𝑥−𝑏

𝑎
)

2

|𝑎|
1
2 ∆𝑝

 {P(𝑝 + ∆𝑝) 𝑡𝑝+∆𝑝−𝑞−1 − 𝑃(𝑝)𝑡𝑝−𝑞−1} 

Where  𝑃(𝑝 + ∆𝑝) is polynomial in 𝑝 + ∆𝑝 and 𝑃(𝑝) is polynomial in p. 

Now applying Cauchy’s integral formula. 

 (−𝐷𝑡)𝑞ΨΔ𝑝(𝑡, 𝑥) 

 =
𝑒

𝑖𝜋(
𝑥−𝑏

𝑎
)

2

|𝑎|
1
2 ∆𝑝

 {
1

2𝜋𝑖
∫𝑐  

𝑃(𝑧)𝑡𝑧−𝑞−1

(𝑧−𝑝−∆𝑝)
 𝑑𝑧 −

1

2𝜋𝑖
∫𝑐  

𝑃(𝑧)𝑡𝑧−𝑞−1

(𝑧−𝑝)
 𝑑𝑧 −

1

2𝜋𝑖
∫𝑐  

𝑃(𝑧)𝑡𝑧−𝑞−1

(𝑧−𝑝)2  𝑑𝑧} 
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  =
𝑒

𝑖𝜋(
𝑥−𝑏

𝑎
)

2

2𝜋𝑖|𝑎|
1
2 

∫𝑐 [
1

(𝑧−𝑝−∆𝑝)(𝑧−𝑝)
−

1

(𝑧−𝑝)2] 𝑃(𝑧)𝑡𝑧−𝑞−1𝑑𝑧 

   =
𝑒

𝑖𝜋(
𝑥−𝑏

𝑎
)

2

∆𝑝

2𝜋𝑖|𝑎|
1
2 

∫𝑐

1

(𝑧−𝑝−∆𝑝)(𝑧−𝑝)2  𝑃(𝑧)𝑡𝑧−𝑞−1𝑑𝑧 

  𝐷𝑡
𝑞

𝐷𝑥
𝑙 ΨΔ𝑝,Δ𝑣(𝑡, 𝑥) 

 =
𝑒

𝑖𝜋(
𝑥−𝑏

𝑎
)

2

(𝑖𝜋)𝑙∆𝑝V(v)

2𝜋𝑖|𝑎|
1
2 

∫𝑐

𝑃(𝑧)𝑡𝑧−𝑞−1  𝑑𝑧

(𝑧−𝑝−∆𝑝)(𝑧−𝑝)2 

Now for all 𝑧 ∈ 𝐶, −∞ < 𝑥 < ∞, 0 < 𝑡 < ∞ 

 Sup
I

|𝜉𝑚,𝑛(𝑡)𝑡𝑞+1 𝐷𝑡
𝑞

𝐷𝑥
𝑙 ΨΔ𝑝(𝑡, 𝑥)| ≤ K 

where K is a constant independent of z and t. 

Moreover |𝑧 − 𝑝 − ∆𝑝| > 𝑟1 > 𝑟 > 0   and |𝑧 − 𝑝| = 𝑟1 

 C1 = max{|𝑃(𝑧)𝑡𝑧|: 𝑧 ∈ 𝐶} 

Consequently 

 Sup
I

|𝜉𝑚,𝑛(𝑡)𝑡𝑞+1(𝑖𝜋)𝑙𝑒
𝑖𝜋(

𝑥−𝑏

𝑎
)

2

∆𝑝V(v)∫𝑐

𝑃(𝑧) 𝑡𝑧−𝑞−1  𝑑𝑧

(𝑧−𝑝−∆𝑝)(𝑧−𝑝)2| 

≤ Sup
I

|𝜉𝑚,𝑛(𝑡)𝑡𝑞+1−𝑞−1(𝑖𝜋)𝑙𝑒
𝑖𝜋(

𝑥−𝑏

𝑎
)

2

V(v)| |∆𝑝| ∫𝑐

|𝑃(𝑧)𝑡𝑧|

|𝑧−𝑝−∆𝑝||𝑧−𝑝|2
|𝑑𝑧|  

 ≤ K
|∆𝑝|

2𝜋
 ∫𝑐

C1

(𝑟1−𝑟)𝑟1
2  |𝑑𝑧| 

 ≤
|∆𝑝|

2𝜋

C2

(𝑟1−𝑟)𝑟1
2  ∫𝑐  |𝑑𝑧| 

 ≤
|∆𝑝|

2𝜋

C2

(𝑟1−𝑟)𝑟1
2 2𝜋𝑟1                             where c2 = kc1 

 ≤
|∆𝑝| C2

(𝑟1−𝑟)𝑟1
 

The right hand side is independent of t and converges to zero as |∆𝑝| → 0  

This shows that ΨΔ𝑝,Δ𝑣(𝑡, 𝑥) converges to zero in MWa,b,Ψ,p  as |∆𝑝| → 0  

 

VII. CONCLUSION 

 

In the present work distributional generalization of Mellin-Wavelet transform is presented. Analyticity 

theorem for Mellin-Wavelet transform is proved. 

 

VIII. REFERENCES 

 
[1] . A Grossmann and J. Morlet, Decomposition of Hardy functions into square integrable wavelets of 

constant shape, SIAM J. Anal. 15, Pp. 723-736, 1984.  

[2] . A. D. Sena and D. Rocchesso, “A Fast Mellin Scale Transform”, EURASIP Jrnl of Advance in sig. proc. 

2007, Article ID 89170. 

[3] . J. Bertrand et. al., “The Transforms and Applications Handbook”, CRC Press Inc, Florida, 1995. 

[4] . J. Bertrand et. al., “Discrete Mellin Transform for signal analysis “, IEEE International Conference on 

Acoustics, Speech and Signal processing-Proceedings, Pp. 1603-1606, 1990. 

[5] . P. Flajolet, X. Gourdon, P. Dumass, “Mellin transform and asymptotic: Harmonic sums”, Theoricatical 

Computer Science, Vol. 144, no.1-2, Pp.3-58, 1995. 



International Journal of Scientific Research in Science and Technology (www.ijsrst.com) 

Volume 9  -  Issue 6  - Published :       13 October 2021    Page No : 599-603 

 

 

 
603 

[6] . V. D. Sharma, P. B. Deshmukh, “Convolution Theorem For Two Dimensional Fractional Mellin 

Transform”, International Journal Of Pure and Applied Research In Engineering and Technology, 

Volume 3(9), Pp. 103-109, 2015. 

[7] . Karen Kohl, “An Algorithmic Approach to the Mellin Transform Method. In. Gems in Experimental 

Mathematics”, Contemporary Mathematics 517, Pp.207-218, 2010, AMS.  

[8] . D. Sazbon et. al., “Optical Transformation in visual Nevigation”, 15th International Conferences on 

pattern recognition (ICPR), Vol 4, Pp.132-135, 2000. 

[9] . Nanrun Zhou, Yixian Wang et.al., “Novel colour image algorithm based on the reality preserving 

Fractional Mellin Transform”, Optics and Laser Technology, Vol 44, no. 7, Pp. 2270-2281, 2012. 

[10] . Sharma V. D. and Deshmukh P. B., “Generalized Two-dimensional fractional Mellin transform”, Proc of 

IInd int. conf. on engineering trends in Engineering and Technology, IEEE 2009,900-903. 

[11] . E. Biner, O. Akay, “Digital Computation of the Fractional Mellin transform”, 13th European Signal 

Processing Conference, Pp. 1-4, 2015. 

[12] . Bharat Bhosale, “Wavelet analysis of randomized solitary wave solutions’’, Int. J. Mathematical Analysis 

and Applications, Pp. 20-26, 2014. 


