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ABSTRACT

In this paper we define new definition of fractional derivative i.e Generalize comformable fractional
derivative and verify its validity for Linearity property, product rule, Quotient rule, and verify derivative of
some Standard function. The definition satisfies the previous results for ordinary derivative and derivative of
some standard function.
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I. INTRODUCTION

Fractional derivative 1s as old as calculus. .’Hospital in 1695

: odf 1. :
asked what does 1t mean 1f F.lf n= Since then, many researchers tried to put a
o

definition of a fractional derivative. Most of them used an infegral form for the
fractional derivative.
Two of which are the most popular ones.

1) Riemann liouville definition. For & € [n — 1,n) the a derivative of f1s

Da— 1 d" j t f(x)
© " T(n—a)dt" ), (t—x)*n+l
2) Coputo definition. For a € [n — 1,n) the a dervative of f 1s
1 t N (5
D, = E)) dx

T(n—a)l, (t—x)e "+

Now, all definitions including (1) and (11) above satisty the property that the
fractional derivative 1s linear. This is the only
property inherited from the first derivative by all of the definitions. However,
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II. METHODS AND MATERIAL

(1) The Riemann—Liouville derivative does not satisfy D,“(1) = 0
(D,“(1) = 0 for the Caputo derivative), if a is not a natural number.

(11) All fractional derivatives do nof satisty the known formula of the derivative
of the product of two functions:

Daa(fg) = fDaa(g) +gDaa(f)

111) All fractional dertvatives do not satisty the known formula of the denvative
of the quotient of two functions:

D, %(f) — fD,“
Daawg)=9 (f)ng (9)

(1v) All fractional derivatives do not satisfy the chain rule:

D,“(f > g9) =f“(g(t)g"“(®
(v) All fractional derivatives do not satisfy: D*DFf = D**Bf general.
(v1) The Caputo definition assumes that the function f is differentiable.

Let f: [0, ) — R and # > 0. Then the definition of the derivative of fat 7 1s
A _ oy L+ ©
dt =0 €

. . dt™ - ..
According to this, one has — = nt™ 1. So the question is: Can one put a

similar definition for the fractional derivative of order a,
where 0 < a < 1? Or in general for a € (n, n + 1] where n € N.

Let us write T, to denote the operator which 1s called the fractional derivative of
order a. For a = 1, T'1 satisfies the

following properties:

(1) Ty(af + bg) =aT,(g) + bT,(f ),foralla, b €R and f,g in the domain
of T;.

(i1) T, (t?) = ptP~*

(1) Ty (f9) = fT1(9) + gT.(f)

(1v)
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9T (f) — fTi(g)
Tl (f/g) = gz
(v) T1(2) = 0, for all constant functions f'(¢) = 4.
Now, we present our new definition, which 1s the simplest and most natural and
efficient definition of fractional

derivative of order a € (0, 1]. We should remark that the definition can be
generalized to include any a. However, the

case a € (0, 1] is the most important one, and once it is established, the other
cases are simple.

III. RESULTS AND DISCUSSION

New approach of fractional derivative/Another definition of fractional
derivative

Definition 3.1. Given a function f: [0, o) -— R. Then the ‘‘conformable
fractional derivative’’ of fof order a 1s defined by

i ORI

£—>0 gl-a

This definition satisfy all the above five properties of T; of derivative.

forall7> 0, a € (0, 1). If f1s a-differentiable in some (0, a), a > 0, and
tliI{l}‘L fe(t) exists then define t“‘},l f ) =f*0)

We will, sometimesf “(t) for T, f (t) write to denote the conformable fractiona
derivatives of f of order a. In addition,

if the conformable fractional derivative of f'of order a exists, then we simply
say f'1s a-differentiable.

We should remark that T,,(t?) = pt?~%*. Further, our definition coincides with
the classical definitions of R—L and of

Caputo on polynomials (up to a constant multiple).

As a consequence of the above definition, we obtain the following

Theorem 3.1. If a function f : [0, «) -— R is a-differentiable atty > 0 > ,a €
(0, 1], then fis continuous at t .
Proof.

Since f(to + ()19 — f(t) = LEHELITC) ¢ ep
f(to + ()™ = f(ty)
dime

e-0

lim fto+ ()9 — f(ty) = lim
hmf (to + ()~ a) f(to) = fa(to) 0
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lim f (to + (1)) = f(to) = .0
Which implies that
lim £ (tg + (26 = £ (t)

Hence f'is continuous. []

Theorem.3.2. Let a € (0, 1] and f, g be a-differentiable at a point t > 0. Then
1) T,(af + bg) =aT,(g) + bT,(f ), foralla, b € R andf, g in the domain
of T;.
(1) T,(tP) = ptP~1 for all p€ R
(1) T,(f9) = fT.(g) + gT(f)
(v)
9T (f) — [Ta(9)
To(f/g) = =
(v) T, () = 0, for all constant functions f (7) = 4.
VI) If in addition , f is differentiable thenT, (f)(t) = t1™¢

we will prove II, III VI other follows directly from definition.
VI)ans.

d
_ft
dt

_ 1o Y
T,(f)(@®) = t* it

ft+E)™) —fF@)
m

li
gl—a

£—-0

Let =h = (et)~ =&t implies €'~ = ht* 1 ase - 0,h > 0

o fEER) —F©)
= l1m

h—0 hta—1
. ft+h)—f(@)
= lim
h—0 hta-1
— 1—a£
=t - t. ]
1)
e (tH(e) TP —tP
Ta(tp) - il_r)]a cl-a
I tP+ ptPlgl-apl-ay @tl’—za(“mztﬂ—“}ﬁ---........................+—tp
al—l;r(} gl—a

ptP-lel-apl-a 4 wtpﬂg(l—a)zt(l—a)z + e

= lim

£-0 gl-a
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@tp—zga—aﬁ(l—af 4o

—1i p—1lsl—a
E—I}{])pt oA gl-a

= ptp_a .

1D

ft+ (D)) gt + ()" = f(D)g(1)

gl_a

Ta(fg)(t) = ‘191_1;1‘(1}

fE+ () Ngt+ (D)) = f(Dg(t+ ()" + f(Dg(t + () = f()g (D)

- 1;23 el-a
. t+(et) O —f(t . i t+(et) M) —g(t
—= T,(F)lim g(t + (1)) + £ (1) Tu(9)
Since g is continuous lim g(t + (et)1~%) = g(t). ]
=0

Conformable fractional derivatives of certain functions.
1. T,(tP) = ptP~! for all p€E R

2. T,(1)=0

3. Ty(e) =cx1™%*,ceR

4. T,(sinbx) = bx"*cosbx,b € R

5. T,(cosbx) = —bx'~%sinbx,b € R

6

e (2t%) =1

1. Is proved in above thm we will prove 3, and 4 other follow directly
from the definition.
e(cx+c(£x)1_“)—ecx

T,(e“*) = lim

£-0 gl-a
ecxec(sx)l_“ _ ex
T,(e“*) =lim
a( ) &£-0 gl-a

Here h=h = (ex)17% = ¢17% = p. x*71
Putting the values

IILLCLlldLlUlldl juulllal UL OUITLILLLIL 1NCDTALLLL 111 OLICHILT dliu L TULLLIULIUZEY (W W W.1)d13L.LULLL) Ii Ul;
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ecx(ech _ 1)
h.xa1

Tp(e™) = lim

Tty i e*(e" —1).c

a(e™) = T R A

. e*c . (e —1).
a(e™) = X1y c.h

ase—>0,=>h-0
CX'C
To(e™) =

T (e®) = cx1™%* c € R . ]

-1

4)
T,(sinbx) = bx'"%cosbx,b € R
By using definition.
. sinb(x + (ex)'™%) — sinbx
T £50 gl-a
1-«a 1-«a
2cosb (x + %) sin %
= ‘1915,18 cl-a
1-a
sin blex)™ (exz) .
— 1 -
= cosbx }91_r>r{1] b(xe) i@ .bx
2
= cosbx. bx1™% ]
In similar mannar as above Ty(cosbx) = —bx'~%sinbx, b € R can
be proved.

However, it 1s worth noting the following conformable fractional
derivatives of certain functions:

7. Ty, (eéta) = (eéta)
8 T, (sin%t“) = (sin i t“)

9. T, (cosit“) = (cosit“)

14

This result can proved as above.by using definition.
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IV. CONCLUSION
one can also generalize this derivative.
V. REFERENCES

[1]. K.S. Miller, An Introduction to Fractional Calculus and Fractional Differential Equations, ]. Wiley and
Sons, New York, 1993.

[2]. K. Oldham, J. Spanier, The Fractional Calculus, Theory and Applications of Differentiation and
Integration of Arbitrary Order, Academic Press, USA, 1974.

[3]. A. Kilbas, H. Srivastava, J. Trujillo, Theory and Applications of Fractional Differential Equations, in:
Math. Studies., North-Holland, New York, 2006.

[4] . I. Podlubny, Fractional Differential Equations, Academic Press, USA, 1999.

[5]. R.khalilLM.Al Horani,A.Yousef, M.Sababheh “ A new Defination of Fractional derivative”, journel of

computational and applied mathematics .

International Journal of Scientific Research in Science and Technology (www.ijsrst.com) |@



